16. Show that if F' is of bounded variation in [a, b], then:
(a) [7|F'(z)|dz < Tr(a,b).
(b) f: |F'(2z)| de = Tr(a,b) if and only if F is absolutely continuous.

As a result of (b), the formula L = f: |2'(t)| dt for the length of a rectifiable curve
parametrized by z holds if and only if z is absolutely continuous.

iEW). (a) BN F € BV([a.b]), BiEh P oJULER F(x) = Pela,2) + F(a) — Np(a,b),
Pr(a,x) 8 Np(a,2) 3580, HiEef/UFdibor S, ma:

F'(z) = Ppla,x) — Np(a,x).

i Lebesgue e B RS A& PR A0 N ATRL, M | FY| ATER, i FURR3E Lebesgue 5 FEIF)
i &5 tH Y A 25 2 0nT

b b ol
/ |P"'(;1')\r|:1.'5[ |P;~((L..’l.')|d.‘i.’+j Ni{a,z)|dx

b b
= / P, z)dr + / Ni(a, x)de < Ppla,b) + Np(a.b) = Te(a,b).

(b) ¥ F 4axfdent, D)4t 40 e 8k or Newton-Leibniz 2458, SHEM [a,b] #9908 A, 4
[

Y IF(z;) - Fla;) =) | / F'(a)dz
a A Y
< " |F(2)dz
2.
wb
- / |F*(2)da.
b 0] 19
b
Tp(a.b)g:f | (a) | da.
[R f st E A A AR 25, AT LLMRAR (o) RO£E JRT S0 R li) AN s ar, (K2
i
Tp((Lb)=] |F'(x)|dz
[
Btk i RiARSESCa Y, BANZEM F oAt deak iy, 190 b, AT AT & XHERT y €
[a, b], #BREOT _
j | F'(y)|dy = Tela, ).
Fz b, HUE P e BV ([a,b]) BLE (o) FIATHTT R
s 1
[ Wiy <Trias). [ 1F@y < Tew ).
{H 2
x b b
/ | F" () |dy +/ | F'(y)|dy = / [F'()|dy = Tela b) = Tela, ) + Te(z,b).
FrA, BAERAARES B, (ER—A TS, (o, 0] BEAT-FDXE (o, be] FERROE
by
[Py =Taeb).

AT U T B SRS (A SR A F A6 N F e BV([a,b)), BibA
Tp(a,b) < oo, B F(z) € L (Ja,b]), HUETTHEREBU MLIESHE, MEW >0, 17
156 >0, WEERHEMANE B C [0.b) W m(E) <8, W4

/ |F| <e.
£

i, AHER [, 0] EAZOATRFREE (a0} FE SN (e —ax) < 60 84T

N N N by
STIFb) — Flaw) <5 Trelag, by) = Z/ |F| = / _ |F'| <e.
k=1 k=1 k=1"0k JUI (o)

FTEA F 4anf sk, ]
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Exercise 19: Show that if f: R — R is absolutely continuous, then

(a)
(b)

f maps sets of measure zero to sets of measure zero.
f maps measurable sets to measurable sets.

Solution.

()

Suppose E C R has measure zero. Let € > 0. By absolute continuity,

46 > 0 such that Y |b; —a;| < 6 = > [f(b;) — f(a;)| < e. Since
m(E) = 0, there is an open set U D E with m(U) < §. Every open
subset of R is a countable disjoint union of open intervals, so

EOJ (aj,b;) with Z b; —a;)

For each j = 1,2, ..., , let mj.,M' € [aj, b;] be values of z with
m;) = min f(x) and f(M;) = ma x).
f(m;) = m b]f( ) and £(M;) = max (@)

G’!
Such m; and M; must exist because f is continuous and [a;,b;] is
compact. Then

U f(m;), f(M;)].

But |M; —m;| < |b; — aj| SO
S M —mi| < 6= |f(M;) — f(m;)| <e.
j=1 j=1

Hence f(F) is a subset of a set of measure less that e. This is true for
all €, so f(E) has measure zero.

Let F C R be measurable. Then F = FFU N where F is F, and
N has measure zero. Since closed subsets of R are o-compact, F' is
o-compact. But then f(F) is also o-compact since f is continuous.
Then f(F) = f(F)U f(N) is a union of an F, set and a set of measure
zero. Hence f(F) is measurable.

[
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Exercise 20: This exercise deals with functions F' that are absolutely con-
tinuous on [a, b] and are increasing. Let A = F'(a) and B = F(b).
(a) There exists such an F' that is in addition strictly increasing, but such
that F'(z) = 0 on a set of positive measure.
(b) The F' in (a) can be chosen so that there is a measurable subset E C
[A, B], m(E) = 0, so that F~*(E) is not measurable.
(c) Prove, however, that for any increasing absolutely continuous F', and
E a measurable subset of [A, B], the set F~'(E) N {F'(z) > 0} is
measurable.

Solution.
(a) Let

Fz) = L " b () da

where C' C [a,b] is a Cantor set of positive measure and dc(z) is
the distance from z to C. Note that dc(z) > 0 with equality iff
r € C. Since d¢ is continuous, this integral is well-defined, even in the
Riemann sense. Moreover, F' is absolutely continuous by the absolute
continuity of integration of L' functions. As shown in problem 9, F'(zx)
exists and equals zero a.e. in C, hence on a set of positive measure.
However, F' is strictly increasing: Suppose a < =z < y < b. Since C
contains no interval, some point, and therefore some interval, between
x and y belongs to C¢. The integral of §~ over this interval will be
positive, so F(y) > F(x).

(b) The same function from part (a) does the trick. Since F' is increasing,
it maps disjoint open intervals to disjoint open intervals. Let U =
[a,b] \ C. Since U is open, we can write

U= {J(a;,b))

j=1

where the intervals (a;,b;) are disjoint. Then

FW) = J(F (@), Fby)
and B
m(F(U)) = i F((b;) — F(ay)).
But "
B—A=F(b)—F(a) = f §(z)dx = /U §(z)dx = i(F(bj) — F(a;))

i=1
since d =0 on C so [, d(z)dx = 0. Thus m(F(U)) = m(F([a,b])), so
that m(F(C)) = 0. This implies that m(F(S)) = 0 for any subset S C
(. But since C' has positive measure, it has a non-measurable subset.
Then if E = F(S), m(E) = 0 so E is measurable, but F~'(E) = S is
not measurable.
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[Hint: (a) Let F(x) = [ xx(z) dz, where K is the complement of a Cantor-like
set C of positive measure. For (b), note that F/(C) is a set of measure zero. Finally,

for (¢) prove first that m(O) = fF—l(O) F'(x) dx for any open set O.]
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21. Let F be absolutely continuous and increasing on [a,b] with F(a) = A and
F(b) = B. Suppose f is any measurable function on [A, B].

(a) Show that f(F(z))F’(z) is measurable on [a,b]. Note: f(F(z)) need not be
measurable by Exercise 20 (b).

(b) Prove the change of variable formula: If f is integrable on [A, B], then so is
f(F(z))F'(z), and
B b
!
/ f(y) dy = / f(F(x))F (z) dz.
A a

[Hint: Start with the identity m(Q) = fF_l(C)) F'(x) dz used in (c) of Exercise 20
above.]
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), (a) Wb, RAIHLEE 20 A, Mk TIFH O c [A,B], KL m(0) =
S0y F'(@)da, JAEDR, FOALEXESRE, PEL O MIREE F-1(0) thiEIFFH, Pl
F-1(0) SREMTAHZITFXFN I F1(0) = Uyo (e, bi). WA F 8 LN,
ATEARTEEAS (any b )s F(ak, bi) = (F(aw), F(be)) = (Aw, Be)y BIE O = U, (Ax, By). TH,
AT S, A (A, Be) BEAMAUCANLE, A Flay) = Ags F(by) = By, B4
AL PR BT Newton-Leibniz 2338 0] 1.
~ ) el oy,
m(0) = Z(‘Bk—f’-k] - Z{F[m)_}?{mk]} = Zf F'(x)de = / F'(x)dx = / F

k=1 fe=1 fem1 ¥ 0L Uy ferw b ) JF-1O)

RATF IR O MR Cs % C RARIKIARL. 3T Gy % G = (o, Gor 18 O, =

m(0;) =/ F"(r::)dw=f F'(z)xp-10,)(z)dz.
Jr-1(0,) 2

WEER] xp-100,) BAHE] xp-1eyr TH, Oy He—FVREBMIEE G A8, Kk, *f
b, ACHRORR PR b 423 A B 5 7L 0
m(G) = [w F'(z)x p-1(e)(x)de = [ F'(x)de.

J =1
T AR B, fFE—D G ICA G, GO ETH G- E RENE. i Z = {F'(z) =0},
WG F-YE)N{F' >0} BLERA F-Y{GU (G~ E)n ([a,b\2Z).
IRAEUEY] Z s, S b, KO8 {0} &4 Gy K, FTRL,

0 = m({0}) = /

F'(x)dx = F'(x) = 0,0.e. 2 € Z.
JE=1({0})
FPEL, SUREAE Z ARG IE I, R (o, b)\Z Jw]H0HE.
b, 5 FY(GU(G -E)=F Y G)UF ' (G-E). WH G- E LTWE, LT
USG-E K Gs ], #13 m(U—(G-E)) =0, Fith m(U) = m(G-E)+m(U - (G—-E)) =0,
EIES:
D=m(ll) = f F'(z)dz = F'(z) =0,0.e. x € FY(U).
P11
FFEA m(F Y (U) N ([a,b)\Z)) = 0, FTEL m(F YG = E)) N ([a,b)\Z) = 0. X[HN FES: =F
Al = FNG) REnT U, B

FYE)NF >0} = FY(GUG-E)N([a, b\Z) = [F~(G)N([a, )\ Z)|U[F~(G=E)([a, b\ Z)]
S oy e
[rIFA R, AL G = (fo k) F'y JANTHTUEMAALN ¢ > 0, WA (G >t} AT &
e by FRATA U B2

{¢>t)=J {uom > ;} N{F >r)=J F (1 (fr +00) N {F > 0} {F > 7).

b1 1]
rFEQ wEL
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W S B LS IR G B wTil = {F' > e} ATH0, b s {G o> o) AR, BT R
f(F(z))F'(x) {€ [a.b] LT,

(b) B m(@) = [p o) F'a)de SRR IGA SN Gy 4 EIPREAE R ¥R, ERIAT [a, b)
(T 7- 4 LR AE pR SRR, T TR e WO, AT f e L) (e b)), W f S ERIER
R f+ 0 f-, W fr, e L (o b)), W TEA f+, EAbAE R, A7 9% H A7 PR M
PRI aT R R, A ARG LR R OEL {@, s (013 @, B GICEEE) £, BRI EY

5 FL 0]
h b vl
lilu/ nl2)de —/ lim g, (2)da —/ fr(z)da,

& H
] w(@)de = f Pu(F () F'()dz.

/ S (a)da _[ SHEF (@) F'(a)d.

H— .,

AT BAMR 1 — oo W]

[+ T i ,
/ f(x)dx —f F(F{a) F (x)dr,
W CHTRERT 50 f(F ()P () WT8R, 1 Ho4 G 2 sl 0O

Exercise 22: Suppose that F' and G are absolutely continuous on [a, b]. Show
that their product F'G is also absolutely continuous. This has the following
consequences.

(a) Whenever F and G are absolutely continuous in [a, b],

/ F'(2)G(z)dz = — / F(2)G'(2)dz + [F(2)G ()]}

(b) Let F be absolutely continuous in [—m, 7] with F(7) = F(—n). Show

that if
1 " —inT
an =g | F(:r)e dr,
such that F(z) ~ 3 a,e™*, then
(z) ~ Z ina,e™*

(c) What happens if F(—7) # F(m)?
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Proof. Since F' and G are absolutely continuous, they are continuous and
therefore bounded on the compact interval [a,b]. Suppose |F|, |G| < M on
this interval. Now given € > 0, we can choose 6 > 0 such that > [b; —a;| <
§ = S |F(bj) — F(a;) < 5 and 3°|G(b;) — G(a;)| < 55 Then

> |F(b;)G(b)) — F(a;)G(ay)]
= %|( (bj — F(a;))(G(b;) + G(a;)) + (F(b;) + F(a;))(G(b;) — G(ay))|

= % (Z F(a;)||G(b;) + Glaj)| + > |F(b;) + Fla;)||G(b;) — G( j)|)
<3 (Z(zM IE(,) - Flay)| + Y (@M)[G(b,) - Gla,)))

1
<3 (ZM mmm ﬁ) — e

This proves that FG is absolutely continuous on [a, b]. We now turn to the

consequences of this:

(a) Since F'G is absolutely continuous, it’s differentiable almost every-
where. By elementary calculus, (FG) = F'G + FG' at any point
where all three derivatives exist, which is almost everywhere. Inte-
grating both sides and subtracting [ FG’ yields

£ " ()Gl = — / " F@)G (@)de + / (PG (2)d

Since F'G is absolutely continuous, this implies

b b
/ F'(z)G(z)dr = —f F(z)G'(z)dz + [F(z)G(x)]5.

(b) It would be nice if the problem would actually define this for us, but
I'm assuming that the ~ here means “is represented by” as opposed to
any kind of statement about whether the function actually converges

to its Fourier series or not. Then suppose b,, are the Fourier coefficients
of F', so by definition

1 [7 :
b, = o | F’(:c)e_mmd:r.
T
Using part (a), we have
1 [ - - 1 [ :
n = —— / F(z)(—ine”"*)dz+[F(z)e”"*)® = in— F(z)e "dr = ina,.
2m J_ . 27 J_ .

(c) Then all bets are off. As one example, consider F(z) = x which is
clearly absolutely continuous on [—m, w|. Then

. . w
m™ —inr —inx
B 1 —inz g, _ 1 [=ze e
Ay = — Te Tr = — - + 5
21 J_ 2T —in n

— (="

n

— T

for n # 0, and ag = fj_ﬁ zdr = 0. However, F'(z) = 1 which has
Fourier coefficients by = 1 and b,, = 0 for n # 0.
L]
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23. Let F be continuous on [a,b]. Show the following.
(a) Suppose (D" F)(z) > 0 for every z € [a,b]. Then F is increasing on |[a, b].

(b) If F'(z) exists for every = € (a,b) and |F'(z)| < M, then |F(z) — F(y)| <
M |x — y| and F is absolutely continuous.

[Hint: For (a) it suffices to show that F(b) — F(a) > 0. Assume otherwise. Hence
with Ge(z) = F(x) — F(a) + €(x — a), for sufficiently small € > 0 we have G¢(a) =
0, but G¢(b) < 0. Now let 20 € [a, b) be the greatest value of zo such that Ge(xo) >
0. However, (DYG¢)(z0) > 0.]

iEH], (a) HTGEM F(b) — F(a) = 0 CRUE B I EER R ] sk by b a A1 b #0] ELREY, [a, b)
b fER— 5D . HRIER, BRRAFEAARL, 4 G.(z)=F(z) - Fla)+(z —a), Hik
I £ > 0 AL Go(a) =0, B, G.(b) <0. % xo 72 G, 1 [a,b] AR A, W

AAEHEANE b > 0, BRAE
‘G,g{.l-'[_] + h] = G.E(;L'u J
f

<.

FR:

, G.(x hy = G.(xg
litn sup (%o + :,3 (Zo) < 0.

ho=sid

{A#£IXF DT (G.) = DH(F) + ¢ > 0 ¥4 2 € [a.b] FIE.

(b) MBS EASES |F(z) — Fy)| = | [y F()dt] < Mle —y|l. 5o+ F(z) = Fa) +
[ F'(y)dy = F 4xdiksk, '
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27. (Stein FiFZE, P113, 3 32) 4 f: R — E. iFEW] £ 54 M RIFTAT 2,y € R {# /2 Lipschitz
e
flx) = fly)| < Mz —yl.
MHEAY fi. ()f SESE (i) W aer, [f'(z) <M.

HEW, SEIERA =, FHEMER—BoLs:, s
flz) — fly)] < M = limsup flz+h)— flz) < M.
Rl Py h
BRI A ERERA [ JLTARAAFE, #F | f(2)| < M. MEEXNES: = AREE = [ LTtk
1P1E, BrEAH TSR f fant s,
AV E LB M e >0, BA = 50 8 [0, 0] BT {(ax, b))}, BAMAEHHL
S (b —ag) < 8, HBAT

N N
3 If () — flaw)] < MY (b —ax) < M- ﬁ =e.
k=1 k=1

HL 4 s AT f da b,

FHIEH] <, [RoA f XSt = f ATRE2, Ll f JUR LA BT fl, B R o
K,
y
f@) ~fw= [ fa
T = A4 %A
@11 < [ 1o M-yl

{z,1)

Firbd f it /¥ M 1Y Lipschitz %1F. O
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