7. Using Corollary 1.5, prove that if a measurable subset E of [0,1] satisfies
m(ENI)>am(I) for some o > 0 and all intervals I in [0, 1], then E has measure
1. See also Exercise 28 in Chapter 1.
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8. Suppose A is a Lebesgue measurable set in R with m(A) > 0. Does there exist
a sequence {sn}n—; such that the complement of | J7~ (A + s») in R has measure
zero?

[Hint: For every e > 0, find an interval I, of length ¢, such that m(AnNI.) >
(1 — e)ym(Ie). Consider | J;— (A +ty), with ¢, = kf.. Then vary e.]
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11. If a,b > 0, let

[ a%sin(z™") for0<ax <1,
f(z) = { 0 if 2 = 0.

Prove that f is of bounded variation in [0, 1] if and only if @ > b. Then, by tak-
ing @ = b, construct (for each 0 < a < 1) a function that satisfies the Lipschitz
condition of exponent «

|f(z) = f(y)| < Alz —y[*

but which is not of bounded variation.

[Hint: Note that if A > 0, the difference |f(x + h) — f(z)| can be estimated by
C(xz+ h)?, or C'h/z by the mean value theorem. Then, consider two cases,
whether 2" > h or 2! < h. What is the relationship between o and a?]

PERL ERAT AR A Ao, A

a}Zuu,}— Flai)| € A*JZU ;) — fwj1)l-

i=1 J=1

PE ¢
f’{il?) - (I.;l-'“_l Hi]\(.]’?_h) _ bﬂ.ea—h—l :‘.tIH(.T_b},

WHAREE @ > by WM Riemann #4004 52 s

T,(0, l]'J—-mpZ” ) = f(@5-1)| < / f(2)|da

/ Jax® =" sin(2=?) (1I+f b=t cos (27")
1
< / ar’ l{l.f‘+/ s
JO JO

1+

da

a—h
BERA Tp(]0,1)) 179, ik f € BV([0,1]).
Rk, 3 fe BV([0,1]), Bk a < b RATHEH):

[ yb
2k + § '

W% AT [0,1) 1, BREAIIE S 0,1] 0 507, (E%4 R FRELF M,

i ) = flawa)| = i (ﬁ)‘L sin (QK‘E + g)

Je=1 i=1

I = (

IS RO G IR MR B Al Bt ([0, 1)) FTRAK TR RSk s, NI a < by
W f g BV([0,1]), B i et

AP A, A a = b FAEWIEEE f(2) € Lipa([0,1]). 45 h > 0, #4F Lagrange HHif

prek i
o -~ . ) oy O cos( (@4 Mh)~")
|fla -+ h) = flx)] = |a(z +0h)" mn((.r. +6h) ™) ;I'-I-—Uh‘h
4=1 23 [ 4 @R =0 acos((x+ 0h)")
< la(x + 0h)*" sin((z + 0h) ™) |h + | —— ==} b s b s % ale Sg— 15 e
v e (0,1). If(z+h) = f(@)] = |+ h)® Qmm Iasin%a
A N y 1 h > 0:
It v e [0,1) FI A >0 b o
k) #2 <€ alm e gh0-1. L a]G o
Ja+h) = f@)] S ala+ 00+ o h.+h‘_£| <2z +h)
ah ah i 2ot < b BT, [fl@+h) — fla)] < 2a(z + h)* < 2a(hs + h)* < 2¢Fiqhat. (GEE
2“_‘;_Uh ! z+hel0,]]=h<D
< —
* A 2ot > h R, |f(x+h) - fz)| < 2 < 2ah = 2ghsh.

FATW 0 = 225, W f € Lipa([0,1]). BX a >0, LA a € (0,1) Mo/iiEXFE f.
02—l Rx e f ¢ BV([0,1]). O



l
放置图像

l
放置图像

l
放置图像

l
放置图像


13. Show directly from the definition that the Cantor-Lebesgue function is not
absolutely continuous.
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