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�!(16 = 5+5+6©)ü ���IX¥§o¡No�º:�A(1, 0, 0), B(2, 2, 1), C(3, 2, 0), D(4, 1, 0).

(1) ¦o¡NABCD�NÈ. (2) ¦º:A�¡BCD�p¤3�� l ��§.

(3) ¦ l 7z¶^=�±¤�­¡�§.

)))µµµ(1). NÈ�µV = |1
6

−−→
BC ×

−−→
BD ·

−→
AB| = |1

6
(1, 0,−1) × (2,−1,−1) · (1, 2, 1)| =

1

6

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
1 0 −1

2 −1 −1

1 2 1

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣ =
2

3
.

(2).¡BCD{��
−−→
BC×

−−→
BD = (−1,−1,−1)§=�l���.�l�§�µx−1 = y = z.

(3).�­¡þ:P (x, y, z)dl þ: M(t + 1, t, t)^=��§Kd

 |OP | = |OM |−−→
PM ⊥ z¶

�

�µ

 x2 + y2 + z2 = (t+ 1)2 + 2t2

z = t
. ��t��^=¡�§ x2+y2−2z2−2z−1 = 0.

�! (10©) f(x, y) = |x− y|ϕ(x, y)§Ù¥ϕ(x, y)3:(0, 0)?�,��SëY.

y²µf(x, y)3:(0, 0)?���¿�^�´ ϕ(0, 0) = 0.

yyy²²²µµµ/⇒”µd��� ��3§=
∂f

∂x
|(0,0) = lim

∆x→0

f(∆x, 0)− f(0, 0)

∆x
= lim

∆x→0

|∆x|
∆x

ϕ(0, 0)�

3§�ϕ(0, 0) = 0.

/⇐”µeϕ(0, 0) = 0§K´�
∂f

∂x
|(0,0) = 0 =

∂f

∂y
|(0,0)§Ó�

lim
(∆x,∆y)→(0,0)

f(∆x,∆, y)− f(0, 0)√
(∆x)2 + (∆y)2

= lim
(∆x,∆y)→(0,0)

|∆x−∆y|ϕ(∆x,∆y)√
(∆x)2 + (∆y)2

= 0

�f(x, y) 3:(0, 0)?��.

n! (16 = 6 + 10©) ��¼ê z(x, y) = 2x2 − y2.

(1). ¦z(x, y)3(1, 1)?�FÝÚ÷��τ = (1
2
,
√

3
2

)����ê.

(2). ¦z(x, y)3Dþ���!���§Ù¥ D =
{

(x, y)|x2 + y2 ≤ 4
}

.

)))µµµ(1). grad(z)|(1,1) = (
∂z

∂x
,
∂z

∂y
)|(1,1) = (4x,−2y)|(1,1) = (4,−2); ÷��τ = (1

2
,
√

3
2

)�

���ê�
∂f

∂τ
|(1,1) = (4,−2) · (1

2
,
√

3
2

) = 2−
√

3.

(1). k¦z(x, y)3DSÜ�U�4�:µ


∂z

∂x
= 4x = 0

∂z

∂y
= −2y = 0

⇒ (x, y) = (0, 0).

2¦z3∂Dþ�4�:µ-w(x, y) = z(x, y) + λ(x2 + y2 − 4)§ d


∂w

∂x
= 0

∂w

∂y
= 0

∂w

∂λ
= 0

⇒

(x, y) ∈ {(0,±2), (±2, 0)}
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O��z(0, 0) = 0, z(0,±2) = −4, z(±2, 0) = 8. �z3Dþ����8§����-4.

o!(14 = 7 + 7©) O�­È©��.

(1)
∫∫
D

(x2 + 4x+ y2)dxdy§Ù¥D�d­�(x2 + y2)2 = a2(x2 − y2) �¤�«�.

(2)
∫∫∫
Ω

(|x|+ z)e−(x2+y2+z2)dxdydz§Ù¥Ω = {(x, y, z)
∣∣1 ≤ x2 + y2 + z2 ≤ 4}.

)))µµµ (1). dé¡5§4x3Dþ�È©�". ò­��§L«�4�I/ªµr =

a
√

cos 2θ£Ø��a > 0). æ^4�IC�È©§�µ∫∫
D

(x2+4x+y2)dxdy =

∫∫
D̄

r2·rdrdθ = 2

∫ π
4

- π
4

dθ

∫ a
√

cos 2θ

0

r3dr =

∫ π
4

0

a4cos22θdθ =
π

8
a4.

(2). dé¡5§z3Dþ�È©�"§�
∫∫∫
Ω

(|x|+z)e−(x2+y2+z2)dxdydz = 8
∫∫∫
Ω′

xe−(x2+y2+z2)dxdydz

= 8
∫ π

2

0
dθ
∫ π

2

0
dϕ
∫ 2

1
r sin θ cosϕe−r

2
r2 sin θdr = 8 · π

2
15
4

∫ π
2

0
sin2θdθ = π(2e−1 − 5e−4).

Ê!(14 = 7 + 7©) O�­�Ú­¡È©.

(1) �­�È©
∫
L
xy2dx+ yϕ(x)dy�´»Ã'§Ù¥ϕ(x)ëY��§�ϕ(0) = 0§

¦
∫ (1,1)

(0,0)
xy2dx+ yϕ(x)dy.

(2)
∫∫

Σ
xdydz+2ydzdx+3zdxdy

(x2+y2+z2)
3
2

§Σ�­¡z =
√

1− x2 − y2§����­¡	ý.

)))µµµ (1) eÈ©�´»Ã'§Kxy2dx + yϕ(x)dy���©. ?

∂
(
yϕ(x)

)
∂x

=

∂
(
xy2
)

∂y
⇒ ∂ϕ(x)

∂x
= 2x. )��ϕ(x) = x2. �d� xy2dx + yϕ(x)dy = d

(1

2
x2y2

)
.

�∫ (1,1)

(0,0)
xy2dx+ yϕ(x)dy =

1

2
x2y2

∣∣∣(1,1)
(0,0) =

1

2
.

(2).
∫∫

Σ
xdydz+2ydzdx+3zdxdy

(x2+y2+z2)
3
2

=
∫∫

Σ
xdydz + 2ydzdx+ 3zdxdy

=
∫∫∫

V
6dxdydz −

∫∫
P
xdydz + 2ydzdx+ 3zdxdy = 6 · 1

2
· 4

3
π + 0 = 4π.

8!(10©) f(x)3[0, 2π]þ�È�²��È. y²

1

2π

∫ 2π

0

f(x)(π − x)dx =
∞∑
n=1

bn
n

Ù¥bn = 1
π

∫ 2π

0
f(x) sinnx dx(n ≥ 1) �f(x)òÿ�FourierXê.

yyy²²²µµµéπ − x(0 < x < 2π)±2π �±Ïòÿ�¤�¼ê�FourierXê�

a′n = 0, b′n = 1
π

∫ 2π

0
(π − x) sinnxdx = 2

n
. �π − x =

+∞∑
n=1

2
n

sinnx(0 < x < 2π). dí2

/ª�Parseval�ª'X�µ

1

2π

∫ 2π

0

f(x)(π − x)dx =
1

2

+∞∑
n=1

(ana
′
n + bnb

′
n) =

∞∑
n=1

bn
n
.
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Ô!(10©) ®�s > 0§¦­�xs + ys = as(x > 0, y > 0)��I¶�¤�31���

�²¡ã/�¡È.

)))µµµS =
∫ a

0
ydx =

∫ π
2

0
acos2/sθd(asin2/sθ) = 2a2

s

∫ π
2

0
cos1+ 2

s θsin
2
s
−1θdθ

= a2

s

∫ 1

0
(1− t)

1
s t

1
s
−1dt =a2

s
B(1

s
, 1
s

+ 1).

l!(10 = 6 + 4©)

(1) y²2Â¹ëÈ© g(α) =
∫ +∞

1
arctanαx
x2
√
x2−1

dx é∀α Âñ¶

(2) z{§¦g(α)�Ð�L�ª.

yyy²²²µµµ(1)x→ 1+�§ arctanαx
x2
√
x2−1

∼ arctanα√
2
√
x−1
�
∫ a

1
arctanα√

2
√
x−1
Âñ(a > 1); x→ +∞�§ arctanαx

x2
√
x2−1

∼

1
x3
·


π

2
, α > 0

−π
2
, α < 0

0, α = 0

�
∫ +∞
a

1
x3
Âñ. �é?¿α§2Â¹ëÈ©Âñ.

(2).
∫ +∞

1

(
arctanαx
x2
√
x2−1

)′
α

dx =
∫ +∞

1
dx

x
√
x2−1(1+α2x2)

. 

∣∣∣ 1
x
√
x2−1(1+α2x2)

∣∣∣ 6 1
x
√
x2−1

,∀α ∈

(−∞,+∞)�
∫ +∞

1
1

x
√
x2−1
Âñ§�

∫ +∞
1

(
arctanαx
x2
√
x2−1

)′
α

dx'uα3(−∞,+∞)þ��Âñ.

g(α)��35§±9�È¼êéëê�ê�ëY5w,¤á. �kµ

g′(α) =

∫ +∞

1

dx

x
√
x2 − 1 (1 + α2x2)

=

∫ π
2

0

dt

1 + α2 sec2 t
(x = sec t)

=

∫ +∞

0

1

1 + a2 (1 + u2)
· du

1 + u2
(u = tan t)

=

∫ +∞

0

(
1

1 + u2
− α2

1 + α2 + α2u2

)
du

=
π

2

(
1− |α|√

1 + α2

)
�α ≥ 0�§g(α) = g(α)−g(0) =

∫ α
0
g′(t)dt = π

2

∫ α
0

(
1− t√

1+t2

)
dt = π

2

(
α + 1−

√
1 + α2

)
dé¡5��g(α) = π

2

(
|α|+ 1−

√
1 + a2

)
sgnα (−∞ < α < +∞).
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