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PartI Conservation Law
-----

eg : Flow in a tube (ID) E E
-

,,--

↓ distance. + time
.

↓ -> ↓

↑ density. v Velocity. (V> 0 : = )
X X Xz

(Xk < Xz)
.
10< +i < tz)

total mass in [X. X2] at time + ↑*p(x .
+)dx

mass flux at 1x.+). Pl+) VIX. +)
I

XZ

# P(x .
+)dx = P(x1 .

+) V(X1. t) - p(Xz .
t)V(Ve

integrate in[titusXx .
Tldx = ) x .+VIX

.

Hdt -A plx .

+VIXtoe

Assume that PIX .+ .

VIX
.t EC'

.

+
x

te---- -

l

= /YedxSNI+A Vixd t - ---

!

-

i
* x -x

=> ( P(x. +) + x(p(x. t)VIX.t) = 0 Ve = [ Xi
.

(2)x[ti
.
t

i
.
e. P+ +(PV)x = 0



remark : (1) If P(x.+) EC; compact supported in space .
then

PRPIX.Edy = 0. I .
e. conservation of mass

"

(2) If p(x. +)
,
VIX. +) are periodic in space

#
"

p(x. +) dx = 0.

13) if VIX. +) is known
,

or v = VIP) ·

Let f(p) = PV .

Pt + f(p)x = 0

conservation of mass : P+ + (PV)x = 0

Imomentum : (PV)++ (PV+ P)x = 0

energy : Et + (lE+P(V)x = O

let iix
.

+ ) = (i = (v) => it + Elly = 0

F= (pxp)= IWils +PI)

= FIG) where p =pi

Euler equations in1D : E= EPV+ U . constant 1 .4



def (hyperbolic conservation law)
1 / ID scalar case Ut + flulx = 0

I U : RXR->R
.

conserved quantity
f:-R . flux function

or : SIX . t) -UIX .+) dx +)1UIX2
.
+) - flUlXi . +1) de = O

or : ) XIX.+)dx = flUlX1. +1) -flUl

12) ID hyperbolic system. [t + FUx = *

: RRXR -> RM( # : RM-> RM I
remark : it's hyperbolic iff the Jacobian matric

Jin) =F cmxm is diagonalizable with real eigenvales. .

Jes Ris = Ris .Nis

eg : ID Enter equations.
C= H=H

eigenvalues : Min = diaglu-c . V
.

V+c)
I

eigenvectors : RicisFr I



13) 2D hyperbolic conservation law
.

i : Rx1R => RM

it + Ex) + yu) = 0 I = : RM-> RM I9 : RM -> RM

remark : it's hyperbolic iff Ux . BER-
MXM

*

:
2D shnntgilEIle With real eigenvals .

-+P+P = 0

E = El+ri+

def : Ut + J . F(U) = 0

U . R -> R" F : R-> R
it's hyperbolic iff VTER" .

i . -F= should be diagonalizable with real eigenvalues.



eg : shock tube
-- - -Fo - - - - V = VR = 0

I P PR
I II III

Pr .

Vc
. PL PR.

VR
. PR PL > PR

Riemann problem : Tlx . o) =SALxo
D : 0 : T

&! !
0

! 0 !&
A ② : all variables are continuous.P i -.! -! I smooth transtionI

- ↑ I

Foll>X
- 2 - I ! 2 rarefaction wave (i)

(UIC)~ ③ -> 4 : P is discontinuous

↑ but U
. P are continuous.

- 2 2 contact discontinuity (EEAPisT (K)

i
X

(u)

P
i

④ -> ⑤ : all variables are discontinuous

< shock wave Kik)
- ↑ I

>(
2

X (UIC)



rare

PaigeToadministrie
nee

UIX . t) = Constant ifEI constant
.

in 1x . +1 plane.
=> similarity solution :

UIX .

t) = K(xx
.
xt) Va > 0. i

.
e. U(X .+) = WE



Mathematical difficulties : distinuous condition

I
differential form -> "strong solution" not smuth)

distinuous solution.

integrad form-> "weak solution"

not uniqu- > 1
viscosity solution U+ flulx=Exx

Numerical difficulties : entropy solution

1
.
shock tracking

2
.

shock capturing

good

is
bad :

&
L



The linear advection equation. fill= all (

(UttAUX
O xER teRt (Canchy Problem)

=> exact solution UIX.+) = Yoly-at)
·

a- a-

"+ ↑↑
- -

characteristic X= X (t) O = UXH · +) = UxX1 t + M = 0 => Xi = a

Exit e => Xt1 = Xo + At

a> O a<O

# Hy
, ,



remark : The spatial smoothness is not required.
But if voix) is nondifferentiable .

how to define the solution ?

Approach 1 :Integral form
Xz

&UIX .
teldx=/

*

Molx-atudx =&Cit d

=(Pat vidy +Satolyldy +Sat dy
-

=Xulx ,
tsdx +a)Holxi-atId -a olx-atl

th t

= )Ynx .
tildx + aStUIX .

+ - UIXz
.

td
#

Approach 2 : Vanishin viscosity solution
Hi + qM =x = EUxx (530)

( U9(X . 0) = Holx) iM Uix.t = HolX-a



let Vix .+ = Uix+At
.
t vi = <Vi (heat equation (

VE = U + all,
Vi = Hix i= & Vix+= exp - /Holy

let E -> 0. ViX
. t) -> (pHoly) f(x) dy = Ho(X)

Uix
.+) = Vi X-at

. +) -> Holx-at
.
t #

Variable coefficient advection equation :

He + (H(X) U)x = 0 U+
+ b(x) Ux = 0

or
.

Ut + AIXU = -aixil ↑ Xi+ 1 = b(X(l)

Characteristic X=XIt) XI01 = Xo

& X(0) = Xo

UIXH1 .
+) = 0

-U(X(t1 . +) = U++t
= U+***UIX(t) .t

=> <XitIA => UIXIt.t=-AYxItUINT
ODE X=X(t) ODE U= UlX(H . t)



Domain of dependence & influence.

+ X

N

t

"Scalar Equations L/+↑M /
· (x . +)

· · x(X/xn>
x

>X

In general :

cendence. DIX .t) [SX : IX-X/M1a .+ )domain of del
domain of influence = 3X' : Ix-x/ <M1a.+ )

M =M(alX) .

t) = max1a) . t
.



Nolinear equation
Ut + fil)x = 0 or Ut + fillU = 0

Characteristic

XIt :

XI) = f(U(X(t . t) U(X(t) . t) = UxXit1 + Ut = 0

(
X 10) = Xo => U(XI) .

t) = Holo) = constant

=> = fUo(Xo)) = constant

eg : Burgers' equation flu) = zU Lo tanle -o =T
Ut + UHx = 0 tano= X/+1 = flUo(Xo)

init : small time : long time.

-
-2 --

L
- iconservation of area.

y

(1) For small time
,
we can use the characteristics to determine the solution (IX.+)

(characteristics do not cross (

/X .t) -> StHolo
Xo=?



121 For long time
,

some characteristics have crossed. (triple-valued function

eg : C + UUx = 0
. With smooth initial data Holx

for which voix is somewhere negative. Then the wave will break at time To :

Tb = mix

HW : To=Tuix>
EX3 .

3

13 .21
. Tuesday)

Ex3
.
3

# : *ESTRE : X= XI = 5 + Holt R UERin.# (5
. 0)

11 FiPEYESE qAES, t UolSt
R

=

+= Nose)) s
s
3*3, 55c2ie]

.

FEGSINES minUo < 0. #DIGT t <TnU
12) Y*X= S+ UrlS)t MERE

. ALiS= 9/X. t) i

↑

↑ UIX
.

=Sx+UsitExists
t

# = E. &) mini. -> Hert (x) = +0#
EVE T Tb=nur . ref,EELEH. EpixTLG



Consider Us + H'UY = EUxx (270)

~vanishing viscosity solution UIX,+=/im Usee

If the initial data is smooth and < 1
.

· Before the wave breaks
.

zUix is negligible compare to other terms
,

and the solution for both PDEs look

nearly identical.

· As the wave begin to break.

Uxx grows much faster than Ux. EUxx term is comparable to other terms and begins
to play a role.

· At the time To When characteristics first cross.

ulxit) has an infinite slope - the wave breaks and a shock form.



Weak solution
choose test function PECIRXR"
H + flux = 0

=> (ot)+*du+ + 9flux]dx with
initial dataa

=( %U + Pxflul]dx = - X. 0) IX.

0d
↓OEC!(RXR")

#
Note :

u(X .tldx= x
.
Tldx + fluix1 .

tl)dt - flu(Xz. Ita
↓ [X, X2]x[ti .

+ 2]

The two integral form are equivalent.

(A) => (AA) O

let $9x,+ = &
I in [X1

.
X2]X[t1 ·

+2) t ↓ "-> Xixxxitit] as E- 0

0 in (INE. X2+s] x [ti - 9
.

+2+3])

(AA) =) (A) . . .



Burgers' equation & Riemann problem· U/X. O) = HolX)=>x

o
·

UL + UR
case 1.

.
UL UR > O (shock) s =

-

X(t) = St UL XSt
xUIXito)

HL UIX,/=
! URE O

I
si

Hw
.

Ex3 . 4

&UR X > St
> X

shockspe. Check the weak solution

case 2 . Up > U > O DUIX
.
+ =GUxst =Ell+UR)

Ultitol
X

UR

· Un ( =
O "Sto

> X

Or UN.+ = SxU2XUE<

UruxitO

/ UL I
> x-

crarefaction wave)



UL XSmt

③ UIXit = Sym SmiYU for any UmELU .
UR]

.
Sm = ElU2+ Um)

rarefaction

.
UIXitol x

UL

----
-
-

O

-

victoiUn to limit!

=> weak solution is not unique ! Hw

P3SEx3ak solution



classical solution (strong solution
weak solution

1
? (1) vanishing viscosity solution

strong solution
·

n (2) entropy solution
.

weak solution

Shock speed :

Rankine - Hugoniot (RH) condition of Ut + flUkx = 0.

the relation between the shock speeds and the states Un & UR
:

fill) - fIUk) = S(l-UR) RH jump condition

remark : (1) for scalar equation
. S= flU-FI

eg : Ut + (5UYx = 0 =GAM
121 for systems. U. fill are vectors

.

s is a scalar.

we can not always solve s by RH condition.

eg : Fill = Al. Alt-ATR = SCI-TR)

iff I
it-ir is the eigenvector of A .

-

theeigenvalue ofA



Proof of RH condition :

case I
. piecewise constant initial data and shock solution with a single discontinuity

prepagating at constant speed.I

ta s

[ulx .
+dx=[u(x. 0)dx + flus-M .

Elde -Flus .

Elsee

UL UR ↓
>X

-M M
(M+ St) U2+ (M-st)UR = (U+ UR)M + + f((z) - + fIUR)

=> fIUL) -f(UR) = S(( - UR)

case I. Generally solutions have both smooth regions (PDEs)

the propagating discontinuities whose strength and speed vary as they interact
with smooth flux or collide with other shocks

.

I Us

UL(X.+)
URIX

.t
- .....

- -

II I Us

X

·

Sit (FTO 1X .

F+adx=XaIX .
Eldx

--°

al ↑EthCUIX.+Idt - )Er x+Ox
.

+1 de
Xt ->"-

-

i
- -

i) ↳
i

HR Taylor expand at( .

Es ... #

T



(U conservation
x

Hi + UR
remark :

Ut + (ty = 0 =>SF

.

- + Vx
= 0 = N = Hir e

ULTUR

↓
-

2

(In Conservation S . FS2 ! different weak solution !

eg : Burgers' equation "N wave"

u(x
.+ = )

YIt IKE H0 otherwise

>
O

check RH : W= = *. UR= 0 S =#=
fIll-fIUR) =I

sil -UR)= ( - 0 = it. V

=> weak solution is not unique.



def : entropy and entropy flux .

Entropy function : 4 : R-R if MESR) .

4 " < 0.

The corresponding entropy flux : 3 : R-R
. if 'n = ninifiul .

Then
, entropy pair (1 . 3).

remark : The strong solution U + fluly = 0 Satisfies UIUIt + 3(U)x = 0.

· Ue + fillUx = 0

=> nin[Ut + fiulUx] = YIUlt + 3lU(x = 0.

def : entropy weak solution

For any entropy pair 17 . 3). U satisfies UIUI++ 3(U)x < 0. weak
senie-

(VOECORXR") .
# > O

-

+ n(n) + %xS(u) dx -fu(x.0s)IX.adx 0

↓
eg : Burgers' equation fill = EU.

or : VIX,.Xz]XItitz] ...

41U) = ipU"+ EU PENN. P22 .
A>O

=> 4) = (p-14
-

+ a > 0

3(n) = nin) fin = (U
2"

+ auln = UP+ in

=> 31U) = <tUP++ entropy Pair (4 . 3)



Thm : The vanishing viscosity solution is an entropy weak solution.

Pf : UIX+) = Muix .
+) U + fil)x = Eli

(

nini [hi + finisvi] = Enin's Uixx
=> nu + + 31% = E [n14xx - 19 (vi) -> Ey(K
=> OEC'IRXR") . %20

St ton1U*++ 31U4 x)0dx>
=> (a) In 9% +3 (4)%x]dx- niod +Slixol dx <So I...

1-0 => UliMU" is the entropy solution If

Thm : (characterization of discontinuous entropy weak solution (
Ue L(RXR) and assume there exists a smooth curve P:+ -> X(t)

such that u is piecewise differentiable on both sides of the curve.

Then u is an entropy weak solution if
O U is a strong solution locally on both sides of P.

②2 (2
.

UR
.

== x1+1) satisfy fIUL) -fIUR) = S(K-UR)

③ For any entropy pair (5. 4) . SCUL-SIUM) < s (MIML) - YIUR)



weak solution

eg : Burgers' equation flul= In entropy solution

smooth solution : PDE

discontinuity : s =EUR strong solution

entropy : lethu = v (31) = Minfin = zun = znt
[31) =3
SIM-S1UR) - S(UIUL) -Y(UR)

=
- HR -

R (U2-Wi

=-j(UL-UR) < O => > UR

=> if UL UR
,

shock is an entropy solution.

1
if UL< Ur

.

shock is a weak solution .
but is not an entropy solution !

rarefaction is an entropy solution.

(maybe different initial value (

Thm : Let u.. Us are piecewise smooth entropy weak solution to + flux= 0.

with f"> 0
.

and assume that all discontinuities are shocks. Then

/UI) ... - U:,ty O

Cor : The entropy weak solution is unique.



Entropy condition :

(I) Let (U2. UR
.

3) be an entropy discontinuity,

then (Oleinik)

#fill s
fl

UR-U for all a between UL and UR
.

remark : 1
.

U UR 2. U UR

filk) f

w filme
flur)

fIUR) > L

V X
N f 1 W

S >

UR UL UL UR

pf : glU) = flu) - fIUR)-S(U-UR) => glM) = GlUR) = 0.

Him = S (U) -Sylu) => HIUR)-HU) <> 0 Kany entropy pair 15
. 4)

Of HUR)-Him =I Hindu =Csiu-suinsdu =/ninfiul-syin

(in in ginde
= Glasnian ingee

i . e. (Up ini[flus-film) -ScU-Ums)du o Vu



-> (UR-U2) [flU) - flUm) - SIU-Um] 10 => Un> UR
. fill-f(UR) -S(K-UR) -O

(
UL < UR

. flul-fIUR)-S(U-UR)<0

#

II) If fEC' . then finus = finms /Osher (

remark : (11 If f"E0 .

=> U2 = UR
.

12) This reflects that the characteristics must run into the shock.

I#
. .
/x

13)0 ·
the entropy solution of a emann problemisalwaysiseither a shock or avarefaction .

Y s shock solutionis U> UR
. fill> films U=

&R Y

I
* < fin rarefaction.His UL < Ur

. file) < filrs U

=UN/ fill) =x fiUR)
UR Y > film)

14) If :O at some points .

the solution may involve several shocks & rerefactions.



*

Thm : An entropy weak solution of the Riemann problem can be described as

a curve in the plane (U. f)
(i) ULTUR

.

the curve isareenvelope/hull of the graph of f.
PYx f(n)}

(ii) UI < UR
,
the curve is concave envelope/hull of the graph of f.

Then : PY = filly
Y=

rarefacia "iAshokarefacia
· i



E Buckley everett equationntu ,
a 30

. Utto.

rarefaction ↑fil I is the tagent line going through (i. flui)
flul (= 1un +in

1 fin-f
R

so

I
U> U= UR>

UR=0 Wi= 1 UR=O W= 1
U

rarefaction shock

Riemann problem (2) U= 1.
.

Up = 0. rarefaction
ux h = fiult↓UL UL &

UL ↓ shock
A

.....

-> -s ->
U & ↓

, ↑

&UR UR UR

↓ -

t= 0 area method= weak form 1.
area = finil t(UR - U

*

) = (
**finstdu = +[f(UM) - f(U*)
*

=> find, = HU)-fU
*
)

= shock speed (constant speed) (U* is constant) (UG= e

solution :

u instifinite e ·
refaction

shopnat
,

2->iT > X
u



Riemann problem (I). U = 0
.

UR= 1

aFische fin=IUsfli

rare

-

K< -> Y-> UR

rarefaction shock faction
-

Solution UR

↓ ·
remark : v

Ut + fluk=0 ful=Allul
let W= 1 -K .

fallw =AN = 1-N = 1-f

1 fallx = - fjlWIx => W+ + fyW)x = 0
.

W+ = - Ut



HW P34
.

Ex3 .
8

Hw
.
Drive the exact solution of the Riemann problem of
Buckley - Leverett equation (a=F
Ut + flux +0

1 u(x ,o=
flul=Mrop case 1 . M = 2. UR = 2.

case 2. U = - 3
.

UR = 3



Hw :

[Ut
+ (Ex = 0

-ExXxt

U(X. o) = 2+ BSENX 12T- periodic boundary)
code. ddl 04/04
show the result with x= 1

, B=2 at time += 0. 4 and +=

hint : <IX. + ) = x + BYlX-At . Bt)
is satisfies& +Y = 0

Y(X . 0) = S9UX
.

x= X (t)
. GX = fin) = MIX(

. +) => MIX(t)
,t = Y(Xo

.
of

X10) = Xo

solve : X = Xo + fillo .o + IXE10 . T) is enough)
-

ux N

->wat-t
u = x+Bπ

& UX = BMx

Ut = - xBWy+BYt
/

0 = K+ + ulx = - xBx+B+(x+p) Bux = BYMt+ ππx]



Linear hyperbolic system :

He + AUx = 0

U : RXR -> R M AERMxM Constant
, diagonalizable with real eigenvalues

A = RMR" with X = diag(A ... An) NXN2 . .An
.

R = ( K. R ... Un

remark : strictly hyperbolic . If the eigenvalues are distinct
:
1<12: < An

let v=R EIR
M

I U conserved variable

R'Ut + RAUx = V + 1Vx = 0 V characteristic variable

Nple + XpNp(x = 0 p = .
2 .

... M

=> Up(X . + = Vp(X-Xpt .
o -> Up : X= Xo + Xpt P = 1 .

2 ... m

=> UIX . t) = UpIx.tUp = EVp(X-Xpt) Up "p-characteristic"

t t
N N

.

(X.t)

->

xz --- Am Sm
Ame

-Xm+

- - -

- N .. ii

· ·

[X-Amt
.

X-Xit]
>

X
[Xo + Nit. Xo tAmt]

>
X



eg : [UH
= (xx (c >6)

U = Vo. Ut = UI

let V = Ux. W= Ut => NICE (W +
-

"

/)
,

= 0I
W = H

.
V = Ho

A= 1 -30 N = - C
.

A c R = 1 - 2 Res ? 1) AR=R/a

CVIX. t) + WIX.t) I
N IR ( ) = <vix+ - wix.+
12 =zt/VtoS+WIx-to

=
+ /
cUX+Ct + ((X+(t) I22 CHlX-Ct) - Hi(X-Ct #

eg : Riemann problem. >Ut
+Al = 0

k(x .o =)Unxe W = Aptp Ur = BpUp

A istrictlyHyperbolic .
<A :<m

.

AFRAR V= Ree

I v(x . 0) = ) (X
,
... Am Xco

18 -.. Bm) T X > 0



i. e. (Up/t + XpNp|x = 0

&
Vp(. os = (&pXco

= UpIX .+ =

JAPX-ptO(p= .... M

for (X.
+. Let Pm(x . +) ES1.... M3 be the maximum value of p .

S
.

t. x-Apt > 0.

VpIX. t) = (B) :: Ppm . ApmH;

:Am)T

=> UIX .+) = &UpN . tUp =

EPpUp +Ep&T
= I + I (pp - Xp)Up

P2Pm+

= He+,E18p
- XpStp ) = Um

- IBp-Appe
U=Bi R +McK + XzVs

t t
/ H

As
~

xi (i) in l s

Patti - let

43 a B
>X ·

>X



remark : (1) UIX .+) is constant in each of the wedges .

12) As we cross the p-th characteristic
.

the coefficient of Up jumps from Up to Bp. Other coefficients remain constant.

jump : [U] = (Bp-Up) Up
[f) = [AU] = AlU]

= AlPp-Xp) Up = (pp-Xp)NpUp = Xp[n]
=>Ap=. RH jump condition -

13) In general case (A is not strictly hyperbolic (

the jump UL-UR cannot propagate asasingle discontinuity with any speed
without violating RH condition

.

(but more jump ,
as show below)

UL-Ur can propagate as a single discontinuity if UL-UR is an eigenvalue of A .

(connected by p-wave directly (

def : (The phase plane (RP)

Hugoniot locus through any point i point can be connected to is by an elementary
p-wave . [p15:) = <SUp p= 1 ... m. With finpl - finl = Xplp - is

Note that Yp10: i) = i for each p.

so through the point is is phase space ,

there are m straight lines
.



wave

->phase plane (m=2) :

UL Tr

egl : Thr is eigenvector of A.

egc . otherwise. El S .
t

.

I , inware
, Ye

2. wave 2-wave m

eg 2. ↓ Wave

X 7

·

Tmiddlestatus

↳

U2

y I

V

> U

I-wave I-wave -> 2-wave

UN

E T YR

2- wave 2-wave

eg 2 .

2
:

↓ Wave

I-wave I-wave -> 2-wave"in ->

UN

UN UL YR

-



3-wave 2-wave

↑X
phase plane (m=3) :

1
Uz

warewar-
Une

3-wave" ->

i

Un

2-wave

->

Tr

·

UR

> Ul

in general : Linear system. Riemann problem : only several shocks

A : eigenvectors : ri
.
K .... rm. R = /- : Um)

Us = (21
.
&z

.

As ... Xm+. Xm) RT 1-waveI = IXpTp L

↓
Um ,

= (B1 .

Xz
.
As ... Am

.

Xm)R"
22-ware

:

- I

Ur= I BpUp UMmB!.Bu,B3Bm-&m R mware

UMI

UL

..

UMMY

UR

->l-wave
-> 2-wave

-> K-wave ->

K-> U -> H 2

-> UR (K<M)
Mi M2



Nolinearsystem
U + Fly = 0

or It + ALTSTA = 0

T : RXR ->R
. F : RP- RM

.

A : RRM--pMxm

Assume strictly hyperbolic:
Asus has distinct eigenvalues : Xilu) < Xclus ... <Xmlu
and linearly independent eigenvectors : Hlu)

. ElU) ... Um(U)
.

R1n) = (U1U) .

UIU) ..
. Um(U)) Alm = Rin) Nul Rus

Nu = diag(XIU) .

.. . Xm(U)

Ut + Al)Ux = 0 > Rus . Ut + NURTUs Ux = 0

#nu)+ + N(u)(RYwU(x = 0

def : There are m characteristic curves through each point (X. +)

p-th family X = XI) satisfies 3 Xi+
= XplUIXIt .t)

X(0) = Xo (P= 1 .
2 ...M).



along the p-th curve X=XI). UIXH1 .
+) is not constant

.

U(X(H . -) = U+ + UxXIt = U++pUx = 0

Riemann problem in Linear system : shocks
H
Nolinear system : shocks and rarefactions.

Shocks :

Conside a discontinuity with speeds .

Is andis are the status.

finl - fin = sin - Vis

fix the value - attemp to determine the set of i. I= MIS; <
--

1fluls: ii)-fil = S13 : is[usi) - i)

Y(0: ) = Y

Us : finihis) = sigi[Is) - -] + 313)Usi
S = 0 : finl io) = Alis Flo) = 0 + S10)Mio



Hence
,
Sco , is the eigenvalue of Als ,

Yos is the eigenvector.

1
scos = Xpl Linear :

[S
= Ap
I '10 = rpPios = Up1) PES .... M3
~

p
[p(5) = u +Erp

We can choose m curves through i. one of each characteristic family
Mp15: <

The curve Up15; s is tangent to Upis at the point i.

def : Hugoniot locus

Up 15 : i) is the p-th Hugoniot curve through is
Up and is are connected by a p-shock.

eg : the isothermel equation (m =PV)

&PtIMO C P(x = 0 a constant > O

+IU) = /Mtar I
O

v= (m) AIU) = (+ aI N = H -arma
Ut + AlU)Vx = 0 1= # + a rental



m - M = s( - p
fill-finl = si-i) i

.
e. ↑( +a) -( +q) = s(m - m

=> m = M (p- !

& s +a 3- 1 . P20

- 15 = -1
.

M = 0. T=0
set 15: = (1+51 ->y

1
is = ⑮ +s(p) gas

, = u +site
Sil: = -an 313 : )=+ an2

x

- K
->

M

E I 7-x~. P



Question : UI & U2 connected by I-shock -> Und Us connected by I-shock ?I
U2 & Us connected by I-shock !I

": = 4+3 (r) = (3) + (
_ass)

Uz = (H 5) Wi + (
_apisisi

N

Us = (1+ 32Uz + (_assel
= 1+52) (1 + E1) Ki + Lapisisil) I

-as sin
O

= (HS2) (H 51) Wi + I
-ap((HS(H31 +1) H/litsy) + (8)

↓ #0 ! If 515270

HW. EXT . 1 P13

Hugoniot locus (shallow water)



Riemann problem UIX . O) =
UX< 0

for isothermal equationPur xso

-

I-shock
Un->UL->

2-shock
UR

eg : m
*

I-wave UL

&

·

UR

case I ·

1--- .
UNX~- 7~ I

A

P-.&wm
z-wave L

Case 2

m
*

UN

->
UL

-:m
z-wave L



Algebraically :

④ Um = [151. Ul

m = Iti emi-aprsi) = Mm =Mi-am(Pm
-

② Um = T(52. UR) -Wave

=> Mm =Mi + am(Pm is
-

2-wave

Mem +am (Pm-PR) = Mit -a(Pm - P2) => Pm => Um=Le

More generally, for a system of m equation. We can attempt to solve the

Riemann problem by finding a sequence of statesU .... Um+

UL IHave I
wave

, He ...
Mware Um- Mave, Um = UR

I IIUsi UzSi .
32) Um(S,

.
"-Em)

EUMPIsiS2=.. =Sm 0

&Up(ML) PF1.
2 , M. => the Jacobian of the mapping is nonsigular.

For any UR officientlyclose to U2
. there is a unique set of parameter 35

--Sm]

it is necessary.
s

.t
. UR = Um (5

.

52 :. Sm)



def : (Entropy function (
Entropy function : UIUI : R->R 4"Emxm >0 positive defined
Entropy flux : S(U) : R-R

s
.
t

. S = M . Of
-

matrix

remark : 1
. Strong solution U.

YIUlt + SlU(x = U . Ut + 75 . Ux = 4(U+ + of- Ux) = 0

2
. for scalar case. S'm= ninifiul
for each yous .

We can always find Scul.

but it's not true for system.-

def : (Entropy solution)

U is the entropy solution if 41UI+ + 51U/x <0 for any weak pair (1 . 3)

(in weak sense)

For scalar equation ,
in convex case. the simplest case is fill>s> final

-Fill



def : (genuinely nolinear
The p-th characteristic field is said to be genuinely nolinear if

OXpli) . UpIti) = 0 F (A)

Here Expl = /A ... GP is

remark : m = 1
.
Mil = fill .

VIU = 1
,
-N = fin

c*) means fill to Vu
.

i. e. fill is monotonically increasing or decreasingaI
shock rarefaction

Thm (Lax entropy condition

For a genuinely nonlinear field ,
a jump in the p-th field is admissible only if

XplUz) > S > Xp(UR)

eg : Ap=***. Tp= P= 1 . 2.

Mi . P =
- +5* - a) =- O

- . R=-+ tal= 0



eg : Un & Un are connected by shock

111 RH jump condition :

Rthe shock speed s= -aft = -aft
I-> UR

= Um = lik =( + Silmarsil if are
UR-> ULor

Pu = Uc= [lEziUr) => E2= fr - 1 = Ei ziUR) =

R a

m=pr = SV & VR

=> I-shock always slower than the fluid on either side.

so a given fluid particle passes through the shock from left to right.

12) entropy condition - a = XML > S > NIUM = M - a

I

M - a = -A =>
The density of the gas must increase as it goes through the shock

The gas can only be compressed as the shock passes .
(notrarified



eg2 . UndUR connected by 2-wave
(1) RH jump condition

The shock speed sc= Ar =

R

+ after > VI & V
so 2-shock travel faster than the fluid on either side.

And Articles pass through the shock from the right to the left

12) Entropy condition

M +a = All) > S > XzlUn) =A + a =
The density must jump from PR to higher value PL .

as the gas go
through the shock.

U&UR : can not be connected by two shocks
eg !

x ·

UR
M I-wave - i

weak
,
not entropy solution

UL
1

·-I A~ ⑳
UNX~

P-.x-↳-
z-wave I

if UR in this region , Un&UR can be connected by two shocks.



Nolinear system
i + FiUx = 0. or [A +Al = 0

AI = RIT I RIE NT) : Nin < -.. Amll)
ricus ... UmIt)

shocks.

Hugoniot locus (RH)
Up (s .

Is through U. Up and is are connected by a p-shock.

[
flipls .

is) - fil = spls. s[Mpls.

) -"]

Yp 10 ,
ii)=

Sp10) = Xpl). Upo ,
is & Upl)

Entropy condition
nuinelynolinear : Expl · Upli) #0 is (2 + is convex

Acondition
tropy condition : XpIL) > s > XpIt
L*. Shockwave



def :neardegeneracy ENELX)
The p-th field is Linear degeneracy if -XplulUplu)=0 Un.

remark 1) for Linear system. -Xp =0. => always linear degeneracy
12 XplUL) = Xp(Um) = S

d As

12) for general systems. if the p-th field is Linear degeneracy, and UL & Mr
are connected by a discontinuity in this field. then it can be shown that

Xp(U) = Xp(UR) = S

The p-characteristic can paralled to the propagating discontinuity on each side

IEEEIPTG contact discontinuity)

Genuinelynolinear -XplU) · UplU) #O Vu (Entropy Condition)
or 3 => Xpllk) IS XpIUR)

Linear degeneracy OXpllUpIMEO Un

↑

(two special case). (general case : too complicated (



Rarefaction waves.

The solution of Riemann problem is a "similarity solution"of PDE. UIx ,+ = VIE)

conside the solution : [lX .t =

* X<5, t

&W Sit < X< Sat

Tr XF E2t

* is a smooth function ,
and [11 =i. [S2) = TR

[l
.H= WE) = =I . /

+ finsik= = (=) +fl /N= =TWISI) .W's) = 3 . is
n

matrix scalar vecter
.

Case 1 : Wis) = 0. WS1= constant 15-9, or 3:52) a jump at 52 or 5,

case 2 : WIS) #0 . SK < S < S: WIS) = x 15) Up(WIS)1 5= Xp(WI)



def (integral curves)
An integral curve for Up(U) is a curve [ply) if the tangent at each point lies in

the direction Up(U)

remark : When f is smooth and strictly hyperbolic . UplU) is a smooth function.
=> rplu) is a smooth function .

=> the integral curve is smooth. TplY HER
pin) = xin LTply) <MER .

M X
->

->

eg : the isothermel equation (a
= 1)

->

= - a Fli = (al Ex4 777-
i= (4) : My /Fin O ↓ ↓

>Pin
Xinilys) varies monotonically along any integral curve of Vih)

&hevalues Isallliesalong comeintegral carve of Upl (rarefaction wee->

(necessary condition)



To ensure the function WIEl is single-valued ·

We need 5 = XpIWISI) to be monotonically increasing as WISI move from U to Ur.

(1) p-th characteristic field is linearly degeneracy. X

remark :

-Xp(U) . Up(U) = O Vl ↑
-XplUp(n) . UpMD = x(y> 8 XplUp) · Up(Up) = 0

=> XplUp(Y) is constant along the integral curve of the vector.

=> no varefaction wave .

12) P-th characteristic field is genuine nolinear.

-XplU) - Up(M) EO WU.

=> OXplUp(n) Upin) =O
=>

. XpCUp(y) is monotonically increasing or decreasing along the integral curve.

=> UDUR can be connected by a reaction wave provided they lie on the

same integral curve and < Xp(Um)

13) For general case. from a given state Un
.

We can move along the integral curve

in the direction in whichXp is increasing .



If XplUI .

has a local maximum at Un in the direction Up .
there is no rarefaction

waves with the left state Un
.

To determine the function WIS). (UIX.+=WHE
->

Wis) = x (5) Up(W(S)Is= xpls) E3 1 = Xp(Wis1) : Wish
=x(s))-Up(W(s

< (3)= (TXpIW131) · UpIWIS))) * genuinely nolinear

=> ODE : Wis) = (0XpIWIs) Up(WIs)) Up(WIS)1 WIsi = i W(2) = TR
51 = NpIT) < 52 = XpITR)

=> solve the ODE
.
W = WSI (5, 5152)



eg : The isothermel equation
(1) P= 1

. I-rarefaction
integral carve : xit-a . Ox rifal

·N == O

wiss= =( n = - al=
[pisi = - jP(s) = xil= a Plsmis) = P13)

- Jam15)

x

-
13-//

=> P(3) = P(miss
=Tls-3) +M)-

--5/a or M =My = p* -aplnI

rarefaction wave :

if i = U. xilM=N(( =35 => P(3) < pi) = = Pa

if i = U, 1)
= x(Ur =55 => P15), p

=

R

L

· faction
UR

1-rare ⑳

~~ - 3A I -



12 p=22-rarefaction al = Wise a
=> P(5) = &

13-Sla
or mip = p+ aplutI 15-5)/a

m(s) = 13 -all

rarefaction wave :

Ef h = 1
. All = 5, 5 => P > /(51) = Ph

If i = UR. XzIUR) = 5275 => P < P(52) = PR
X

1

I p 2-rarefaction

↑

~UL
· UR-.. I

7

②

>-

Given UcOUR
. find Um. S

.

t. Un
arefaction

, Um
rarefaction

, Up

Mm=Mif-apm/n(f)IMm = Mr R +APmIn(f) Pm = PrExpIta -]



Step 1 :Integral curves

Step 2 : find intersection

Step 3 : entropy condition

=neral solution of the Riemann problem ·

entropy-satisfying waves.

&p : the locus of states that can be connected by a p-shock
(Hugoniot locus + entropy condition (

Rp : the locus of states that can be connected by a p-rarefaction
--

(Integral curves+ monotonicity /

X

·
4 curves from UL/UR !



HugoniotLock =Slonly atthe start poite

1Integral curves : => Spl /IRpl
Rpis) // Up(UlRpISI) Us

more over
,
it can be shown that the curvature of both curve is the same.

-

therefore ,

the shock sp and the rarefaction wave Rp match up smoothly at is.

eg : U
ave

, Um
are

> UR
. P-wave : shock Sp or rarefaction Rp

Silk) Rz(HR)
(1) I-> Um-> UR

L -

· UR 2)(k-> Hm-> UR-· R2(U) * SI/UR)

L 71 7

-

- N
⑳

I
I-shock : Mm = Maf-af1Pm-P2)Um : [ 2-rarewave : Mm = Mr R + a pmIn Ital



eg : shock collisims

When two shocks collide the two discontinuities merge into one discontinuity that
no longer satisfies the R-H condition. -> A new Riemann problem·

Hi Uz Us
↓ 1 I

2-shock
(1) U-> 12. I rock Us X

N

Ul
Silli)

O·

-
.~*

>

I -
>nU3 L

·

Sz(((3)
I < Um-> U

-
&

A



I-shock
(->12) I->

I-shock
Us N

U Sinis U2
Sulli

X

- - Us↑- > 4

- UsI T >
I -

-m↓

-

Us + [l5 ; UI)

Uz = MilS,; Ui)
Sillli) Rz(((3)

Us = M2(5 ; Uz) I-> Um->U
= Wi (i+51/(H52 -1 : Kil + Come

o

X
N



In particular : 0 Genuinely holinear : Mplu) · Up(U)#0 Wu

shock + rarefaction
② Nolinear degenerate : <plul · PINEO Vu

contact discontinuity

The Riemann problem for the Euler equations

Nin = V- Ain) = V in = V+ C =P

must d mi =f mind H=P

i (p) E= + Pr p= le - EPV' = I- DIE- V

it's easy to check : Mini VIEO JXsIUI . EIN)EO genuinely nolinear-
-M = =// = 1 -

, 6 .

0 = 1

*.*-NIT) · Elt) = -. -.
0). (1 .

V
.
EVY = 0 Linearly degenerate



remark : (11. =V is constant on the integral curves of U2.

RIM) = 11. . U.
. EVY is constant along the curves. Hence

,

the integral curves

are straight lines.

integral curve : UIS) = " + <ISIRIN) & => u=a + 4 - " Kl

p(s) = 0 + x(3) = x(s) = p(5) - p

121 RH condition FIL) = (PV. <Pr+ p . VIE+P)

pr -P = s(p
- )

↑ (pr+i) -#+ ) = s(pr- ) PFP
v(E+pl-V(E+ ) = S(E-E) 4 V = * contact discontinuity

X

if we take
, P = P p = p
--*

p - Y
PV-Pu - a =

El
+ z
--2)=eP <

= (p--( = 4 - Flkl,

Hugoniot locus : U = + <P-PIRIUS
In this case

, Hugoniot locus = integral curves.



13) Contact discontinuity :K = VR. Pc = PR
. only P jumps

S= V2 = VR
, the speed of propagation is the same as the fluid

Velocity v.

I
1- family : shock/rarefaction
2- family : contact discontinuity
3-family : shock/varefaction

I-rarefaction 2-Contact discontinuity

eg :

Krog-shockeove : P- Vie =

(PLVc PL)
(P

*

p
*
) V-p plane .

(PR
*

V
*

P
*

)

(PR VR PR) 2-family is a point in v-p plane
use 2-family to connect the same point in V-p plane.



Silk)
R3(K)

* &-T UL
T

or 1-family
- I Ri((k)m&-- ⑳**S3lk) &&Ri(UR) -I L Ss(UR)
⑳

r T
3-family--

Rs(UR) SIUR)
-

> V



Part I Numerical Method

ID Scalar &U + fillx = 0

U/X. 0) = HolX)

Xj + Xj+ 1

space mesh : h = ox. xj = Th . j = 0
.

+1 ... Xi = Stilh =

=

time step : K:ot
, +

"

= NK
,

n = 0 . 1 ...

finite difference (FD) : Uj = UIX;, t")
finite volume (FU) : its S UlX .

+")dx

finite element (FE) : UYIXI2UIX .
t") XETXi-. Xi+]

eg : Ut + (tUYx
= 0 entropy solution UIX. = 1 XCE

t4 U(X . O)=6Xc
↑

O X > =

scheme 1
. U+ -EIU] =

up= ↑↓
up U, [UY"-14, ) 2]

<01 - ( - 1) = 1detail :

1. = 1.- [ (j) - (, 5) = j = 0 0- (0 - 1)=4 &
= Oj30 0-2x10 -06 y



Scheme 2.
. ll"

+ UsU=

u
*

= U - UY(U -U
detail : ico 1 - x((l - 1) = 1

Uj = U;-; (1; -U;-) = 4 j = 0 o -XOX(0-1) = 0

j > 0 0-010 - 0) = 0

X
=> UY= 1!
The convegered solution is not a weak solution.

j-t i+ !
I E / I'I

Def : (Conservation scheme j - 1 j if 1

1

Ut + flux = 0 = U -Fr t
= o

where the numerical flux,
f

-p .... With
satisfies : O consistency fin ... n) = flu

② Locally lipschitz continuity.



remark : (conservative (

o =

U,+Fia

=x[Ux -[
.
Ujax] + of [FE -F]

=> EU ox - I NOx = -off -] => Weak solution
.

tut

weak solution : (*IX. ***) -UIX
. +")dx = - (In flUlXi ,+) - flUlXc .

tI) de
XL

A scheme in conservation form is conservative at the discrete level.

e

=> "RH condition" at the discrete level
.

**
Thm : (Lax-Wendroff Theorem
If the solution to a conservative scheme converges to a total variation bounded

solution in L'
,
the converged solution is a weak solution

,

to the conservation law.

PUY - UlXj . +"lll -> 0

where TUCU" = EU - W1 1 ~"K IX. tY)dx



eg : Ut + fillx = 0 flul= all (a > 0. ) U(X.t = UolX-at .
Of

1 . upwind scheme ⑳
conservation scheme -

⑳ ⑳-&-H +aU = O

P T

xn

set f flUY) = all
, fit All

ut-1" Fr -Fre
= 0t

It OX

2. central scheme conservation scheme-
M⑳

Us +aHi, 0
·

o⑳

Wh
set Fi = a-= liflUY) +flUj)], f = a

U
2

3. LF scheme central U.-
Hi conservation scheme-

--H+ Vit
+ a

Hi
= o

·

NannaMillantalistAhnztUnois
Fit fre



4. LW scheme conservation scheme-

Taylor in time :
GIX .
++ ) = UIX

.
+) +4AX.

+)+A1X .
+) +*)

_ux actx
2U+ + alx = 0 => Ut = -

Alxt) = Un = a Uxx
*

Ux+ = - Allxx

=> U
*

=W +↓M1) + (a 2+Hii
-

f = Halittany) -Ex(U - all,)

5. Beam-Warming scheme

2

I central- upwind.

U = U, +2aWith2) + E (auntiis
-

-= <Bal, -all)- U-all,l



eg : Ut + flUkx = 0 or 1 + alUIUx = 0

1 . a generalization of the upwind scheme.

linear function fixt = [flUi) azo

filliti) a < o

nolinear function fixe =

< f(k)
-This*

if fla e

f((l;+) -Hise

2. LW scheme

Taylor in time :
GIX .
++ ) = UIX

.
+) +4AX.

+)+A1X .
+) +*)

H

-Fulx (acuif(u(x)x

U+
- f(U)x => Un = - f(Ulty = - (fiul Utx

= (finsfil(x)x = (amiflux)x

=> Un
+

= U, + F -fl,")
+ ART
A -Cfilis

a( ↳X
-

OX

where t (All,) +alU,i)
- = flUYItfIU,-A+z)fIUM)-flU Hoirto avoid all) ?



fill=all

1) Richtmyer LW
avoid alas /MacCormack's schemeLW scheme->

3. Richtmyer two-step LW scheme

Un-U-[flUYI +fli
⑳

*·
⑳
tht

X * + A
↑( U = U - *IU) -fIU ⑳

·

·

⑳

⑳ th
j- j if)

H
4. MacCormack's scheme

H. = H - [f(UI) - fll,)]
left

U& *= -[fIU) - fIU,
U"Light, *

-> Gat

Up= U -[fIU,2) - filY)] -IflUY) - fl,E,]

F = [flU,) +fll,, )]



Conservation scheme endroff Thm
, weak solution

X V↳
entropy solution

eg : Conservation scheme may not get an entropy solution.
Ut + (tUY)x = 0

4UI
.

Os= ,
o

o

entropy solution : rarefaction
- I

A

-I

use the generaized upwind scheme.

-Hi eFireStul isa
up= -150 flu; = li= 5. Fe = flui)=I 1j > 0

=> = 1:-- = U = 1 = U =

9 -it i
weak solution~entropy solution X



def (Entropy Condition

41U,") HI)--
where = /Up .

"

, King) is the numerical entropy flux function
that must be consistent with S1U).

eg :

[UtUxOx
smeared solution :

IF scheme : -upwind scheme : (
oscillation :

LW scheme :
M

Beam-Warming : InS



Finite volume method i =+Xit x.
+"Idx

Godunov's method
exact ( F = [t*IUIX,+ .+

U + fIU)x = 0 [Nj-t
. Xit]Xtt th thHXitt Xitt

usx . th( dx = UIX
.+")dx-fflUIXitE .

Hdt + nflUlXi-E .

It& I
Xit lit

=> ox I
*

= xxπY - F +<FE

set fit En
-F =

OX

numerical flux.
<

-
o V

↑ !
I

x Xite



Given 35j3 piecewise constant
.

Use it as the initial data for the conservation

law
.
We can solve the equation exactly over a short time interval

=> a sequence of Riemann problem.

(UlXitt
.

5) : solution of Riemann problem for short time. => UNite e

ifCaxtox ,
c= maxifinl

U

the waves from two adjacent Riemann problem have not yet start to interact.
- n

- · Uj

i TU

↑ ! !
I 1 /

Xi- Xitz

UcUin => UlXi+t . t = Utte At = fIU) = (M, .
Miti4 Iself-similarity (

1 . Consistency : if UcUR. Up = I = [iH
2. Lipschitz continuity follows from the smoothness of f.



Thm : The weak solution obtained by Godunor's method satisfy the entropy condition,

provided we use the entropy-satisfying Riemann solution.

Proof : let U9X. +) be the piecewise constant solution satisfying the entropy inequality

Nit (U3X .-"+)dx> MlUix.+)dx -C S1U9X:+E
.

+3) - SlUYX,-E
.
+) e

Since HIU) is convex :

Xitzt 2

4/Mg* 1 = (6x)x
,_

U(X,
th+Idx) <> fVit UEX

. +
"*

not piecewise constanta

C

nin, ) < niMY) -IEE -E] (3Kj) -> U averagegynt
#/

How to solve the Riemann problem in Gadunor method ?

For scalar case He + flux = 0

F(M .
UR) =

Amin flus Use

1 Max g
+IU) UnUR (Godunor flux)

The numerical solutions converge to the entropy weak solution
.



Hw
.

Godano's method del : 4. 27 report.
Burger's equation

[U + (UYx = 0 XeEx.
1)

U(XI O) = E + sanX (Tb
= 1)

n

2i-periodic boundary condition. x = maxitial Ex
· update of

"

!
U

11) += 0. 5 Smooth
. error table

.

122
. (*)

↳ error : At t- i,Pox

error : max/UIX) .
+" - It error order : errorsa

mesh : M = 10 .
20

,
40 ... 320.

(2) += 1 . 5 plot and compare .
Is Vs UN;. t") at X,

mesh : m = 20
.

M = 80
Xt I X In Im Xm+

I I I I

-T ↓ ↓ ↓ T

X * Xm

Hw
.
FV scheme (3rd-order) note : time : 3rd Runge-Kutta. del 5

.1

(Oscillatory) stencils : Sj= 32; 1 . Ij. [in

flux : Godunov flux



Remark : In convex case +20 -

Amin fmax
·

① fillk 0
. filr) > 0. U=U

·i !n
UL UR

② fill) <o fine) < 0. U
*
= UR

-min freax

. ·↳
③ fill 0 = film

k
,-U

So

↑UR <O

(Ur - (2) f fmaxmax

>0 So
⑳

-
=Aflee I -in in

O4 fine) 201 fink) refaction y = Us where fills) = o

Amin
(U -UR)

i !
UL T Ur



Remark:
11) for linear case Ut + all = 0

aso : F(( .
UR) = AHL UL UR

all U > UR

a<0 : All . Un = SAUR UzUR

AUR UL > UR

Godunov method= > upwind.

12) for holinear case He + flulx = o doesn't change sign.

Godunor method => upwind .

For systems. Wh+ FiUlx = 0

Pit / .+dxNitt I.Mdntdt+-u,I e



Exact Solution :

111 Linear system : Fill =A
12) WU . Ni < / ... cAmco WlXitE

.

t = T
13) Kn. OXX1X1E .:.< Am

. TlXit
.

t) = U,
General nolinear system ? -> Approximate Riemann solver

Approximate Riemann Solver. (system
(1) Roe flux

H + flux = 0 => U +Al = 0 (Alm = RIMXInRin)
Linearization.

fill -> fin = Au A depends on UL & UR

choice of A*wAIM = ful
condition : (1) ** is diagnolizable with real eigenvalues.

(2) Al
.

Up) -> Alm) Smoothly as Und UR -> i

(3) AlUR-U) = fIUp) - fIlk)
↓

Roe matrix



13) = (MUIX.
t> dx = MlU2+ UR) + IfIU) - flUR)]t = MIM + Um) + All-Un

Ht + f(U(x= 0 Ht + AUx = 0

conservation=> In the special case where UDUR are connected by a single shock

wave or contact discontinuity ,
the approximation Riemann solution agrees with the

exact Riemann solution.

try : A-AAI (1) X

A= AUR) (1) (2) 13) X

Roe matrix A: A
*

((-UR) = flUL)-fIUn)
Provided a system of conservation law has a convex entropy.

a Roe matrix with purely real eigenvalues exists.

Roe flux : A is diagnolizable : Arp = XpUp U - UR = Apr o
denote :Apt = max(Xp . 0). Xp = min(Xp .

0

He + A 1 = 0

Su =q => FIM
.

UR) = flM) - XpApUp = fIUR)+,xpXp
or FIL . URL = 5 )flUL)+ fIURl) - ElAlUR-Un)

note : A= SAS IN =diagIck (A = S"KIS



Remark : for scalar case :
AER. A-HUM) = > (AM=

> 0 : FlM .
UR) = EIfIUL) + fIUR) - E(fIUD-fil) = fIl Oc

< 0 : Fl . Up) = f(UR)
&

↓
error when rarefaction wave : fin < O < film) .

It's also true for a system.

Roe flux : The Riemann problem is dominated by a single shock wave.

Enquist - Osher flux :Asamethe solution is a rarefaction wave

flul = fill + fins

Jacobi : All = Allul + Aius Atm = Oftus 0
i. e. XpIAT110

Alm = Ofiul < 0 i
.
e. XpIAT O

flUM) -f(U)= AFU)du FlUn . Um) = f(M) -KATIndu = f(Ur) + /AT du
or: F(M . UR) = E (fIM)+ fIUm)- U /Al du

remark : for scalar case :[finl
= # f 10)+ maxifiu . of du

fin) = Eflos + minifiul .

oldr



FIU
.

Un) = flo) + &maxifiu .

osdu+Iminifinl .
O) du

if fins does not change sign ,
it's equavilant with Roe flux and Godunor flux Cupwind)

if final < 0 < fili) · fils) =0 => fils). (rarefaction (

Osher flux :== EHIN + fluul) -I]-Ifividv + Ifiridr] = fIUs

If fine > o > finel. (shock wave)

Osher flux: == EHlUL +Huns-E[Mfivido-Ifividr] = flUL) +film) - fIUs)

(consistence V
.

Un . Up -> [ => Us -> i)

The flux remains consistent and does not lead to entropy violating solutions.

Harten-Lax-vanleer flux CHLLflux) /Assumethe solution contains two shocks

5 fffll) st f - f = 5(- (k)

fi f((() U fr= f(Ur) fr-f
*

= St( Un - U
*

)- s => fo
Stfc-5fR + St5lU-U

UL UR
st st- g

f(((z) S'70

"((
.
UR) = f

*

scost↑
f(UR) sto st

-



i can be obtained by conservation law on integral form over EM . MJx[0 .
i) M= T .maxIst

- ULS T+M + U sT- ST) +Ur(M - S T)
- X

= IU2 + Ur/M + flUIT - fiUM) T

=> U =

SUR-5Un + fill - flUn)

- s= min (Xi(K). Xi(l)St - 5-
-

St= max(Xi(Ur). Xilk)

so we take 52 min(i). Xi(Ur))1stc max (Xi(U). AilURI)

HLLC flux(HLL + contact discontinuity) for Euler equation

Sh f
s

*

f SR
SS

*

SR

U UR
* -)f OXSL

fifilk) fr=fIUR) fr 50 < S
*

UL UR I f S< 0 < SR

fIUR) SRCO



conservation : SAS ESN

jump condition : fl -flUL = SclUi -U

fi-fi = S
* /R-W

*

)

film)-t = SRIUR-Um)

contact discontinuity : U2 ,
Un

.

S
*

Lax-Friedrichs flux (LF) .

In HLL flux. If we take 35
+
= maxi/iluil st = -5 = X

5= - maxP/i(u)/3

<M. UR) = f*
filR)

- * (UR-U

Remark : It =

i

,
" -Ex[flUG) + flu,il] + [N-2T+[i]

stable if x**
Uxx viscosity

Remark : global LF : x = max/Xim)

local LF : < = maxIXIu) a between U and UR



Remark : for scalar case , global LF flux: maxifial -> I

But in Godunor flux : Maxiiui/<*
If we take maxifiul < 1

.

two shocks combine
,

but the new shock can't cross Xitz.l

may

Frame :

4
Godunov flux 1 average

it
Godnnov's theme + Riemann Solver ... error :

LF flux Riemann solver

central theme : (avoid Riemann Solve

t"cell : [Xj-c
.
Xi+] -> i -

↓
tht cell : Exi . Xin] ->Atii t
T= UIX

.
+"

*

Idx = UlX
.+"Idx + of t Inix) .

+1) - flUlX,-.
-Ide

th
SS

H Athican finis
filY) - filli



Godunov type scheme :

lexact) T
*

= -*** - F FRAUDEA
inumerical) T

+
= I - *** -#

First order : Vox(X. +) = [; = UIX.+
%

) + O(Ox) XE[Xj-E. Xitt] Step function

↓ ↳
solve the Riemann problem exactly/numerically

high order scheme : Uox(X+) = UIX ,
+1) + O(x') piecewise polynomial => DG

↳ solve the generilized Riemann problem
Another way: High order FV method

Ut + flUx = 0
.

integral on [Xj-E. Xitx] . SMdx + flUlXitE .

t) - fIUlXj-t .

t=

↓

/XiUIX:tdt + flUlX;+ E
.t)) -flUlD-E

.

t=

↓

lexact) #U; It) + = [flUlXitE.

+) - f(UlXj-t .t))) = 0



&

NumericalScheme :

TH) + [Fitz - Fi = ) = 0. (semi-discrete

1 MOL

numerical flux. = Filip .... [i +g) E f(U(X++E .
+) method of lines

=> ODE system :T() = LIMH1) = - fite - Fit

solve the ODE systems (fully discrete

First order Euler forward :

+ = 2Y+xLlπY = 4-Fe -F
if we take fi = GGd.Tl. => Godunor scheme.

Third order SSP Runge-Kutta scheme :

*T
is = E ** +HtLIT')
Tn

+
= bi,

"
+ U!

"

+ Eth(My-



Frame : Reconstruction
35") -> Hox(X .

t") , A+ -> Si
*

S

ux
. +) + O(ox"+,

↳Reconstruction :

5) -><P, /x )

Pix) is a polynomial of degree < K
· definded on I: = [Xj-=.Xi+=)

Satisfy :

< 1 */Pixidx = M =
=x (

j,
UlX. +1 dx

(2) IPj(X) - UlX. +)/ <Cox' in Ij

choose a stencil Si = 3[j-p . "[stq] #Sj = K+1 (i .e. P+9 = K , p . 920 .
not unique)

and require : 1 KH possible stencils
(a) SEPidx = The

.

e = j p .... +8 .

Remark :If u is smooth in Sj. then (*) => /Ps1X) - UIX. +1) -> Coyk+

Look at the primitive function UIx= Usids

UIXit) = * Met USs =>oxI
b=- =-0

we have the point values of Vix) at the cell boundaries.



suppose Pix) interpolates Vix) at Xi-p-t .

" Nitgte
.

(K+2 points) deg(Pix) < K+I.

* S Pixidx = ok[PlXc+ H - PlXz2)]

=x[UlXetz) -Ule-y] =xYetMisids = Ne e=j-P...It

take Pil = Pix) = [P1X - UlXj-p-2]
/

P(x = 2 U(Xi +1+ i)(e(X) (Le = 1)
l= -p-

PIX-Uli-p-5) =Eg[UlXi+e+# - UlXi- p-
+] Lex=CoxUm

Pix = [P(x - UlXi-p-1]'=28[OxHeUm) is
Then. take Witt Pj(it)= Mellite 99eY(bel constante

Hi-t ~Pj(Xi-5)= Dette e



eg : K = 1
. P+9 = K ,

1
P= 1

. 9= 0 Si = 32; - 1 .
Es => With = -5,+I

=> Hi-t = 5 Tj + 2T

p= 0 &= 1 S;
= 31j

.

[in3 =>

&UstE=ElitENT

K2 . P +9 = K . P=2
. q= 0 Si= Eliz .

2; 1 .

E= 3 =

With
= bli - M

,
+ "As

Kit - 5 55↑ Us
↑

I

=>

P+ . 9=16 = 32% -
.

3 .

[in = /Wit
= - 5Mi +5 + U

Hit 5 = -

j

Witp= 0. 9= 2. Si = 12;. E:H .

[,23 =SUit
= +U+5

-

je
↑

T z

Lumericalflux fittflUlXitz .
El ↑

↑

eg : Fix Sj = 9 [; 1
.

Zi. [jn3 => Pix i Pjlx)

! PitM

!litt · WitiSin = &]j
.

[it
.
[itz] => PitIX) .

->

Uz-PslXitE)--gTitt As -Stit, ) nae l

Is

②

IjH
Xi-E Xitz Xif

define E .
Use



F),. ) satisfies : (1) Consistency. Fin . US = flu
(2) Lipschitz continuity

13) monotonicity. FCP .

2) (for stability)

eg : LF flux. Godunor flux. Enquist - Osher flux.

Remark : -> (different choice of stencil. different choice of flux .

time involving
(1) All these scheme are linear when applied to U + U = 0

i. e

.NH=Xete (Rem rt .
ox

.

but notI re

(2) A linear scheme is either first order or oscillatory.

Artificial viscosity
Ut + flU(x = Ellxx 370

.

E+ 0.

Idea : add an additional "artificial viscosity" term to the hyperbolic equation.

1
.

This term will vanish as <t .
Ox-> 0

.
S

.
t .
it remains consistent with the hyperbolic equation.

2. The term vanishs sufficiently small that the order of the accuracy of the high order method

on smooth solutions is unaffected
3. The terms depends on the behavior of the solution

, being larger near discontinuity than in smorth

regions



scheme
It= I-F -A +AQI 2n+I
if Q = const

. the scheme is still a linear scheme

if Q = Q1U,) ,
the scheme is not a conservative scheme.

Scheme 2 :

i= H- - F +again, tall, - W ) -QC(M-I)
= T-EN-ENE] EN = *N - OxQ(Elite /W -M

(conservation scheme)



2 XO

eg : Ut + (Ux = 0 Ho(X) = & 1 X > 0 Oscillatory may occur in

in
+

= 5-[*** Wii) - Fi, . Ws)] Low order scheme.

qTja . b) = Ifialtfib) - -If"(b - a)

-W,a . b) = Elfia) + flb) - x fls[f(b) - flal]

LF :- < . W

eg : Burgers'. U(X . O=
- Xco

1 X > 0.

GROPa . b)=falst0 s= Half => T = A n .&



A property of the entropy-satisfying weak solution is the following :

If we take two set of initial data HodV.. With Holx1 Volx Ex.

then
. We respective entropy solution nix.t & VIX. +) satisfy

UIxt) < VIX.t) Up
.

Ot

Numerical scheme :

i
*

= I- Up : Ttg) - -(Usp1 .

"[+g-)]
= HITp-

... M . · [sIg) = HIT" ; j <

Def : Monoone scheme
, if H is monotonically nondecreasing in all arguments.

HIP ,
↑

.

.
. . P

Thm : Good property of monotone scheme.

(1) If US W
,

"
.

then HINY, j) < HIV")) i.e.
. [xV, Vj

12) monotonicity preserving :

4 * T Es => T** [Vj
(3) maximum principle :

m =

mi n i
< G , j) < Max TY Vj

i
+



14) L'contractive (1) ,
= IIUjlox ④

IHIM" ; j) - H(Vij(I
, /

- V,l
15) total variation diminishing (TVD) TVIU) = ElU, -TjI

TV/I
+

) <> TV/T") ↓
TVIf1-If'dx

Thm : Monotone scheme converges to thep solution in L'-norm.
i

Y-> UlXj .
t") in L'as <

.
0x+ 0

Remark : /I Monotonicity conserve stability of the scheme and guarantees no oscillation

can be created.

(2) If we discretize a single progating discontinuity with a monotonicity preserving scheme.

(3) True solutions are TVD
.

it's reasonable to impose the requirement on the namerical

solutions as well
. yielding a TV-stable and here convergent method.

14) L'contractive scheme => TVD scheme
.

(choose is= Thi

Thm : A TVD scheme is monotomically preserving.



↳ [+= HIM"is)
.

HiM,
P .. Pmonotone

*↓ til
I* IH/T" is) - HIVi; Ill , < IIY -Till ,L contracting
↓ L'EETE

D &It/ I
-T

↓ TVD

Rotonicitypreserving T Vs => UVj
&/F

Thmlinear monotonicily preserving scheme is monotone.

eg : if F = FIU,
.

Wil
.
T=** - *** -*

= HIU
.

US . Ul 3-point.
= z0

1-fil-F: => F(P .
N

.

and CFL : If- #]I
N

f



egi, Roe flux x not monotone scheme
(2) Fla .

b) =
Hib)

x
2

3) LF flux W
-**

a . b)=fib)
- maxif'f

vIt Godunor fluXGod
. b) =

)amibtaaa
15) Osher flux

Osher
V

f (a .
b) = fl0) +famaxifiul .

of da + minifiul . ofdu

16) LW fluxirUnknownHtHb)
- flAb, [fb ae

Thmmonotoneschemes are at most first order accurate for smooth region

Remark : A linear scheme is either first order or oscillatory.



Nolinear limiter :

We will look at the Euler forward time discretization. Isame for RK)

suppose Eulerforward TVIU+<LITY) < TVIM")

RK3 : ISSPRK
. TVDRK)

" + T + ot L/πY) => TV /N") <TV/N")

i* = TU+HIU+ GLIU') -> TUIN) < &TVINY + ETVln"tGLIn'll
* ETVIUY +ETV/N")
* TVIY)

T
*

= Y+ IU"+otLIU') -> TVIU") x'sTVINY + ETVINP')
<TV(π)

Main idea : A=*

i = is - x[FlUiE , WitE) - *(U;.Uj]
1st ( [FIU) .

Mix) - FlU1.Ts] monotone
.

slope-limiter method :

IWitt-ify-> Hemods or An
Mode



Fre from 1-st scheme

10 (WayI
reconstruction *

n ↳
33-> Pil) deg->Wit int-> I I ->

it p

↓ (way I
-

I (mods
PixI deg = K -> Hi= -># -> T

**

3

keep of 5,
Pil = it,

Remark : 1
. remove or reduce spurious oscillations

2
.
do as little as possible

3. keep the original high order accuracy.

TVD limiter :

if UsiE = Its Wit =Tit => I-st order TVD
.

if Upt = PiXitz). Witt = Pix)Xiti) => K-th order not TVD

idea :

mod
=P, + 11 8, I,Witt Ot [O , 17

+ Imodi
Witt Ott + 11-Oje) Mi+=



denote is = Uiz - Is -> ↑mod -> Usi = Ms + M
modi

t
* E(mus).

hite

~modi

(i = E - Hi-t -> Tod -> U+ = Mj - U,

Uj = m (*)
·
[in -Us

. Is - [j1)
~ Med~

= m(Y . [it-T , El -MitUs

minmod function : M(a .. . An) = Signal - Minael if signla= signlar) =... = sign(an)1
O otherwise

eg 1 :

change to 1-st scheme. Made E
mod

= 0.

·initiat



high order
Ut + flUlx = 0

.

time

MOL : semi-discrete H+froEFull-die
ene

f(t .

N

[quit = Pj(X,+e)

Allinearscheme is either first order or oscillatory Hitt = Pr(Xie)

T
holinear limiter : TVD, .. .

Thm : (Harten Lemmal

if . It = W + Ciz[ -T] - Di-z[My - W, ]

where City [0. Dit20 ,
Citi + Ditt< /. Uj

.

n. Then the scheme is TVD.

Proof : TVIUP =I - *** I (wπ = [i+ - [j)
= /Wh + C+NT-DittAU, - TY-City + Di+ENTI
= /(l-Ditt-Citz)why +C + Di-zo
- [Il-Dit-Citel(T) +1Ci+zllOTY) + E

,
/Di+elloM, I

* 510 = TV(NY)
#



eg : TVD scheme is TVD.
smodl mod-imod +(mod)]i = i - x[F(i .
U) - #(Us-

.
Uj-t

= i - xTFTmod)tmod -FUmod To e
- (mod)

+ FC4,God, -mody - FCUi-5
.UtmedIhis

-Ci+t
Y

,
-el +(md "WitI <

- <I Mitz Vit I ( /

= 4 + 14 -4 -x
T

*
- I

- iB) odymod, FlU,Modi tomo
=Disti

i - I I
= MY + Ci +/T, - hy) - Di-elt, -U, )

-
- sell +(md -P melTede

2
I < <I Mitz Viti ( (

G = -*--=_guitment o,eT
*

- I
(mod

~ (mod)
jH

=

- T +E
= xF-mod ) < 0.

[i+ - T, !

=> ti <- 2 xminf2

frit noi
Qu



similar
, D+< 2x max,o

0 < Ci+i + Di+= < 2 x (max F - minF2) Eit
.

③

TVD lose accuracy :

I

UiFE = UIXi+z) + O (oxt) (KEI)

i = x(
j
[U(x)) + 1x-X, ) UXi ) + E (x-x, uin)] dx

=> UIxi + x

(
Hitz = U,It - M = U X>+ i) - U(Xi) + 0 (oxY) = ** U(X)) + 0 (ox)

[H - Tj = U(Xi +) - U(X)) + 0(0x) = o x UlXi ) + OloY)

I; - U, , = U(Xi) - UIX; ) + 0 (0xY) = xU(Xi) + 0 (oxy)

if X; is not near the extrema point : UIXi) = 0(1).
~ (modHitz minmod)[iti. [itUj . T-Mi ) = Elite TVD doesn't destroy the accuracy

if Wix
;) # OcI)

.
near the extrema point. Uitz = UiI= I .

=> at most second order.

N
↳



TVD => TVE

M => M

mod= Th([1 .
T+ - 1. Th - [i

↑
M

if 1) ->Mox= Us

i . [s+ Ms. MsMi+ otherwise

HW : 3-rd with TVD/TVB
.

ddl 05/18
Burgers (LF flux)

time : T= 0. 5 El . 5 . plot & error table

case : 0 without limiter

② TVD limiter

③ TVB limiter (M= 0
. 1

,
3

,
10)



~reconstruct
remark : T -> Pix) -> UsiE .

U/ Limiter,
mod

Utimrd-> P, IX)-

↓
↑
p ↓ ↓ Up

-

IFITS .T Flliz . Uitz Fly ande

for TVD/TVE limiter. P, (x) satisfy :

" I = *(
,
Bxdx=* P, /x) dx

12 PilXi+e) = Cmd
+(mod)

(3) P; (Xi- =) = Uj- =

K= 0. TVD/TVB limiter do nothing , unique

K = 1.
.

#= M => Y mod
= Elmod unique.

K = 2
. Unique PIX) ~

K = 3 . not unique Pix)



ENO (essentially non-oscillatory) & WENO (weighted ENO

Give3Us find PixEP" sit
.

He = =x Pi(x dx . It9 (P+ 9= K
. P. 920)

eg : K= 2.
k+1

Hie ,

Eit
,

Its
,

Tit
,

Mitz
,

-
So

- & KH stencils : So
.

S ... Sk
Si

-

ENO : S2

choose different stencil to avoid oscillatory : if discontinuity at Xi=2. Choose So
.

If discontinuity at Xi-E .

choose S2
.

WENO : use all stencils. but with different weights : if discontinuity at Xi. Worl
.

Wi
.

We wo.

If discontinuity at Xi-2. W2E1. Wo
.

W, ZO

Newton's form : (P'= P)
PI = UlXj- =] + UIXj-E. Xit] /XXj-1) + UIXit

.
Vit . Xi+]/X-Xi )(X-Xj +2) +...

UIX = UlXie) UtX
.
X = My UlXE

.

Xitt. Xie)=-Is

UtXE
. Xie Nite.]=fese!Vixsissmockinuous

.



ENO : UI is "the smoothest" in all stencils.

way 1 : compute (A) in all stencils. (too much cost

way 2 : (Greedy Algorithm!

Step 0 , start with one cell s= [[j3
.

Ist order
.

Step 1
.

Add (LFESSEEi3ElitX
If (UEX 1

. x; 3 ) < /Ul . Xi+])
.

choose
.

S= 3[; -1 .
I; 3 2nd order

otherwise. Choose S= [Ij. [i+1)

11

Step 1 .

S= Sti-p . "[itgh. P+ 9= 1
.

Add15PT , compare [NEX-P+ :

" Xi+g) With IUEX,p.

" Xi+&1. Clt1)th orderr

remark : 11) If UIx) is smooth
, Pix = UN+ Olox" t) in [j

12) If UIx) has a discontinuity in Ij. Pix) is monotone in Ij .

13) ENO is TVB

14) (KH) candidate stencils in 12K+1) cells
. only one stencil is used. -> (K+11th order

.



WENO : use all stencils

K
.

So = [Is+. I; )
.

S = 950 .
S. 3 big stencil : 31-

.

Is. [st]
.

(2K-1)

5, = <I;. [: +13
.

big = - j [i + 57, + 5 M
1

/ = 5 )- EU,+ + EU) + [EY+U
,+)

S
= do Wit + diU

X X

/
K2 So= &[iz [it [j) SE9So

.

Si
. Sch so

I
Si

s,
= 92; + 2j [;+Y

Si = 31; [i+ [i+z)

big stencil
,[[i-2

: "It e

Witz = so Tie- Us,+ + lit - tTit&

=To 5 Mi - -U, + 5Wj) + 5) - jU, + EU, + 5Wit)
+ % (5[, +U - 5 U+ )

= doll, t + dillitt + deli

In general , Sr = Pli-ker ,

: " It He... K. SERSo Sk)
(bigl
Witt = U(Xiti) + O((x)2 K

+

I

W = u(Xi+) + 0((x,
k*
)

linear combination :[dr) dr= (keep dri0 .
If dr < o

. split)
big!= * drUUitz



WENO : change the linear weights Sdr) to holinear weights SWr) (IWr= ) Wr = 0)
(WENO)

Witt = WrU

if we keep Wr = dr + O(cox") in smooth case

VINING= drU +** (Wr-dr)U -
IlWr-dr) = 0

rio

=Ubig) + I (Wr-dr)TU-UNit
= U(Xi+i) + 0 ((X)

>K*

)

if UI) has a discontinuity in one or more stencils. We would hope the corresponding
weights Wr to be essentially 0

.

Smoothness indicator : Dr= /litt <m

+mprix d

K=1. Bo = It - Mi+) Bi = (TH - It))

KE
. Bo = 41Miz - 2 M, + T,) + k(Min - 4U,+ + 3π,)

Bi = #1, - 25; +Mit)
"

+ #(U, - Wit)
"

B2 = 1. (Us -Cli+ +Witz)+ 4 (37) - 4 Min + [itz)



linearweights [dr) > Ar =, sp
=> W = to a

E=10
- 6

Br = S DEx)I + O((x ) (smorh) (D is same for all r
, assum D =0

O(I)
. (otherwise) extreme point. May loss accuracy

dr=
Dri ismolin

4
O(1) (smoothl

(otherwise) Wr= 0 (x14) (otherwise)

IWENDWith WrU <dr)-> Sar) dr = dir symmetric skill
.

r=0

UINENO =~Y (Wr) -> <WN"Wo

WENO :

Step 1 . reconstruction on each small stencils SUS Su
and the linear weights dr

.

*r (dr = diser

Step 2
. Get the smoothness indicator Br (Br on Ir. same for Hi-z and Witz)

W=Step 3
.

Get the holinear weights : Dr=Adria =-

"THStep
4. Wit = RWrU UT = E



Hw
.

(K=2) fifth-order NENO del 05/25
5

RK3. #= <FLOX5 LF flux

Boundary preserving (maximum - principle preserving

PDE : maximum -principle .

if M= max HolX)
. m = minHolX). -> U(Xt Elm . M] V(x

, +)

NPDE : 1st order scheme
.

F(Y . 4) * = maxif'

Tn+ = If " -[FIT,
"

. -H+ -JLTT .

MY]
= (1-xx /

+

, + Ex[xi, fini ) + Ex[xπ,,+ + f(U, )]
= Hx(T.

It,"I

2 . Hx = * /X- f) >0

4 22Hx = ( -Xx) &O it's monotone scheme if xX-1 .

GsHx = * /X+ +') > 0

Given1 TY ) < [m .M]
.

m = Hx(m .
m. m) < T

*

= HxE . 4, .Us) M= Hx(M
.

M
.
M) => <T

*

) < tm .N



High order scheme

i
*

= Y - x[FUiF .
Uit) - <TUT . Kite]

=>Gx/,. Uit .
Uit. Kitt. Witt)

GxYYbkY)

Given 14, 3 < Im
. M3

.

& (UE < tm
.Mi

. * [T* ] < Im . M]
.

eg : Ut + Ux = 0

is
*

= * - xLUF - Hit ]

choose iY=U = UsFE = 1. Ujit = 0. 99.

↳*

:use limiter to correc UFL (Xiangxiong Zhang) (same for DG)

Is = [xi-i
.

Xi+z) Gauss-Lobatio points .

Xi =*< ... ,= Xit zN-3 =K

is =*Sz Pidx = IWai
,e
"We = KittVj =

x
let - = Hi .

*

= Kit
↑ i V
hi

Ij



T
+

=way -*** -N+,_
LF

= WY - -FIN! Vs) - -
LF

, . Wjl])
+ WYSV- ILFN. Xt - -TV V)]} + Wa

= w'Hywi(Yo.

"YN) + WYHiyN(W'Y.

UN+

) +Wa

if all the values &W< [m . MJ
. then I

+

Elm . M]
,

under the CFL condition
.

x) < min(W ... Wi

limiter : modify Pi to PixI ,
Choose Umod= P, (Xiti). Utimod T, Xi I

s.
t

.
Ms = max Pilss M

;
=min,<;) => M>M .

Mi M
.

limiter
14, ) < im . Mi = > 34, ( ) V = P, ,) Elm= 9t

*

3 <Im.N

assume is Elm.M]. Vj
.

Pil = Ms + 0j (PilN - Is) = (1- 0,M; + O,Pilx. OjE10 . 1)

where Oj = min) 1 . #Us my Mi = maxP, /* ). M = Min Pilx e



U
->PeUj

-Pj()

remark 1) We only keep M; <M
. but My = may pily) <maxi

so maybe P, /x) #[m . M]
. at some point.

12) use limiter in each stage of RK method

13) . (PIN-Pix))= 0 lox"
*

) keep (K+11th order accuracy .

Isame for FD)

2. change flux directly. (not in each step of RK) f
SSP-RK3 : hi

it

i = 4 + xL/TBY
i = EUY + k[T,

"

+ aLITY ]

+= 54 + 3 [W,
"

+H2(t*

=> i = I, + 4[jL(NY) + "LIny"s + -LIMjY)]
=>T

+
= T - x[FRR-FRP ] (RK3) I =He ++ I

XLF
-

def flux. Fixt = 0,A + 11-0j1f (i, [ 8,[E[0 . 1)

= F + Oj <R
k

- It ] · hi-
- n

aim : T
*

= U
- x[Fit -F] Elm. M3. Choose Pit ?:



i -x[Fi - Fiz) -A ] - No hi NO,thi
ME ↓ <M if <Ul < Im . M]

set T = M- [,-x/F-A =0

T = m - [U- (FE-F] O

=> aim :

- XOjthitt + XOjthj t - 1, O (A)4
- xO;thitt + XO, thi-t - ↑, zo (AA)

: choose. DB same for (**) choose Ot.O./

1
. If hitt 20

. hjt <0
. any OFE is OK

.

->t.
M , M

choose (Oj-i.
.

Osti) = (1 . 1)

2. If hitt <O
. hj- 40.

.

-
bad

t. N
.

·N-

choose Pi= 1.
.
Pitt = min)1.Iit

3
. If hitt e0 .At10

bad->N

choose Ost = 1. Ojt = min)1. IsI
4. IfIt< 0. 20 bad

-. N

choose O+i = 1. Oj-5 = 1 if small enough
t

-

. M
· NI -

hit) .

Pit=A iteO; -

I

Then choose. O = min(R.O). Ot =min).Ot



FV for ID system T + Fill = *

semi-discretedTj(t + xx[fite - #
-= = 0

flux fixe = (le
.

"E
- : exact/approximate Riemann solver : Roe

.

HLL
. LF. ..

T : reconstruction from $53

I . -ponent-wisereconstruction
.

for each component of T · apply the scalar fixed-stencil/ENO/WENO proceduce
not good for high order scheme. may appear oscillation.

2. aracteristic-wise reconstruction (better)

Linear system C +Al = 0.

1 = diag (x ... An) R = (4 . K :. In) AR=RA

U + RAR"Ux = 0 => V= R'U VetAU = 0.

si -> Y = R".-> Vi -> Wi = R"Vi
scalar reconstruction.

(nolinear)
.



holinear system He + flUly = 0 He + AlUUx = 0.

1(U) = diag (X.M ... Anull) Acc =RicX(nRa
RIC) = (Vi(U) ... Vulu)

Ut + R1u)NIMRulUx = 0
. - (RYmUle + Nu (RinU)x = 0.

Alu = RusNU' Rins freeze at some U.

(R UI + NIUS (RinU)x = 0

=> V+ + XIUVx = 0 with V = R"Wil

At each fixed Xi+=> E

"freeze" Rus. Riu and Xu) locally at Xitz.
choose Wit= E [M; + Wit

or flit) - flt) = filitz) (Mit )) (Roe average
12) take R=RIUiti). R= R (liti). 1 = N(Ui+e)

13) transform I to the local characteristic field.

VeR'Ue. Ex-p.... itq

14) component-wise reconstruction. SVe3 -> Vit
15) transform back into the physical space Wit = RV



21 problem FU

Ut + flUlx + glUly = 0.

1Cartesian grids I = [Xiz .

/it t ]X[Yi-t
.

Yi+z]

cell average

Fly = ooy/UIx .Y)didy -

: average in tdirectiono[
~: average in y-direction .

Fully discrete flux-differency methods : Integrate on 1X. Y.
+) E [ijx It" .

thH]

Ent = E.-Fit - F.] -Fi -Fri ]

Fres=Sd"-luliti l e #aglUIX. Yitz
.

+)/dx

Godunor method : Filt; Fit; = ↑Elig , [ing 1st order accuracy
Gilite ?" it

= g(tij. [i .jt)



semi-discrete methods with RK.

Filt =

- It
e

flUlXitz .

Y
. +) - f(UlXi-z

.

Y
.
t)) dy

- of (xit flUlX . Ytt
.

tl-flUIX . Yit
.

t

=> -[Fit
.
j-Fiej]-o[Gijt-Gijt

Fitzj
= x(yt*flU(XitE .

Y
. t)) dy = FlUlXitz

.
Yi

,+) F flUlXitE .
Y

(f is holinear)

Yitz
- X +

hij =
+

Yit

numerical flux :

Xi-t i h : ID Riemann Solver for Hetflux
O

(Gans quadrature) ↑= [WahlU(XitE .
Yi + B20y) ,

U(Xitt .
Y+Baby)~

x

i+I (

-

& U : (1) Riemann Solver for Ut + guly = 0
.

Giitz = E Wah(U(XitPark . YiFz)
.

UlXi + Baox. YE)



2D-reconstruction

Given cell average >Elij) · find a polynomial Pix . y) degrees K.

S
.

t
. Pj(x . Y) = UIN. Y)+k

(X . Y) [ij. o = max (OX. OY)
t

= Hi-t
.j

= Pij(Xi-t.
(i) Kiti- = Pij(Xi . Y -e

Uitz
.j

= Pij (Xitz. Yi Hi.j+z = Pij(Xi. Y+ 2)

-xsy))P: (x . y) dydy = Them
.

V IemESi,
p3Q

P"= spanIxy" .

0x2 .j < K
. itj <K] I X X dim P

"

=KE

Q"-spanSY .

Y"
,

0x2
.jxK3 .

Y xy xy dimQ"= (k+11

y xy xy

remark: 1
.
Not all candidate stencils can be used to obtained a polynomial p(x.y of degree

at most i satisfying the condition.

eg : K . PI . Y = N+ BX + Vy S= 9[ .j . [i.j [Hj]

↳
Fi-1

.j
= x- =P + VG

I Hi .j
= x - -BD + EUN singular systems for (2 . B .

USLivjEj Eit

e g (IA
Wit;

= x + IBD + UN



2. Even if one obtains a polynomial pix.y
.

there is no guarantee that the accuracy
conditions will hold

.

eg : K . PI . Y = N+ BX + Vy S= 9[ .j . [i.j [Hj]

↳

King Is Eni) o uXYSODIXYO-2
(not unique solution . PIx

-20 -00 ↳

choose &
". PINYEQ"

IL&Stencil
. Siki/Eim , emmis&&I

Vix . y) =)" s . ydsye

interpolation & &I<Eg -> UliY)- EQ
*
-> Ply= EQ"> (x. Y

U(X-y) = p|x,y) + 0 (b)
*

)



& D-reconstruction

Stil-> Tily)-> UI . Y)

average in x-dir recon in x-dir

recon in y-dir

or

33-S, 35) -> Sfitzis)
-

17)-Mist)-9 1 -> 9Gie)

remark : 1
.

Cost (2D) = 2 cost(ID)

for WENO. the weights are different for each direction
.

2
.

Use polynomial ina" is waste

Splitting method :

Ut + aUx + bUy =0. UIiYt =UI-at . Y-bt . Of
III

Uttal = 0 UN Yt= U"(X-at
. Y, 0)

4 L + bU = 0 UNyt = U "(x. . Y-bt . O)

let
.

U"(X. Y. 01 = UIX. Y. O)
.
t

let U'I. % 8) = U"x. Y t => U
*IX

. Y. t) it's easy to check UX . Y. + =UI. Y.

+)
-



SE
.

SY : Is problems ·

the solution operator.

St : ID solution operator.

UIX . Y +) = StUIX. Y. 0) = SIS] Ul. y, O)
.

SY : UX . Y
.
+) = UYxY

. O) + + 2U"Yx
. y. 0) + ECtU" x,y. 0) + ...

=> eatx y",x, Y. 0

at
=>S = e

- Ex
Si = ebtify St = e

=+(a2x+bby)

Si -> HE K-thorder accuracy U
** -Hel= HEHU" 1Kth order

Si -> H

Q : SESE = St ?

SYS = TBG tiAGx

= [1 - + E2y + E8yy +...][E-tAby + AYxx+ ... ]
= I - + (Bby +A2x) + [E"Gyy+ A2xx +2BAby2x] + O(t)
= St + (BA -AB)Gy2x +Oct

~

(AB+BA)

if AB = BA
.

SESY=.St otherwise. SESE = St + OltY

=> Oli in each time step .

-> Trunction error Ocot
1st order method



second order method
, strong splitting

&
wax
eetHAtx -HBGy

-H(A2x+Ery)
+t) => 2nd order method

U = et4A2x-
-

MB2y
-
A2x

= gcAdye
-

HBOgcAdy -HB2y
-*At
o
e

- oAGx
e

Triangle mesh
.

He + J. Flu) = 0 F = (f(ul . gll)
K

-

ik/
,
U(x . y . +1 dxdyUp =

-

i Uedxdy = -T (kFdydy = - iTKn . Eds

-2) IW; FlUi)- n -KIZWj F,N
IF flUX :

X

Fin = =[FlU')n + Flum) n] - =(No- U')

C : the
upper bound of eigen valuesof Jacobian in i direction

nif . 9) = Hif't Reg
~matrix. (f'9' are matrix)



High order Finite difference method. (FD)

He + flux = 0

j- TFU : Tlt) = x)zUlX.
+) dx H + Fitt-f = 0. Fitt flU(Xi+E .

t)

FD : Ult) WKIXj .
+)

. UH) + flulxx
,

= 0 (()-> P(x -> flully
,
-Pix;)

Ult +
-

= 0

This may work for smooth case.

numerical flux : Fitz = F(Ui-p
,

: Us+ g)
sit.Ifit = flux(y

,

+ 0 (ox"
-X

&
. If. Fitz = flUlXi+E

.

t)) +O (ox"
"

) work ? X

-== x, x
+kxx+fxxx] -** x

+ Exx Fxxx .
= fxIUIXi,tI + O(xY + O (ox"

But if Fitz = flUIXi+E.+) - zoxfxx/X,+E + +600X"fxxxxIxi++.. (uniform mesh)

Fi- =
= fx)u(X;,+) + O(Ox



High order FD

suppose there is a functionhMx .

s.

t. flUIXI=O hisIds
=> flux)x =* [hIX+ IOX) - h(x-2xx)] cuniform mesh)

we can takefiti = h(Xit) + 0 (0x") = O lox") is enough to keep k-th order.
X

S
.
t

. #fi-==
-h(X;- =)

+ 0 (0xY = f(U(X,1)x+ O (ox) not O(xy"
+

)

alli)-> flUi) =AfXi Isids = T-> fire hitt
,

hi
reconstruction

like FU

① upwind : compute the Roe speed Citi
Titt 20. Fixt = hifi↑ -+ < 0

. Fitt = hitt Centropy violating shock (

② flux splitting : flul = fill + fines .
With co. A co.

and ficul have as may derivatives as the order of the scheme.

Lax-Friedrichs splitting : ful = [[flul#xU] <=maxif'

remark : Fint = = (fIU + flui) - Elut-ni) = flui + fint
Godunor/Osher flux can not be splitted.



FD splitting flux :

-

Ill flul = fila) + fin (Stencils like ENO . WENOS
-

upwind
->

12) flul .

take hj = fill) eastruction
> hit== hitt E

131 finl .

take hj = fili) hist = F = h **
14 Fitz = f + fi+ t

Hi- Hj Uj+ 1

FD-WENO Framework
I

Xj+1· Tatae
(1) [U, Y on 3Xj) f =f + fIR) I - I-

-Il df fRATR o(1) R3

12) hj = flUy) 4= fl* T0
(L) (H

(3) STOWENOs Kitz = hit
.

I
I

(R)

STREWEN,A hi i f =h Fixe =# je+
I - z

↳. R hitz
-

FittTit ↓ hi--
1 ↑ I-

(L)
/
↑

inxXj I*
hi- = h

A

14 W
*

= W -#i+
- fit)

.



ID systems[t +Fill = *. Finl = Fel +T

Jacobian A is diagonlizable. and have only non-negative eigenvalues , respectively.

IF splitting : =Fil = <[Fil#x] ·

< = max/iCA

FD splitting flux : (Fite
cl compute the average state Uitz.
(21 Set R = RIUiti). R = R (Uiti) · A = N(Uiti)

13) transform to the local characteristic fields.
- = R le Ge = R"Fe e=j p .

... itg

14) flux splitting gF = EIge =NVe]

15) reconstruction on each component of g*
Te = Ste. -> * = hitz

Te = Si - + =h== + t
(6) fixe =Rite



2D : Ut + Ux + My = 0.

uniform mesh + FD...

triangle mesh: X FI can not be used on unconstructed mesh !

But we can use map to get triangle mesh. (change the form of equation ,
tool

--( -# isn~I
(X.Y

L

HW : 5th WENO + FD ddl 06/1



IFD
Econservative ~ VU

(D accuracy v v

cost v V

-

monotone fluy

general meshI mesh I
-

uniform mesh

-
general case

only flux splitting (eg : (F)

Conservative~ v

2D accuracy v v

cost & 2XID cost &D cost costless
mesh arbitrary uniform rectangle mesh/smooth curvilinear
monotone flux all only flux splitting leg : (F)

-



DG(FE)
·

Ej = [xiz
.

Xi+t]
.

Xj =A -Xj =1. h = maxOx,

Ut + flux = 0
.

=> 0 = SjUtV - (flulx + flulUIx
,E -fluUIx, = 0

DG method : Un = V : vIz E P "(5)) (K= 0
. Un = 1. =>> FV)

Find UnEVn
.

sit
.

FUnEUn
.

o = z(UnItVn - (z flUnl (nx + FitEVn(XiFe) - fitV(Xj) = 0

where Fixt =* (Ujz .
Usti).

-(U-nt) satisfies : monotone flux -1). ↓) /Approximate Riemann Solver

LF. Osher. Godunor
.

let Un=1 => Conservation



stability (boundness in L2-norm)

Un(X . +1. .
WalX. -) are both solutions of the same scheme with different initial condition

.

then
:

llUn) , +) - Whl , tlp > Ke
*Y lUn). 0) -Whl , ofHy

Pf: take Un = Un
.

o =S (UnItUn - SflUn) Unx + fite(Unlite - Fintj = 0

Let gu ="Fisids.
.

giu flus. (flUnlVnx = glUnjE) - glUn; )

=> O = (a) + Fitt - Fi-t + Ohje ite = glunje) + fi +e(kulite

Fi-z = -G(Unje) + - (Unj E

⑰ = g(Unt) - glUn) -F[Unt-Un]
= Efls) - (Un . Unt] [Unt-Un

1
Hi-=

= G(Unje) +G(Unje)
= [F(5 .

3) - FlUn. Unt] [Unt-Un] +fi
-+(Un)j= - (Unlj2)

= [F15
.
3) - -15. Unt) + fis. Uni - flUn.Unt)]Un]
-> +

Case 1 .

(U .
U

X

--IX .

I - = ⑰ 20-..dI ..--15.

5)

(U .
U) casez-+-

-



=> (,(4) + ste -Fit
SUM J= ... N

/Un + Fint-F O => Unl , +Ip -#
-

= 0 for compact supported. or periotic

Remark : entropy pair. YIM = IU. "'IUI= 1 > 0

=> Hule + Hlux <O
=> cell entropy inequality

Accuracy He + Ux = 0 upwind flux for linear case. Flu ut =n

O= SjUnItIn - Sz
,
UnVnx + (Unbjz(VnljFt - (Unlz(Vn); =

O= Sj
,

UtUn - Sz
,
UVnx + Witz(Vu(je - Use(Vulje lexact solution)

denote e= -Un = u +An. P : V -> Un
. projection

e = En + Cn En ene Un

O = fgEntenltUn-SzlEn+ enIVnx + (Enten);ze(nlitt - (Entenliz(Vn);=

=>StlenltUn-fzen(nx + (en),Fz(n)iF t - (n)j=(nlj
= - SjlErItUn + SzEn(nx - (zNnlj + Fe(nl,t



take Un = En
.

LHS : sum over ; (same as stability) EnCenidx = E Millenl = Healllleal
P: s.

t
.

Pu Pulit = Uste↑ Sj(U-Pu)Wadx = 0 KWnEP"TIs
=>In-PullyCh

+

Therefore :S
,
EnNIx = 0. (Enlite = (Enli = 0

=> RHS = - f
,
(En(ten

=> RHS : sum overj > /Ent/IIICnI

-=> Allen < /EntIl <Ch"
*

=> Ventill lencal + Cth
**

if we take Un= Pulx .os
.

=> lenHill <> ((1++) h
**

# if we take Un = L projection .

then encll Ch
**

del 06/13

limiters : MoreLimiter, UnEVn
.

Hw : (3th order) K= 2 DG (LF flux) repeat the Hw
O keep (ij Un = Si

,
Unpre error :

L Gauss integrate. (and [ error

② keep Un=Uhr as much as possible (SIU-UnPdx
③ remove or reduce spurious oscillations. plot : midpoint in each cell



06/05 week
. gap .

06/12 presentation

limiter :
U-> UnEVn

.

Si
,

Un = (
,
Up

12) Keep Un = Give as much as possible
13) remove or reduce spurious oscillations

TVD/TVE limiter
.

Givexik-pretive DTV. Unlik .

Un- > Unitselitt
Tpre/I

,
Un /Is

K 2
. Unique solution

K : 3
.
not unique

Momentlimiterz UI d= Us xsdx e = 0
.

... K
.

elix) Legendre on Ij
and (zeix14,xdx = Smn



do : US -> m(H, H-Us"U U

↓ 4->M(USU-UUU·

i -> M(U) · Up-U! Us-US) ~TVD when P'

don't change U; ~Unli;
note : FUtWENO on each cell

·

at first .

i DG+WENO : identify trouble cells
WENO-based limiter only use WENO on troublecells

x= PolX) in Ij

Aim : Unix) = W-, PlX + WoPM+ WiTX) in I j

I (W-+ Wo + Wi = 1)/
/

(keep, , Uni= *, K,Urixidx=** i,
Polidx (

1

Is+ Ij Ejt

Plx = PlX) - **, ((PM-Pol)dx (keep offPIXSPO(XI
= P(X) + Ci

Pl = P-1(X - * /j (P- , IX) - Po(I)dx

= P ,
/X + C-1



linear weights : d + do + di = 1
.

di20

Unix) = d , P, (x1 + doPaNX + difixs choose do = 1-tr
.
didi-yon

Maximum - principle - preserving limiter :

supposed UYIX) Elm.M. x ESG (Ganss-Lebatto points

Enterforward
, patPreMEPtPre = Och&

Limiter> Unix) T
*

= UH ·pre T = 0,U, + (1 - 0j 1 [+
4x - u(x .

+ ) = 0(h
*

)↑
xe[m .N VXESG
/

Set &

I

Os = minTs. A M-Tnt] M =

Max
Ute

M =min C tee
Un 1

-

(Mj -T /
nH . pre

*



DG in R

Ut + 7. FlU) = 0.

in
Out

K(TUnItUn-1,FlU) . TVn +& F..Vo ↓
En = <[FlU") . n + FlUMYn]-*U

**

-xi]

FD FU DG
UY 2 UlXj .

t") TX SUIX.

t"sdx WYX.t) & UIX
.

t") It
;

compact but more stage
Conservative W v v

W v ·
accuracy
mesh uniform/smooth. general general

monotone flux flux splitting all all

Compare freedoms : eg : P"NcellsDG. ~(K+N cells FU
Multi-Dimension Cost : cost (FD) < Cost (FV)

Cost (DG) < cost (FV)



Final project : Scheme : RK3 + FD/FU/DG
.

order = 3.

1
. 2D Burgers' equation (periodic boundary (

Y M + (tUYx + ItUTy = 0 (xYEE2
.
2) II) exact solution.

UIX . Y. 0) = 5 + san)E(X+Y/) (2) T = 0 .5/ . error table.

T= 1/
. plot U & Un

H
.

limiter) surface (3D)

2
.
ID Euler equations.

↑ at at x=y (2D)

(P + (p = 0

v(E+P)
I E= t + <PM U= 1 . 4

"I PIX. D = 1 + 0 . 2s4nx ET. E] Periodic

SPIR
+

PsSamite BSSn(WIX-Note[uNo = 1 (n=n

p(x. 0) = 1

T= 0 . 6
.

show the error table of 1.

(2x<(4=
x 0

(V = 100
(limiter)

XEE2 . 27
. plot P.

U
. P at T= 0

. 6

lexact solution by 1st order method) del : 06/20 .


