
Lecture 9

Superconductors

⚫ Superconductivity

⚫ Semiclassical theory

⚫ Berry curvature effects

⚫ Summary
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Characters of Superconductivity

Zero resistance

Meissner effect 

(perfect diamagnetism)

equilibrium effect

Persistent currents

metastable effect



Microscopic theory

Ψ =ෑ
𝑘
(𝜇𝑘 + 𝜈𝑘𝑐𝑘↑

† 𝑐−𝑘↓
† ) 𝑣𝑎𝑐

𝜙 𝒓1𝜎1, 𝒓2𝜎2 = ↓↑−↓↑ 𝜙 𝑹, 𝒓

Cooper pair: 

𝒓 = 𝒓1 − 𝒓2spin-singlet 

Energy can be lowered below 2 x fermi energy, if interaction is attractive, 
which can be mediated by phonons, etc.

S or D wave 



⚫ Interaction Hamiltonian

Bogoliubov de-Gennes theory

𝐻 =෍

𝐤

𝐸𝐤 𝛾𝐤↑
† 𝛾𝐤↑ + 𝛾𝐤↓

† 𝛾𝐤↓ + E𝑔

⚫ Mean-field approximation

⚫ Bogoliubov transformation

⚫ Diagonalization

⚫ 𝛾𝐤 obey fermionic commutation

𝛾𝐤
†, 𝛾𝐤′ = 1 𝛾𝐤

†, 𝛾𝐤
† = 0



Electron band

Nanbu-Dirac picture

BC𝑆 = 𝒩ෑ
𝜎𝒌
𝛾𝜎𝒌 0𝐻 =෍

𝐤

𝐸𝐤𝛾𝐤𝜎
† 𝛾𝐤𝜎 + 𝐸𝑔 𝛾𝐤𝜎 Ψ = 0

E

k

EF

Electron 𝑐𝐤
†

⚫ BCS ground state is given by filling the quasi-hole band:

E

k

Electron  𝑐𝐤
†

Hole  𝑐−𝐤

Particle-Hole redundancy

E

k

QP 𝛾𝐤
†

QH 𝛾𝐤

2∆

Quasiparticle band



Topological and Geometrical effects

QPs 𝛾𝑘
+

Δ

Condensate topology: p+ip, d+id, etc

Edge/Bound states: Majorana etc

Quasiparticles: Berry curvatures

Expected applications in:

⚫ Topological superconductors 

⚫ Non-centrosymmetric superconductors

⚫ Triplet superconductors

⚫ Multiband superconductors 

Cooper Pair condensation



ሶ𝒓 = ∇𝒌𝐸 + ሶ𝒌 × ∇𝑘𝜌 × ∇𝑘𝜃 + ∇𝒌 𝜌𝒗𝑠 −𝑩 × ෩𝒅 ⋅ ሶ𝒓 − ሶ𝒓 ⋅ ∇𝑟 𝜌∇𝑘𝜃

Semiclassical quasiparticle dynamics

Construct a quasiparticle wave packet

Semiclassical equations of motion and Berry curvatures: 

𝒓𝑐𝒌𝑐 Center of WP in real and momentum space

Z. Wang, L. Dong, C. Xiao and Q. Niu, PRL 126, 187001 (2021)

Ψ𝜎 𝐫𝑐 = න 𝑑𝐤 𝛼 𝐤, 𝑡 𝛾𝜎𝐤;𝐫𝑐
† 𝐺

ሶ𝒌

= −∇𝑟𝐸 + ሶ𝒓 × 𝑒𝜌𝑩 − ∇𝑟𝜌 × 𝒗𝑠 + ∇𝑟 × 𝑩 × ෩𝒅 − ∇𝑟 𝜌∇𝑘𝜃 ⋅ ሶ𝒌 + ሶ𝒌 ⋅ ∇𝒌 𝜌𝒗𝑠 − 𝑩 × ෩𝒅

𝛀𝒌

𝛀𝒓 𝛀𝒌𝒓

𝛀𝒓𝒌



Momentum-space Berry Curvature

The Berry curvature in the momentum space 

effective charge SC phase𝜌 =
𝝃𝑘
𝐸𝒌

𝜃 =
1

2
arg Δ

𝛀𝒌 = −∇𝒌𝜌 × ∇𝒌𝜃

⚫ The formula is simplified by neglecting band geometry

⚫ Effective charge changes sharply across Fermi surface

𝜌

𝑘

𝑘𝐹

∇𝒌𝜌

𝑘

𝑘𝐹



C=2

C=-2

C
=

0

C
=

0

Geometry and topology

⚫ Berry curvature 𝛀𝒌 concentrates around the Fermi surface

⚫ Example: Square lattice with d+id Pairing  

෡𝐻 =෍

𝜎,𝐤

𝜉𝐤 𝑐𝜎𝐤
† 𝑐𝜎𝐤 +෍

𝒌

[(Δ𝐤+𝑖Δ𝐤
′ )𝑐↑𝐤

† 𝑐↓−𝐤
† + ℎ. 𝑐. ]

Yang et al PRB 98, 104515 2018

Contrast:    𝑩𝒌 = −∇𝒌 × ∇𝒌𝜃

S. Murakami et al., PRL 90, 057002 (2003)

Berry curvature 𝛀𝒌 Chern number 𝑪



Real-space Berry Curvature

Charge dipoleSupercurrent

෩𝒅 =
1

2
𝜌2 − 1 ∇𝒌𝜃

The Berry curvature in the real space: 

𝛀𝑟 = 𝑒𝜌𝑩 − ∇𝑟𝜌 × 𝒗𝑠 + ∇𝑟 × 𝑩 × ෩𝒅

Dipole moment from the charge distribution of the wave packet

Supercurrent velocity

𝒗𝑠 = ∇𝒓𝜃 − 𝑒𝑨

𝒓𝑐

𝒓𝑒

SST 27, 063001 (2014) 



Quasiparticle properties

Anomalous thermal Hall

Phase-space measure

Density of states

Anomalous Nernst 𝛼𝑥𝑦
𝑒 = −∫ [𝑑𝒌]

𝜕𝑔

𝜕𝑇
(𝜌Ω𝒌 + 𝜕𝑘𝑥𝑑𝑦)

Z. Wang, L. Dong, C. Xiao and Q. Niu, PRL 126, 187001 (2021)
C. Xiao and Q. Niu, PRB 104, L241411 (2021) 

𝒟 𝒓, 𝒌 = 1 + Tr𝛀𝒌𝒓 − 𝛀𝒓 ⋅ 𝛀𝒌

𝑛 𝒓, 𝜔 = න 𝑑𝒌 𝒟 𝒓, 𝒌 [ 𝜇 2𝛿 𝜔 − 𝐸 + 𝜈 2𝛿(𝜔 + 𝐸)]

𝑛 𝒌 = ඵ𝑑𝜔𝑑𝒓𝒟 𝒓, 𝒌 𝜇 2𝛿 𝜔 − 𝐸 + 𝜈 2𝛿(𝜔 + 𝐸)

𝜅𝑥𝑦 =
1

𝑇
න 𝑑𝒌 Ω𝒌 න

𝐸𝑘

∞

𝑑𝜂𝜂2𝑓′ 𝜂, 𝑇

Momentum space

Anomalous spin Nernst 𝜶𝑥𝑦
𝑠 = −∫ [𝑑𝒌]

𝜕𝑔

𝜕𝑇
(𝒔Ω𝒌 + 𝜕𝑘𝑥𝒅𝑦

𝑠 )

𝑔 = 𝑇ln 1 − 𝑓 𝒌, 𝑇

𝑓: Fermi distribution function



Example: Anomalous Thermal Hall Effect

C. Xiao and Q. Niu, PRB 104, L241411 (2021) 

Semiclassical energy current:

Intrinsic thermal Hall current:

Thermal Hall conductivity:

𝜅𝑥𝑦
𝑞

=
2

𝑇
න 𝑑𝒌 Ω𝒌 න

𝐸𝑘

∞

𝑑𝜂𝜂2𝑓′ 𝜂, 𝑇



Quantized thermal Hall conductivity

Our formula 𝜅𝑥𝑦
𝑞

accounts for the quasiparticles beyond the condensate, it is 

reasonable to make the connection of 

We can obtain the condensate result of

𝜅𝑥𝑦
𝐵𝑑𝐺 =

1

𝑇
∫ 𝑑𝒌 Ω𝒌 ∫𝐸𝑘

∞
− ∫−𝐸𝑘

∞
𝜂2𝑓′ 𝜂, 𝑇

𝜅𝑥𝑦
𝑞
+ 𝜅𝑥𝑦

0 = 𝜅𝑥𝑦
𝐵𝑑𝐺

Comparing with the previous BdG result obtained with Green function method

Condensate
quasiparticle BdG picture

Sumiyoshi et al., JPSJ 82, 023602 (2013)

𝜅𝑥𝑦
0 = −

1

𝑇
න 𝑑𝒌 Ω𝒌 න

−∞

∞

𝑑𝜂𝜂2𝑓′ 𝜂, 𝑇 =
𝜋𝐶𝑘𝐵𝑇

6ℏ



Supercurrent

We can regard the supercurrent as the charge current carried by the filled 

quasi-hole band:

Doppler shift from the supercurrent velocity:

For an inhomogeneous system with 𝜕𝐸/𝜕𝒓𝑐 ≠ 0, 

Hall-type supercurrent

SC density tensor



Toy Models

𝒗𝑠

Honeycomb lattice with d+id pairing

෡𝐻 =෍

𝜎,𝐤

𝜉𝐤 𝑐𝜎𝐤
† 𝑐𝜎𝐤 +෍

𝒌

[Δ𝐤𝑐↑𝐤
† 𝑐↓−𝐤

† + ℎ. 𝑐. ]

Δ 𝒌 =෍

𝑖=1

3

Δ𝑖 cos 𝒌 ⋅ 𝑹𝑖 − 𝜑𝒌

Δ1, Δ2, Δ3 ≡ 2Δ,−Δ + 𝑖 3Δ′, −Δ − 𝑖 3Δ′

Jiang et al, PRB 77, 235420 (2008)

TBG tight-binding model  

Yuan et al., PRB 98, 045103 (2018)

Liu et al, PRL 121, 217001 (2018)

𝐻 = −𝜇෍

𝑖

ǁ𝑐𝑖
† ǁ𝑐𝑖 + 𝑡1෍

𝑖,𝑗

ǁ𝑐𝑖
† ǁ𝑐𝑗

+෍

𝑖,𝑗

ǁ𝑐𝑖
†ൣ 𝑡2𝜎0 + 𝑖𝑡3𝜎𝑦 ]⊗ 𝜎0 ǁ𝑐𝑗 + ℎ. 𝑐.



Berry Curvature distribution

𝒗𝑠

Honeycomb lattice TBG Anomalous 

Thermal Hall



Summary

⚫ Equation of motion for SC quasiparticles

⚫ Berry curvatures in real, momentum, and phase space

⚫ Berry curvature effects in transport properties
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