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A single-electron state evolving adiabatically in reciprocal 
space will accumulate a quantum phase known as the Berry 
or geometric phase1–3. Fundamentally, the geometric phase 

is closely related to topological states of matter, providing a pow-
erful tool in formulating the various quantized topological invari-
ants2,4–6. For example, the quantization of Hall conductance in a 
two-dimensional (2D) Chern insulator7 can be interpreted as the 
geometric phase accumulation along a closed loop enclosing the 
Brillouin zone2. Beyond the single-electron picture, the concept  
of geometric phase has also been generalized to the Cooper  
pairing state of superconductors, in that the superconducting 
order parameter can directly inherit its geometric phase from the 
two paired electrons8,9. Depending on the specific phase accu-
mulation of the superconducting order parameter as it winds 
around the Fermi surface, superconductors can be distinguished 
into topologically trivial and non-trivial classes10–15. Such topo-
logical superconductors could harbour non-abelian Majorana 
fermions14–17, which can be exploited for fault-tolerant topological 
quantum computation18.

So far, two dominant approaches have been suggested to real-
ize topological superconductors. The first is based on the proximity 
effect, invoking heterostructures of a conventional s-wave super-
conductor with either a topological insulator19 or a semiconductor 
with strong Rashba spin–orbit coupling20. The second approach 
is to obtain intrinsic topological superconductors, for example by 
converting topological insulators or topologically trivial supercon-
ductors into topological superconductors using carefully chosen 
dopants13,21. Each of the two proposed approaches has motivated 
intensive experimental efforts, resulting in the discoveries of sev-
eral topological superconductor systems22–28. However, controver-
sies remain surrounding each system, especially with regard to the 

observations of Majorana zero modes or fermions. Moreover, in 
all the existing theoretical treatments of the topological supercon-
ductors, the geometric phase that leads to non-trivial topology and 
electron correlations that are responsible for superconductivity have 
been taken into account in a simple additive manner. On a more 
profound fundamental level, it is conceptually intriguing and of 
paramount importance to investigate how these two essential physi-
cal ingredients mutually influence each other in characterizing can-
didate topological superconductor systems, given the fact that both 
reflect electron correlations, albeit of different microscopic origins.

In this Article, we carry out a systematic study of the interplay 
between electron correlation and geometric phase as well as their 
cooperative effects on topological and superconducting properties. 
Because the geometric phase vanishes in systems with simultaneous 
time-reversal symmetry and inversion symmetry3, we start from 
a prototypical system consisting of an alloyed monolayer of Pb3Bi 
grown on Ge(111), where the inversion symmetry is naturally broken 
by the substrate. Based on the results of first-principles calculations, 
we develop a generic 2D effective formalism that respects hexago-
nal symmetry with Rashba spin–orbit coupling, contains a type 
II van Hove singularity29 and exhibits geometric phase-decorated 
electron correlation30. We derive a set of complex renormalization 
group (RG) flow equations and demonstrate that superconductivity 
dominates the competing orders in the weak interaction regime. In 
addition, the interplay between geometric phase and electron cor-
relation results in two constructive consequences. First, the basin of 
the renormalized geometric phase flows to three stable fixed points, 
favouring chiral (px ± ipy)-wave and f-wave superconducting states. 
Second, the corresponding superconductivity can be substantially 
enhanced. We then construct the phase diagram of the topological 
quantum states, and identify Pb3Bi doped to the van Hove filling in 
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the hole band as an appealing platform for realizing chiral topologi-
cal superconductivity in 2D systems.

The crystal structure of Pb3Bi/Ge(111) is illustrated in Fig. 1a,b. 
The choice of this system was motivated by earlier observations 
that ultrathin Pb films on Si(111) or Ge(111) are superconduct-
ing31,32, with indications of even higher superconducting transition 
temperatures following Bi alloying33. Furthermore, recent studies 
of related systems have shown giant Rashba spin–orbit coupling34. 
In the present study, we employ first-principles calculations within 
density functional theory to obtain the electronic structure of 
Pb3Bi/Ge(111) (details are to be reported elsewhere). As shown in 
Fig. 1c–e, the band structure possesses two distinct features. First, 
the band around the Fermi level exhibits an extremely large Rashba 
splitting (larger than the pure Pb/Ge(111) system). The Rashba 
effect originates from the strong atomic spin–orbit coupling of Pb 
and Bi atoms, which are further subjected to an asymmetric poten-
tial induced by the substrate. Second, a saddle-like band structure 
is present, rooted in the Rashba band along the Γ–M direction 
(Fig. 1e). In contrast, the saddle-like band structure would be miss-
ing without spin–orbit coupling (Supplementary Fig. 2a). Because 
the present system simultaneously possesses three-fold rotational 
symmetry, mirror symmetry and time-reversal symmetry, there 
exist a total of six such symmetric saddle points within the Brillouin 
zone, leading to the logarithmically divergent type II van Hove sin-
gularity shown in Fig. 1d.

In systems that have a van Hove singularity and Fermi surface 
nesting, competing orders such as superconductivity, charge den-
sity wave, spin density wave and nematicity might emerge at low 
temperatures due to the subtle many-electron correlations35. It is 

vital to identify the dominant order under diverse physically real-
istic conditions. For example, an earlier RG analysis of doped gra-
phene demonstrated chiral d-wave superconductivity as the leading 
competing order36,37. However, the exceedingly high van Hove sin-
gularity of 2.8 eV away from the Fermi level of pristine graphene 
hinders potential experimental observation of the predicted super-
conductivity. Most recently, this challenge has been overcome by 
using magic-angle twisted bilayer graphene, which exhibits super-
conductivity upon moderate gating to reach the van Hove singu-
larity located close to the Fermi level38. In Pb3Bi/Ge(111), the van 
Hove singularity is located ~0.1 eV below the Fermi level, as shown 
in Fig. 1d, and the calculated carrier density required to move the 
Fermi level to the van Hove singularity is ~1.4 × 1014 cm−2, which is 
expected to be accessible via state-of-the-art ionic liquid gating39. 
Aside from the relative location of the van Hove singularity, its type 
II nature also favours superconductivity to be the leading instability, 
as demonstrated here.

A distinctive character of the present system is that the type II 
van Hove singularity originates from the Rashba-split band, which 
not only drastically increases the density of states that contributes 
to superconductivity40, but, more importantly, endows the non-
vanishing geometric phase to the relevant states41. Here, the geo-
metric phase is characterized by spin-momentum locking, which 
possesses a clockwise form at the six saddle points (depicted in 
Supplementary Fig.  1) qualitatively extracted from the first-prin-
ciples calculation results. In the vicinity of band crossing points, 
for example the Γ point in Fig.  1c, the Berry curvature field can 
be expressed as Ω(r) = κr/2|r|3, which defines a monopole with 
topological charge κ = ±1 in the generalized 3D parameter space 
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Fig. 1 | Crystal and electronic structures of Pb3Bi/Ge(111). a,b, Side and top views of the crystal structure, with the dashed blue lines in b indicating the 
vertical mirror planes and σv denoting the reflection operator. c, Band structure of Pb3Bi/Ge(111) with the sizes of the blue circles indicating the spectral 
weights contributed from the Pb3Bi overlayer. The red arrow on the left marks the saddle point of the Rashba-split band. d, Total and partial density of 
states of the system, where a prominent type II van Hove singularity emerges at ~0.1 eV below the Fermi level. e, Enlarged band structure around a  
saddle point.
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spanned by r = (kx, ky, hz) (ref. 42). Here, k = (kx, ky) is the momentum 
vector, hz is an auxiliary Zeeman field introduced for better visual-
ization of the monopole (Supplementary Section I). As schemati-
cally depicted in Fig. 2a, a single electron moving in the projected 
2D momentum space with hz = 0 accumulates a geometric phase 
ϕB. In the band representation, the presence of the monopole will 
further decorate the electron–electron interaction with a geometric 
phase as ν ϕ ϕ= +′ ′′ ′V i iq k k k k( )exp[ ( , ) ( , )]k k k k, ; , B 1 1 B 2 21 2 2 1

 (refs. 30,43,44), 

where A∫ϕ =′
′

k k k k( , ) ( ) d
k

k
B  is defined by the path integral of the 

vector potential A k( ) in the momentum space. Going beyond these 
studies, here the central objective is to explore the delicate interplay 
between the geometric phase and electron correlation.

In treating this challenging problem, we note that conventional 
perturbation theory breaks down in the vicinity of a logarithmi-
cally divergent density of states, even in the weak coupling limit. 
Instead, the RG method provides an unbiased approach to deal with 
all the competing orders on an equal footing45. Because the low-
energy physics depends mainly on the electron behaviours near the 
Fermi surface, we construct our model description within the patch 
approximation by considering only the electrons around the saddle 
point patches29,36,46, which dominate the divergent density of states at 
the van Hove filling. In view of the fermionic anticommutation rela-
tion (Supplementary Section IV), there are a total of four inequiva-
lent interacting channels between different patches, as depicted in 
Fig. 2c. Hence, the low-energy effective model of the present system 
can be formulated in the band representation as

L










∑ ψ ε μ ψ γ ψ ψ ψ ψ

γ ψ ψ ψ ψ γ ψ ψ ψ ψ

γ ψ ψ ψ ψ

= ∂ − + −

+ +

+ + . .

τ

ϕ

=

† † †

† † † †

+
†

+
†e

( ) 1
2

(

)

1
2

( H c )

(1)
n

n k n n n n n

n n n n n n n n

i
n n n n

1

6

1

2 3

4 1 1
4

where the summation is over the patch index, ψn are the electron 
annihilation operators at patch n, n labels the patch with opposite 

momentum to n, and 〈n〉 denotes the nearest-neighbouring patches 
of n. Here, εk ≈ (δkx)2/2mx − (δky)2/2my is the energy dispersion of 
electrons expanded up to quadratic terms around each saddle point, 
with δk = k−kn, where kn is the momentum of the correspond-
ing saddle point as depicted in Fig. 2c. We note that the effects of 
spin-momentum locking are inherently imprinted into the saddle-
like band dispersion and the geometric phase decorated electron–
electron interaction (Supplementary Section II). The density of 
states around a given patch is derived as g(ε) = 2ν0ln(4Λ/ε), where 
ν π= ∕m m 4x y0

2 and ε is the energy away from the van Hove singu-
larity. The six saddle points are connected by three types of inequiv-
alent nesting vectors qn = kn+1−k1 with n = 1, 2, 3. The short-range 
interactions adopted here are expected to capture the essential low-
energy physics because the metallic screening is sufficiently strong 
at the van Hove filling. We note that the effective model defined by 
equation (1) is conceptually generic, as its cornerstone is the very 
existence of the spin–orbit coupling-derived van Hove singularity 
near the Fermi level of the 2D system. More detailed discussions 
on the validity of this model as applied to the present prototypical 
system of Pb3Bi are shown in Supplementary Section IV .

The essence of the RG analysis is to perform iterative integra-
tion over high-energy degrees of freedom, which yields a gradual 
evolution from the microscopic description to the final effective 
low-energy model. Generally, the coupling-constant space of a 
system depends on the energy cutoff separating the low- and high-
energy regimes, indicating that a rescaling procedure that restores 
the energy cutoff should be invoked to ensure proper flows of the 
coupling constants. When specified to fermionic systems, the elec-
tron–electron interactions at finite frequencies and with momenta 
perpendicular to the Fermi surface are irrelevant under the RG 
transformation47, indicating that the remaining or relevant cou-
pling-constant space only depends on the static Fermi surface and 
is accordingly cutoff-independent. This unique feature justifies the 
validity of an unrescaled RG analysis in studying phase transitions, 
as typically employed in earlier studies48,49. Here, we derive the flows 
of the electron–electron interactions starting from the unrescaled 
functional RG differential equations, as detailed in Supplementary 
Section III. Specifically, the presence of non-vanishing geometric 
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momentum space, an electron moving along a closed path (for example, the cyan circle) enclosing the monopole accumulates a phase π. In contrast, it 
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processes. Here, to succinctly demonstrate the essential ingredients involved in the present study, only a single monopole is depicted at the centre of 
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phases decorates the one-loop RG flow equation, as shown graphi-
cally in Fig. 2b.

The RG flow equations are obtained by directly implement-
ing the diagram depicted in Fig. 2b, where the dimensions of the 
coupling-constant space have been dramatically reduced within 
the patch approximation. Because all the involved interactions 
are marginal at the tree level, the one-loop diagram is able to cap-
ture the leading instabilities at low energies. For the convenience 
of identifying the critical temperature, we adopt y = ln(4βΛ) as the 
RG flow time, where β = 1/(kBT), with kB the Boltzmann constant, 
T the temperature and Λ the ultraviolet energy cutoff. As shown in 
Supplementary Section III, the building blocks for constructing RG 
flow equations are the various types of susceptibility, which van-
ish at y = 0 and gradually increase with increasing y, indicating the 
relevant divergence is properly cured in a controllable manner. By 
redefining γ1,2,3 → ν0γ1,2,3 and γ ν γ→ ϕei

4 0 4
4, we obtain a set of complex 

RG flow equations as

γ
η γ γ γ γ

γ
η η γ γ γ γ η γ

γ
γ γ γ γ η η γ η γ

γ
γ γ γ η γ γ γ

= − − − ∣ ∣

= − − − − + ∣ ∣

= − + + − + ∣ ∣

= − + + +

′ ′

′ ′

′

y
y y

y

y

y
y y

d
d

2( ) 8 4

d
d

( 2) 4 2

d
d

4( ) ( )

d
d

4 2 ( ) 2 ( )

(2)

*

1
1
2

2 3 4
2

2
1 1 2

2
1 3 3

2
1 4

2

3
1 2 2 3 1 1 3

2
1 4

2

4
1 4 4

2
1 2 3 4

where γ *4  denotes the complex conjugate of γ4. The coefficients η, η1 
and η ′1 depend on the mass ratio mx/my, characterizing the degrees of 
the Fermi surface nesting between different patches. For the present 
prototypical system, η ≈ 1, η1 ≈ 1.65 and η ≈ .′ 1 791 , obtained by fitting 
the first-principles results. A close inspection of the above differen-
tial equations shows that γ2 = γ3 manifests as a special solution. By 
integrating equation (2) with a set of initial inputs, we obtain the 
flows of the couplings as functions of y. As shown in Fig. 3a, the cou-
plings diverge at yc, indicating that the system is unstable at a critical 
temperature of Λ~ −T e4 y

c c. We note that the above RG flow equations 
are obtained by exploiting the unrescaled functional RG approach. 
A detailed rescaling treatment is presented in Supplementary 
Section V, with the temperature renormalized under the RG 
transformation50. Such a crosschecking shows that temperature  

renormalization only slightly suppresses Tc, but does not alter the 
divergent behaviours of the couplings and the central findings of 
the present study.

The renormalized geometric phase ϕ4 as a function of y is dis-
played in Fig. 3b, demonstrating that the geometric phase and elec-
tron correlation are intimately coupled, which in turn gives rise to 
two constructive consequences. First, the geometric phase exhibits 
non-trivial evolution under the RG transformation and flows to 
three stable fixed points at ±2π/3 and 0 in the projected 1D phase 
space. In the following, we will demonstrate that the non-trivial 
geometric phases at the stable fixed points will convert the leading 
order of superconductivity induced by the electron correlations into 
respective chiral (px ± ipy)-wave and f-wave superconducting states. 
Second, as shown in the upper panel of Fig. 3b, the magnitude of yc 
depends on the initial value of ϕ4 and possesses a degenerate mini-
mum at the stable fixed points, indicating that the corresponding 
superconductivity can be substantially enhanced. As a secondary 
observation, there are also three unstable fixed points at ±π/3 and π 
with a degenerate maximum of yc.

To identify the dominant instability of the system, we need to 
evaluate the susceptibilities of various competing orders, which are 
defined as

Zχ
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ln( )
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0

where Z is the partition function of the system and ρ denotes small 
external fields. For example, in the Bardeen–Cooper–Schrieffer 
(BCS) channel, ρ represents the superconducting order parameter 
(Supplementary Section VI). The RG flow equation of the order 
parameter Δ in the zero-momentum BCS channel is governed by 
∂yΔ = −yΓ0Δ (Supplementary Section VI), where Γ0 denotes the 
interaction matrix obtained as
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where γ1,4 are obtained by solving equation (2). As a concrete and 
important example, we focus on the stable fixed point with the 
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renormalized geometric phase ϕ4 = 2π/3, where γ4 = |γ4|ei2π/3. The 
non-trivial eigenvectors of Γ0 are obtained as
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with the corresponding eigenvalues of εa = 2(γ1 − 2|γ4|) and 
γ γɛ = + ∣ ∣2( )b 1 41,2

. Here Δa characterizes the chiral (px + ipy)-wave 
superconducting state, which possesses a 2π phase upon winding 
around the Fermi surface, as shown in Fig. 4a, while Δb1,2

 are degenerate  
and non-orthogonal, stemming from the mixing between the 

(px − ipy)-wave and f-wave superconducting states (Supplementary 
Section VI). Using the eigenvector basis, the RG flow equation of 
the order parameter reduces to

ε∂ Δ = − yln (6)y n n

where n denotes a and b1,2. Near the instability threshold yc, the 
interactions scale as γi = Γi/(yc − y). By substituting the scaling forms 
of γ1,4 into equation (6), we find the superconducting susceptibilities 
to diverge as

χ ~ Δ ∕Δ ~ − αy y y( ) (0) ( ) (7)n n n c
n

where αa = 2yc(Γ1 − 2|Γ4|) and αb = 2yc(Γ1 + |Γ4|). Here Γi can be 
obtained by substituting the scaling forms of γi into equation  (2). 
From Fig.  3a and also more generally, we obtain Γ1 as negative 
definite in the parameter space spanned by η1 and η ′1. Because the 
most negative coefficient of α determines the leading instability, 
the situation at focus highly prefers the chiral (px + ipy)-wave super-
conducting state rather than the degenerate superconducting states 
characterized by Δb1,2

.
Similarly, we can calculate the susceptibilities of the finite-

momentum BCS channels and charge density wave channels 
(Supplementary Section VI), with the corresponding divergent 
coefficients as listed in Table  1. In the weak interaction regime,  
the RG critical time Γ≫ ∣ ∣yc

, indicating that zero-momentum  
superconductivity dominates over other competing orders  
(Table  1). Moreover, by investigating the various types of sus-
ceptibility for the remaining stable and unstable fixed points, we  
can construct a phase diagram of the topological quantum states  
as shown in Fig.  4c. The stable fixed points with renormalized  
geometric phase ϕ4 = ±2π/3 and 0 prefer the non-degenerate 
(px ± ipy)-wave and f-wave superconducting states, respectively.  
In contrast, each of the unstable fixed points prefers doubly 
degenerate pairing states defined by the neighbouring stable fixed  
points (Fig.  4c). Here, a subtle point to note is that the super-
conducting states presented in Fig.  4c cover all possible zero- 
momentum pairings within the context of the present model study. 
In particular, the momentum-derived chiral p-wave or f-wave 
superconducting state is concurrently characterized by spin singlet 
and triplet mixed pairing in our non-centrosymmetric system51 
(Supplementary Section VI).

Based on the phase diagram depicted in Fig. 4c, we propose that 
hole-doped Pb3Bi/Ge(111) can serve as an appealing platform for 
realizing a 2D chiral topological superconductor due to the subtle 
interplay between the geometric phase and electron correlation. 
Depending on the pairing nature of the superconducting system, 
there are two conceptually different approaches to realize topologi-
cal superconductors. First, if the phonon or other boson mediated 
electron–electron attraction overwhelms the Coulomb repulsion, 
the system already possesses a net attractive interaction between the 
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Table 1 | Competing orders

Zero momentum Finite momenta

BCS αa = 2yc(Γ1 − 2|Γ4|) α(q1) = η1Γ2

αb = 2yc(Γ1 + |Γ4|) α(q2) = η1Γ3

Charge 
density 
wave

βs = 2Γ1 + 4(Γ2 + Γ3) ′ ∣ ∣β η Γ Γ= − ±± qq( ) ( )2 1 3 4

βp = −2Γ1 − 2(Γ2 − Γ3) ′ ∣ ∣β η Γ Γ= − ±± qq( ) ( )3 1 2 4

βd = 2Γ1 − 2(Γ2 + Γ3) β(q4) = −2ηΓ1

βf = −2Γ1 + 4(Γ2 − Γ3)

Divergent coefficients for different channels of competing orders, with ϕ4 = 2π/3 for specific 
illustration.
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electrons without the assistance of the geometric phase. In addition, 
as detailed in Supplementary Section VII, only the monopole at the 
Γ point contributes a finite geometric phase of ±π/3 to the interact-
ing channel γ4, driving the system from the unstable fixed point with 
ϕ4 = π to the stable fixed points with ϕ4 = ±2π/3. Consequently, we 
reach the chiral (px ± ipy)-wave superconducting states. Moreover, 
the corresponding superconductivity has also been substantially 
enhanced. Second, if the Coulomb repulsion overwhelms the boson-
mediated attraction, the geometric phase of ±π/3 provided by the 
monopole at the Γ point can drive the system from the stable fixed 
point with ϕ4 = 0 to the unstable fixed points with ϕ4 = ±π/3. Even 
in such situations, by applying a physically realistic Zeeman fluctua-
tion of δhz to move the monopole out of the 2D momentum space 
(Supplementary Section VII), the system can again be renormalized 
and stabilized to reach the chiral (px ± ipy)-wave superconducting 
states, as illustrated in Fig. 4c. Therefore, robust topological super-
conductivity is highly preferred in such superconducting materials 
with relatively generic pairing mechanisms.

Given the generic nature of the microscopic formalism developed 
in this study, it is expected that other types of quasi-2D supercon-
ducting overlayer on proper substrates could also harbour topo-
logical superconductivity, as long as those systems possess proper 
spin–orbit coupling. Candidate systems may include Te-doped FeSe 
or Te-doped NbSe2 superconducting overlayers. Indications of the 
topologically non-trivial nature of the former in the thin-film or 
bulk form have been reported in recent experiments26–28. For the 
latter, it would also be intriguing to see how Ising superconductiv-
ity and topological superconductivity might entangle52. Overall, 
the insights gained in this study will prove to be instrumental in 
searching for new types of 2D topological superconductor that 
may exhibit emergent physical phenomena; these systems are also 
inherently superior to existing platforms for detecting and braiding 
Majorana fermions.

Online content
Any methods, additional references, Nature Research reporting 
summaries, source data, statements of code and data availability and 
associated accession codes are available at https://doi.org/10.1038/
s41567-019-0517-5.

Data availability
The data that support the plots within this paper and other find-
ings of this study are available from the corresponding author on 
request.
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