Chapter 9

Introduction to Singular
Perturbation Theor

<

9.1.0 Introduction

Boundary layer in Solid mechanics

Boundary layer in bent thin shells:

* H. Reissner 1912, Spannungen in Kugelschalen-fKuppeln, Festschrift MueUer-
Breslau .

* Kelvin and Tait in 1867, Boussinesq in 1871. Love AEH: 4 Treatise on the
Mathematical Theory of Elasticity (Cambridge, 1892)

A boundary layer phenomenon in the
large deflexion of thin plates. The
Quarterly Journal of Mechanics and
Applied Mathematics, 8(2), 191-210.
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9.1.1 Roots of Polynomial Equations

Example: regular quadratic
2
x +ex-1=0
e asmall constant, say € =0.0000001.

—et+e* +4

2

Exact solutions x=

As =0, we have the unperturbed solution

x2+\}§\<—1:O » x=x=I1

* Fung, Y. C., & Wittrick, W. H. (1955).

Section 9.1

Roots of Polynomial Equations

9.1.0 Introduction
Boundary layer in Fluid mechanics

Prandtl Ludwig 1928. Motion of fluids with very little viscosity.
Vier Abhandlungen zur Hydrodynamik und Aerodynamik.

Prandtl’s paper gave the first description of

the boundary-layer concept in fluid dynamics.

* The viscous effects only exist in a thin
region (boundary layer) near the surface.

e Qutside the boundary layer, the flow was
essentially the inviscid flow.

9.1.1 Roots of Polynomial Equations

B Taylor expansion of the exact solution:

e &g ¢
~ 278 128 0(86) converge if
¥ g ¢ ¢ |8| <2

B Series method

power series expansion around x = +1
2 3
x==xl+a¢&+a,e” +a,e" +---

The same Taylor expansions can be reproduced.



9.1.1 Roots of Polynomial Equations 9.1.1 Roots of Polynomial Equations

Example: singular quadratic B Taylor expansion of the exact solution:

2
ex“+x—1=0
l—e+2&*-5¢° +0(84) converge if
€ is a small constant, say € =0.0000001. _
=101 ) 3 4 |5|<1/4
—1+1+4¢ ———l+e-2&"+5¢ +0(8 )
_ &

Exact solutions x =
2&

As €=0, we have the unperturbed solution B Expansion method

Assuming power series .
Why? be patient
exl+x—1=0 = x=1
a
x=—Y+a,+ac+a,e +--
Only one root ! <

Substituting into ex? +x—1=0

9.1.1 Roots of Polynomial Equations 9.1.1 Roots of Polynomial Equations

- | i
g 1(af1 +a_1)+80 (2a_1a0 +a, —1)+$(2a_1a1 +a; +a1) Balancing terms

balance the three terms  gx’ +x—1=0

+...=0
Comparing coefficients of € of same order _ _ _
(1) x and -1 is comparable, assuming € x?is smaller
gl afl +a_,=0 a, =-1 or a,=0 than other two terms.
. - a, =1 2
e: 2a_a,+a,~1=0 @ =-1 0 cx +x-1=0 = x=~1

el: 2a a+a+a, =0 a =1 a, =-1
0 Fhy * ! L e~ 0(s) < x~0(1)
1 x=1-¢&
X=——=14+&+-- 2
& +2&7 -+ Good guess
Singular root Regular root

9.1.1 Roots of Polynomial Equations 9.1.1 Roots of Polynomial Equations

2 . .
(2) ex? and -1 is comparable, assuming x is (3) € x*and x is comparable, assuming both terms >> 1.

smaller than other two terms. e tx_1=0 = |x| - 1 o> 1
€x2+\‘—1=O:>|X|~L>>1 2 1 1 :
Je ex’ ~0(e™) x~0(g™) >>0()

Self consistent

ex’ ~0(1) << x~0O(™"?)

2 . - -1
Bad guess When € x? and x balance, x is very large x~0(e™")

X )
rescale x, X=— with X ~ 0(1)
£



9.1.1 Roots of Polynomial Equations

We get a regular looking problem
X+ X-¢=0

Using regular expansion
X=a,+ac+aE + -

Comparing coefficients of € of same order, we get

1
X=——-1+¢&+--
€

9.1.1 Roots of Polynomial Equations

Consider another quadratic equation

em’+2m+1=0, O<exl1

Naive simplification leads to -1
1 2

2m+1=0—>m0z—5 o

3
00 02 04 06

assume a series solution around m,=-1/2 )

08 1.0

1
m=-—+me +me’ +---
2
We can find

One root lost

The naively approximated problem has a different
qualitative nature from the original problem.

9.1.1 Roots of Polynomial Equations

Casel.terms 1~ term3
em’+1=0 — m=ig"?

Check: em® +2m+1=0
|

o~ ¢ bigger than the rest two.
|125 1/2|>>1 &6

* Inconsistent.
Case 2.terms 1 ~term 2
em*+2m=0 — m=-2¢

| < |gm2| ~4e7! I |2m| ~ 4" consistent

-1
, m=0

root m=0 -> inconsistent

9.1.1 Roots of Polynomial Equations

Consider a quadratic equation

m* +em—4=0, O<ed

Naive simplification leads to
m —4=0 - my~+2
assume a series solution around my=+2
m=12+me' +me’ +---
We can find

m=2-Lorie me2-2ome
4

9.1.1 Roots of Polynomial Equations

The Naive simplification implies the root we are look for is

m~0(1), as £>0 em’ ~0(¢)
so we can find the root m, =-1/2.
But, we may lost the second root if
m-—>w, as &0 em’ >>1

Let’s compare the magnitude of three terms systemically
em’ +2m+1=0

Case 0. All three terms have the same magnitude
* all three terms are important
» we have to solve the original full equation.

9.1.1 Roots of Polynomial Equations

To improve the accuracy of root m, we use iterative method.
F(x)=G(x) m—> o

-1

e +2m=0  w— em+2=—-m

]

_ -1 - -1
m, =-2e" —g'm! e=—m=-2&" —g m

Y2212
Y e emy, g(—25'1) €
L B



9.1.1 Roots of Polynomial Equations

This indicates we may use series expansion to look for
the two roots

1
=

2
m, :—;+mo+mla+-~-

9.0 02 04 06 08 L0

9.1.2 A more complicated problem
Example 1. Find approximations to those roots ~ O(1)

Assume

naively x:1+xlg+0(82)

3 ext+ex’ =x*+2x-1=0

S(1+x18+0(82))4 +8(1+x18+0(82))

3

~(1+x+0(e*)) +2(1+xe+0(*))~1=0
2
£(2+0(g))-x¢’ +O(e3) =0

£:2=0 = x= 1+x18 + 0(82)

™~
Assumption is naive

9.1.2 A more complicated problem
balancing procedure: look for the rest two roots

* The case that the first two terms are negligible has been
considered.

* We consider the following balance:
ex' +ex’ —x*+2x-1=0
(@) ex'+ex’=0
(c) ex*+2x=0
(e) ex’—x*=0

(g) ex’—=1=0

(b) ex'—-x>=0
(d) ex*-1=0
(f) ex’+2x=0

9.1.2 A more complicated problem

A more complicated problem

Consider a quartic equation

ex'+ex’ —x*+2x-1=0, O<eg<<l
6
4t
2F
root = 0
_2_
—4f

_6 1 L
0.00 0.05 0.10 0.15 0.20

9.1.2 A more complicated problem
Let’s try with iterative method: F(x)=G(x)
ext+ex’ —x*+2x-1=0 — (x—l)2 =ex' +ex’
We can reach for the two roots iteratively

_ _ 4 3
X =1, x, =1t\ex  +ex ,

For example
X, =1, x, =1+4Jext +exd =142
7
x, =1+~/2¢" +58+2\/§83/2 +¢

Therefore we may use regular series expansion

1/2 2

x=1+ae"” +ae+a,e”” +--

Instead of x=1+x¢& +0(6‘2)

9.1.2 A more complicated problem

For example, check case (a)
(@) ex*+ex’=0->x=0 x=-1

ex'+ex’ = x*+2x-1=0

ex'=0(g) ex’=0(¢)
x*=0(1) 2x=0(1)  1=0(1)
inconsistency



9.1.2 A more complicated problem

Check case (b)
(b) ex*—x*=0

) — 1 (0)

1
=—, n e
P T Jz

ext+ex’ —=x*+2x-1=0

st =o(s) ¥ =o(s)

ex’ = 0(8—1/2) 0( —1/2) 0(1)

consistency

9.1.2 A more complicated problem

iterative method for more accurate roots:

ext+ex’ =x*+2x-1=0 —> ex’—l=x7?-2x"'-

F(x)=G(x)

[T - e[

e[xT -1=0

s[x(m ]2 -1= [x(“_l) ]_2
i

1 1 3
o__* o__1 2
Pl P o
(1)__1

Je

p and n can be expanded in power series of 1/

3
=+
2

-

Section 9.2

Boundary Value Problems for
Ordinary Differential Equations

9.1.2 A more complicated problem

Check all cases for consistency

X ext ex - 2x
ext ~ex o) o) o)
i ") Yy | o) |
ext ~2x oE") oE™) |
&x* ~1 oE") | B ™) |
EX =% oM o>

£x’ ~2x ")
ex’ ~1 o™

* (a), (c)-(g) are all inconsistent.
*  Only (b) is consistent:

9.1.3 The use of scaling
For quadratic equation

em’+2m+1=0, O<e<xl

em* +2m+1=0 correct scaling

Indicate the magnitude
2 1 1
root-2 m2=——+—+—g+---~0(8'1)
g 2 8

To get correct scaling, introduce m = g'm
m*+2m+e=0 i~ 0(1)

no single scale in singular perturbation problem.

9.2.1 Examination of the exact solution to a model problem

Consider a second order ordinary differential equation
2

d’y

d2+2fly+y 0, 0<x<l, O<exl

solution




9.2.1 Examination of the exact solution to a model problem

Consider a second order ordinary differential equation
2

gﬂ+22—y+y=0, 0<x<l, 0<e<l
X

dx?

Naive simplification
dy 1
2—+y=0 > y=Kexp| ——x
4 y=0 > y=Kexp-1x)

J’(O) =0 > y=0 Which boundary

X conditions
should be used?

9.2.1 Examination of the exact solution to a model problem

Exact solution:

cem” +2m+1=0 Characteristic equation

.‘.: Aeml.\' +Bem:.\'
m , = (—1 1 —g)/g

W(0)=A+B=0

_exp(m,x)—exp(m,x)

y(1)= Ae™ + Be™ =1

Approximate solution:

exp(ml)— exp(mz)

1

mR——, m,R——

y(x’g) ~ "2 (e—x/Z _e—zx/g)

9.2.1 Examination of the exact solution to a model problem

Exam the behaviors of the approximate solution:
y(x,&‘) ~ e (e—x/Z _ e—2x/g)
* B.C.at x=0 is satisfied

y(O) ~e? (e—x/Z _ e—2x/£)

* when x > g, the second term decays rapidly.

o SN2 (2 _ e l_f
y(x.e)=e(e >\) eXp(z 2)

Coincident with one of the naive solutions

=0

x=0

1 x
=1 - y=exp|——=
y(1) y eXp(z 2)

9.2.1 Examination of the exact solution to a model problem

We see in this BVP problem:

singular features similar to those of the algebraic
equations discussed above.

neither simplified solutions can satisfy both boundary
conditions

Perhaps, the simplified solutions is a good in certain

subdomain ?

9.2.1 Examination of the exact solution to a model problem

_exXp (m,x)—exp(m,x)
exp(m,)—exp(m,)

1/2 —x/2 —2x/e
yre (e —e )

Very good approximate solution

9.2.1 Examination of the exact solution to a model problem

£=0.1

Inner fegion outer region

0['
0f & 1 x

Boundary layer: rapid change



9.2.1 Examination of the exact solution to a model problem

Consider the case as €<0

2

eV a0, 0<x<l, 0<[g|<, £<0
dx dx

BC. y(0)=0, y(1)=1
@
Q 2 20, 0<exl, e=—£>0
a " dx
Bc. »(0)=0, y(1)=

9.2.1 Examination of the exact solution to a model problem

y
b
1~ -2(1-x)/e
y I~
£=-01
L ! =X
0 0s _..|—.l3|-._

outer region Boundary layer

9.2.1 Examination of the exact solution to a model problem

Yo(x)= exp[%(l—x)}
hm[hmy(x 8):| = llm[hm e ( e )}

Consider the following limit

x—0 x—>0 [ e>0
lime' e ~lim y, (x) = 3, (0) = ¢
but
_1 L U2 -xi2_ -2xle
iyt () | =l time'* (e )|
=11n30=0

The limit operator can be interchanged only if
limy(x,&)= x),xe(0,b),b>0
lim y (x,) = y, (x), x €(0,0)

is an uniform limit

9.2.1 Examination of the exact solution to a model problem

em*-2m—-1=0

1 2 2
m~-—, m~—=——>0
2 e £
—x/2 2x/e
e e —2(1—x)/e

—2/e ( 6/2 2x/e)

Coincident with one of the naive solutions as € >0

-2(1-x)/e

y=e

9.2.1 Examination of the exact solution to a model problem

uniform limit —&E8
£i_1)13y(x,8)=y0 (x),xe[a,l],a >0

We say

is an uniform limit, if
VE>0, 3D(E)>0, |y(x.&)-y,(x) <E,

asO0<e<D

N
y(x.8)=
|

04f 0.05,
0.02, .
0.00 uniform x € [0,1]

00 05 1.0

X \yo (x) _ e—x

e
uniform x € [a,1]

1
si/, Not uniform x € (0,1]

I
1
[ 1
vla 0.2 04

9.2.1 Examination of the exact solution to a model problem

Summary

* the outer solution y,(x) does not satisfy the boundary

condition at x = 0.

*  Yo(x) is the limit of y(x,€) in (0, 1] as ->0

*  Yo(x) is the not the uniform limit of y(x,€) in (0, 1] as e->0

what is an appropriate approximation for small €

inside the boundary layer?
* Inner solution



9.2.1 Examination of the exact solution to a model problem

For a fixed x close to the origin, it will be out of
the boundary layer as € small enough

0.02, 1/2( —x/2 —2x/s)
X, g)~e e —e
0.005 y( )

9.2.1 Examination of the exact solution to a model problem

Inner solution y; (&)

Define &= 2 forxin boundary layer
g

then y(x,&)=y(le,e)=Y (<€)

Inner solution ¥, (&)= lim Y (&,¢)

£ fixed

In our problem:
y(x,e) ~ e? (e—x/Z _e—2x/£) =2 (e—gg/z —e ) — Y(f,s)

(€)= limY(5e)=e" (1-e7)

£ fixed

9.2.2 Finding an approximate solution by singular perturbation methods

Let’s solve ODE

d’y . dy

e—+2—+y=0, 0<x<l, O<exl
dx

dx

2%"‘)’0 =0, y, (1)=1 =V, (x)ze(l—x)/z
* inner solution
Let §=§ y(x,g)zy(§5,8):y(§’g)

e dY 2dY
thus ———+t—=——=+V=0
o d& 5dé

v, (.X) _ e(l—x)/z

9.2.1 Examination of the exact solution to a model problem

edge of boundary layer ?

f{'/ \
of [

/ intermediate
region
05 g == ?
Inner ; 2
| outer region
region

0.1¢ 4s

The so-called “ edge” of boundary layer is obscure, but
* x=0.1g is well inside the boundary layer
* x=4¢ is well outside the boundary layer

9.2.1 Examination of the exact solution to a model problem

¥, (x) =2 (1 _e—2x/£)

1.0

—x/2 —2x/e
x —e X, )

[/ intermediate y(x.e)~e(e

| region

0.0 0.2 04 0.6 0.8 1.0

9.2.2 Finding an approximate solution by singular perturbation methods

Pairwise balance:

2 2
iﬂ+££+Y:O izd—):+£d—Y+Y:0
5 dEr 5 dE 5*dEr s ds
6=z o=ef
o) o) o) o™ 0E™) o)
inconsistent consistent
2
d { 29 oy —o
& T dE

| ¥ (£)=lim ¥ (&.6)
£ fixed

d’y, ,dy
—L4p =L -0 0)=0
dé:2+ dé: yl( )

inner solution y, (X) = C(l_e_%t)



9.2.3 Matching
The scales of three sub-domain :

* Inner region x=0(5) 1irr(}g=oo
* Intermediate region =0l®e
' g X [ (‘9):| i o
¢ Outer region x=0(1) glir(}T_o
In intermediate region, x can be rescaled by
X X =
n=—-= —
©(c) s X_1O
The inner and outer solutions matches if o

lglgé[y 0 (x)L:”@} - lglf(}[y ! (§)|§='z®/5} 7 fixed

9.2.3 Matching

Another way for the uniform approximation

yo (¥) =, (gjy (x)/lim v, (7©)

1/2 —2x/ 1-x)/2 1/2
=e (l—e ”)e( 2 e

9.2.4 Further examples

e outer solution

2 %o
dx

13,20, yo(1)=1 = yo(x)=e"?

inner solution

X
let §==  y(x.e)=y(de)=Y(Se)
e d’Y 2dY
thus ———-———-
o dé odé

o) 0™ o)

o

9.2.3 Matching
In the present problem

lim [ Yo (x)|x=”®] = lim 77 = ¢!

£0
7 fixed n fixed C= el/z
tim [ 3, ()], | = lim C(1-¢™°%)=C
e L1 (5) E=n@l8 | 50
n fixed 7 fixed

We find the uniform approximation for the whole domain

70 =213, (5)-tim o (70)
&2 (1_8—2x/$)+e(1—x)/2 —e?

1/2 (e-x/Z — e )

e

9.2.4 Further examples

Example 1. as &<0, we know the BL is at x=1.
But if we still pretend BL locates at x=0,
matching will be impossible

2
Y 20, 0<exl, e=—£>0
dx dx

sc. »(0)=0, y(1)=1

9.2.4 Further examples

2
Y 4 y=o
g~ dg .
l Yr (St)zeliron Y(fje)
) ¢ fixed
dyz[_ @—0 J’1(0):O
T

v, (x)=C(l—e2§)

In intermediate region, x can be rescaled by

ne

— x=n0 &= _?

£
o



9.2.4 Further examples

lim9 =0 1im9 =0
e>0 § e—0 ]
elilgl |:y0 (x) x=7]®i| = el_igl e(l—ﬂ@)/z =2
77 fixed 7 fixed 0 # e1/2
. o _mers _
elirgl [y ! (f)lfﬂz@/&} B el_lgl C(l ¢ ) =

7 fixed 7 fixed

matching is impossible

9.2.4 Further examples

e outer solution

yo(x)EO

d
2;;+y0=0, 15(0)=0 =

e inner solution

Let §=1‘Tx v(x,e)=y(E5,e)=Y (&)
ed¥ 2dv . _
thus o0& s ag
o) o) o)

9.2.4 Further examples

1im9 =0 lim9 =0
e>0 § e—>0 ]
elilgl |:y0 (x)|x=1_,7@:| = 0
7 fixed
. . _2@
}j}{}l [J’; (§)|5=,7®/J = elirgl Cle 9 -1|+1=C-1
7 fixed 7 fixed

the uniform approximation

o (¥) =y, (FTXJWO (x)—lim y, (70)

—2(1—x)/e _

_ e2(1—x)/s

9.2.4 Further examples

Example 2. as &<0, we know the BL is at x=1.

d’y ., dy_

e
dx’ dx
sc. y(0)=0, y(1)=I

y=0, O<exl, e=—¢>0

9.2.4 Further examples

2
d Y+2d—Y—eY=0

&> d
: I : 3 (£)=lim ¥ (£.¢)
£ fixed

2
DY Doy, 1)=1
dg dg

v (x)= C(e_zf —1)+1

In intermediate region, x can be rescaled by

x=1-n0

9.2.4 Further examples
General procedure:
e for singular perturbation BVP for 2" ODE
* works often but may fail

Consider the boundary value problem
8y"+f(x,y,y') =0, y(a) =A, y(b) =B, £€>0

Suppose boundary layer locates at x=a

(a) Determine the outer approximation y, by solving

f(x,y,y')zO, y(b)=B



9.2.4 Further examples 9.2.4 Further examples

(b) Introduce the boundary layer variable (c) Determine y,(€) by solving

=% 5(5) Zl—gﬁF(g,y,,‘éiJ 0, y,(0)=4

where the sign is chosen to make ¢ positive

(c) To find the arbitrary constant in the above solution

With the notation Y (&£, )= y(a+S6,¢) introduce the intermediate variable

g d’ 1 d Xx—a

=2 +E5,Y, 1= =0 ==
5% d? S dE 0(¢)
O'F Y ar
Suppose the second term has the form Z, ’d_f lglf}(}_ — lglf)%T ~0
8 S
Balance: yzés S55=£"0" s>
9.2.4 Further examples 9.2.4 Further examples
(c) Determine y,(€) by solving Example 3. Find outer and inner approximations for

small positive € to the solution of

d’y, dy
2V ke 220, v (0)=4
e (5 T ¥, (0)

BL:x=0
'(c) To find the _arbitrary _constar?t in the above solution y(O) =0, y(l) =1, a(O) =qa,>0, ﬂ(O) finite
introduce the intermediate variable
n=+ hmg —w hm@ —0 * outer solution
@(8) e—0 § e>0 ]
SV Y 0, y(1)=1
Impose the matching requirement a(x) i +,B(x)y =Y, y( ) =
l —li fixed —exp| [£
i 20 () e | =[N | 7 v o () =exp| [ ds
9.2.4 Further examples 9.2.4 Further examples
* inner solution Matching
Let §=£ 5(8)—)0 ase—0 Czexp[rﬁds}
‘o
o
e d Y+a( §)dY+ﬂ(5§)Y 0

§2dE 5 dé

o oE) oW

d’y, dy,
=0, 0)=0
e +a,—L d§ v, (0)=

yl(x):C(l—e'a°§)+1




