PART B

Some Fundamental Procedures

Illustrated on Ordinary Differential
Equation

Section 6.1

The Basic Simplification Procedure

6.1.1 The Basic Simplification Procedure

Example 1. The projectile problem.
X =x (t*; V,R,g)

x*: distance from earth surface

t*: time

V: initial velocity

R: radius of earth (6378.1 KM)

g: gravity acceleration
M,m: mass of earth and ball

Q- O

r

mpxm
R=R=G—pz

Newton's law of universal gravitation

Chapter 6

Simplification, Dimensional Analysis,
and Scaling

6.1.1 The Basic Simplification Procedure
Basic simplification procedure:
1. Identify relatively small terms

the smallness is gauged relative to other terms.

2. Delete small terms and solve the simplified problem.

3. Check for consistency.

use the simplified solution to check the deleted are small.

~ : seems to be approximately equal to

~

~ : is approximately equal to

6.1.1 The Basic Simplification Procedure

The acceleration on the earth surface is g

2
mg=GMZngR2=GM3F=mgR—*2
R (R+x )
Therefore, we have the IBV problem
d*x’ R* ) .
== & — dx(*o):V x(0)=0
dt (R+x ) dt
Assuming x" < R The Simplified IBV problem now reads
d*x’ dx*(O) .
) .1, L dx .
=——gt +Vt —x=-gt +V
Solution x > g r g

Genuine
at t' =V /g, the maximum x,  =V"/2g< R consistency



6.1.1 The Basic Simplification Procedure

Example 2.  x+10y=21, Sx+y=7
solution x=1, y=2

1. Identify small term — 1x+10y=21, Sx+1y=7

1 <10

2. Delete small terms \1\§+10y=21, Sx+1y=7

Simpilified solution y~2.1, x~0.98

3. Check for consistency  1x+10y=21

1x0.98+10x2.1=21.98
0.98 << 21

genuine consistency

6.1.2 Two chastening examples

Introducing a small parameter &, and rewrite as
ex+y=0.1, x+101y =11

the exact solution

0.9 0.1-11¢
- = 1/101
x(2) 1-101¢ v(e) 1-101g’ &7

The previous simplified solutions actually are

x(0)=09 y(0)=0.1 as £=0

Our problem is whether

x(s)zx(O) y(s)zy(O) as £€=0.01

6.1.2 Two chastening examples

Example 4.

f(x) :(x—l)(x—Z)(x—3)---(x—20):x2° —210x" +---

We have zeros at the 20 positive integers

1000 -
500 -

NP

—s00 |

1000t

6.1.2 Two chastening examples

Example3. 0.0lx+y=0.1, x+101y=11
solution x=-90, y=1

Simplification  0.0lx+y =0.1, x+101ly =11

Approximated

y~0.1, x~11-101*%0.1=0.9
solution

Consistency 0.0lx+y=0.1, x+101y=11

check ('] ']
0.01x09+0.1=0.109 09+101x0.1=11

But it is wrong! Why?

6.1.2 Two chastening examples
_0.1-1l¢

0.9
(&)= 1o V&) =T on

x(0) 2E0.9 J 0)=o01 l.y(()i):l

0.005 /Nm 0.015 002‘ < T - —
“ £=0.0099 p €
i x(0.01)=-90
%(0.01) =90 x(0) = 0.9 »(0.01)=1#y(0)=0.1
In simplified solution, we see But in fact, it is not
apparent consistency genuine consistency
0.01x(0
M=0.09 as &=0 M:OS as £=0.01
() [y (0.01)

0.01x+y=0.1, x+101y=11

6.1.2 Two chastening examples

But if there is a tiny numerical error like

f(x)=x*—(210+¢&)x" +--- with & =-27%

* the first 10 zeros are almost unaltered.
* the rest 10 zeros are radically altered to five
pairs of complex conjugate roots

10+:0.64, 12+41.7, 14+i2.5, 17+i2.8, 20%i19
* apparent and genuine consistency verified
ex(¢) <210x(g)” or ex(0)” <210x(0)” ase=-27

* but some roots are still wrong



6.1.3 Conditioning and sensitivity

ill conditioned problem (J&E75HY):
* solution is sensitive to a neglected term T.

The only secure statement:
* No apparent consistency means poor approximation.

To see this, let

* x the true solution

* X the approximate solution with term T neglected.
* T(X) small, apparently consistent

* T(x) small, genuinely consistent

If the solution is not sensitive to the neglect of T,

srnallT(x) = X=x = smallT()?)

6.1.4 Zeros of a function

Let x(e¢) azeroof f(x, €), i.e.

f[x(2).6]=0

with € a small parameter.

Let =0, and ¥ = x(0) is a zero of the simplified equation

£[7.0]=0

i

flx, €)°

6.1.4 Zeros of a function

Define equation error = f(x,g)—f(x,O)

Genuine equation error
g=1[x(e)e]-1[x(e) 0]
:_m_%@ [x(¢)-x(0)]+0(2")

= —gfx(o))qE (0)+ 0(82)

Residual equation error
= £ [x(0).] s [x(0):0] = s[x(0)0] e L

—efO +0(£%)

+ 0(82)
+(0)

6.1.3 Conditioning and sensitivity

What is large or what is small ?

Consider Temperature:  0°C=273.15K (absolute temp.)

T, .=1C. T

true approx

=274.15K.

=1.1°C. error: 10%

=274.25K. error: 0.036%

To decide larger or small,

* scientific grounds

* must be independent of the units employed
* Where is the zero point

6.1.4 Zeros of a function

In the previous example:

f(xe)=x"—(210+¢&)x" +---=0 f[x.€]=0
f(%,0)=5"-(210+0)%" +---=0 f[%,0]=0
f(%e)=5"-(210+)" +--=—ex" =r  f[fe]=r

!

f(x,0)=x"-(210+0)x" +--=ex’ =-g [[x,0]=-g

g=r

6.1.4 Zeros of a function

We also have full Taylor expansion
flx(e).e]= f[x(O),0]+g{fx(0)xg (O)+f£(°)} +0(*)
=0 =0

To the first order  /*)x_ (0)= —f©
or g=r

g= _gf;c(O)xs (O)
r= Efg(o)
Therefore the error of the solution :

(0)
h= X(S)—X(O) = £x€ (0) =—¢ j}(o) - fr('O) - f%))

the error h depends on :

* the residual r or the genuine g
* the condition fx(o)



6.1.4 Zeros of a function

f(x€) /(x,0)

r=f[x(0),] ~ef

///”(m ¥ [g&T]

g==f[x(¢),0]~-2£"x,(0)

r
h=x(e)-x(0)=¢x,(0)=—— = [2)o_L [
A x FO\x
il conditioned
if |fx(°) <1 == Smallresidual r, big error in solution h

6.1.4 Zeros of a function

Newton’s method (also Newton—Raphson method)

To find the root of £ (x) =0

If x,, is an approximate root, we have Taylor expansion

f(x)zf(xﬂ)+fx (xn)(x—xn)+0(x—xﬂ)2 -0
¢ (x.)

~ _ _f xn
XX, =X, jpx(x")
f(x,) is the residual

slope =7 (i)—

Newton’s method for finding
an isolated real root

h=x(8)—x(0)= -]

_r
a f(o)

*p1 *n

6.1.5 Second order differential equations
We see
f(tx. %, %)= f(1,x(0),%(0),%(0),£)
+e fox, + i, + X+ ], +0(52)
Thus to the first order
fz(o)xio) + f3(°))‘c§°) 4 f4(0))-5£0) —_ 5(0) or g=r

Define
F(z):( 2(0)’ 3(0)’ 4(0))

(1) = (x - x(0). £~ £(0). %~ (0)) = £ (x50, 5" + O(s?)

F-h=-r

So, r|:lF'h|:|F||h||C°s(F’h)|s|F||h| -’ |h|2%

6.1.4 Zeros of a function

In example 4:
f(x)zx20 -210x" +---
f(x)zxzo—(210+5)x19 +-

h 1 r exb For later zeros, h/x

1
R increases because:

with ¢ =-27%

x>1, fx(o)varies

6.1.5 Second order differential equations

Consider an initial value problem x(t, €),
f(txx,%¢€)=0; x(0)=4, x(0)=8, |¢|<], :%
with € a small parameter.

An approximate zero
f(#:x(0),%(0),%(0),0)=0

Genuine equation error
g=—f(t.x,1,%0)=—¢[ fx, + fix, + f,3.] ,+0O(&")

Residual equation error

r=£(6.x(0),5(0).%(0).¢) = [ £],_, +O(&’)

6.1.5 Second order differential equations

Example: non-dimensionalized projectile problem
i+(l+ex)” =0; x(0)=0, %(0)=1
the parameter € = V2/Rg is small.
In this case
f(6,x,0,%,6)=i+(1+&x)” =0
F(t) _ (fz(o),f;o),ﬁ‘(o)) _ (0’ 0’1)
h() =2 (x", 5", %)

r~g& [fS ]g=0 ~—2ex" (t)



6.1.5 Second order differential equations 6.1.5 Second order differential equations

F-h=—r Example: nonlinear pendulum
. ! G+e"? sin(51/2«9)=0;
::(0) _ (0) 2 .
EX, =2ex (t)+0(8 ) 0(0)=1, 8(0)=0, 0<e<xl
i
. With ©(t) angular displacement. ¢ is the initial
‘sx£°)| <2¢ max|x(°) (t)| +0(82) displacement.

Zeroth approximation:

- =gV +0(e?) < ¢

O+ sin(gme) —0—20 5900 4L g _

v pih e o b 2 ) b 48 3
Bk, §@RERDS —e §x #hR AR o
0" =cos(r)

6.1.5 Second order differential equations 6.1.5 Second order differential equations
. . Forcing term
f(t’0,0’995)=9+g_1/2 sjn(gl/29)=0 B 1 0\ = A(t)cost + B(t)sint
0 A0 O 49;0) +0;0> :gcos% A(,):_lfsmg.cos—*gdg
F(1)=(£ A0, 79)=(10.1) . O
6" (0)=0, 6"(0)=0 Bl1) = [eosé-cos’ éd

h(1)=2(0.6,0)

1 . .
o . —sing”?09 46209 cos 0" gr o T 6, (t) = 5 J;(smtcos &—costsin&)cos’ £d&
r=¢f; =511£r(} VL =g[9 ]
g &

a2 — 0= [smo-cviens s

We obtained DE on 8® eT
Lo — |56[§°’(t)|s?, (0<t<T)
O +0," =—ccos't 6(0)=0. 67(0)=0
6.2.0 Dimensional analysis
Scaling, self- Many of those who have taught dimensional
similarity, and ; ; ;
interme‘!:iiate an:falyils h:j\cve]c r;eallzed that it has suffered an
= asymptotics unfortunate fate.
Section 6.2 ! el

The idea of dimensional analysis is based is very
simple: physical laws do not depend on arbitrarily
. . . chosen basic units of measurement.
Dimension Analysis
An important conclusion: the functions that express
physical laws must possess a certain fundamental
property, which in mathematics is called symmetry.

Dimensional analysis, researchers have been able to
obtain remarkably deep results that have
sometimes changed entire branches of science.




6.2.0 Dimensional analysis 6.2.0 Dimensional analysis

Proof of Pythagorean Theorem Partition the right triangle into two right triangles

* Physics: angle « and side ¢ determine a right triangle. .
* a, b, fare functions of ¢, c. A(a,c) =4 (a,b) +4, (a,a)

* Dimension

[a]=[Al=1 [a]=[b]=[c]=L [A]-L? ||
czf(a)zbzf(a)+a2f(a)
(|

with dimensional reasoning,

a(a,c)=cf, ()

2— 22 41 h2
b(a,c)=cf,(a) c=at+h
Blee)= 1, (@) R
thagorean Theorem
A(a,c) =c? f(a) Pythagorean Theorem yihag
6.2.0 Dimensional analysis 6.2.0 Dimensional analysis
Dimensional Analysis refers to the physical nature of The international system of units (SI)
the quantity (Dimension) and the type of unit used
to specify it. Fundamental Dimension Base Unit
I
length [L] meter (m)
. . . L
Distance has dimension L. mass [M] kilogram (kg)
L
Area has dimension L2. time [T] second (s)
Volume has dimension L3. L electric current [A] ampere (A)
Time has dimension T. = absolute temperature [6] kelvin (K)
s d has di ion L/T L _ luminous intensity [/] candela (cd)
peed has dimension
T amount of substance [n] mole (mol)
6.2.0 Dimensional analysis 6.2.0 Dimensional analysis
. . X=xU=x"U’
Secondary dimension .
size
;=10 cm X : physical quantity
Velocity [v]=LT? =100 mm X, X’ : measurement
Acceleration [a]=LT2 A U, U’ : unit
Force [F] = M L T'Z ‘HHﬂml\HHHHVWHIWHmqHmHHWH]WV\\IWH[I\UWWH[WI‘IWHIﬂHWHI‘HHWIWUHI‘WI[WWHWWIH[HHPH\ﬂ[U‘\I\WWHHW\Ilﬂmﬂ‘
001 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
Pressure [Pl=ML1T?2 il

Mass Density  [p] =M L3

* The measured value of a quantity depends on the
unit of measurement.

* Such dependency is called dimensional.

[Physical Quantity] = M2 Lb T¢ ¢ Otherwise, called dimensionless.



6.2.1 Nondimensionalization of a differential equation

The projectile problem:
d’x" B gR’

_ dx’ (0) _
dt” (R+x )2 dt

*

y x(0)=0

Solution X =x (t*;g, R, V)

x*. distance from earth surface
t* time

V: initial velocity

R: radius of earth (6378.1 KM)
g: gravity acceleration

A two-step procedure for nondimensionalization

6.2.1 Nondimensionalization of a differential equation

Step B. Construct new dimensionless variables.

ot
Y= T

L=R T =RV~ intrinsic time

intrinsic length

¢ the two new variables are dimensionless
¢ their numerical value is the same whatever
unit of measurement is used.

if R = 4000 miles, x* = 8000 miles, theny = 2.

If R=6436 km, x*=12,872 km, theny=2.

6.2.1 Nondimensionalization of a differential equation

x t R=Tt

L ly==—,
—>t=RV™'

T
R RV

dzx*: R dzy:V_zdzy
dt* RW?*dr* R d7’

gR® _  gR® g
(R +x )2 (R+ Ry)2 (1+ y)2

2 — .
sy 1 y=y(r:¢)
dr (1+y) )
(0)=0, p'(0)=1  e=L =l o
y - ay - gR R

6.2.1 Nondimensionalization of a differential equation

Step A. List all parameters and variables, together
with their dimensions

Variables Dimension
Dependent variable x* b
Independent variable ¢* g

Parameters
Gravitational acceleration g T2
Initial speed V' L6
Earth radius R L4

6.2.1 Nondimensionalization of a differential equation

Remarks:

(i) Intrinsic reference quantities are defined to be gauges in a
given problem.

(ii) We have different choices of Intrinsic reference quantities

intrinsic length L intrinsic time T

1 R RV
2 R Rg™
3 Vyig™ Vg™

6.2.1 Nondimensionalization of a differential equation

R=1gt’

—>1~ \/Rg_1




6.2.1 Nondimensionalization of a differential equation

3 X = x* T= t* hmax :%Vzg_l
| Vzg_l ’ Vg_l Z‘max = Vg_l
I Vgl dx X
at? Vgl dr = h. < [O 1]
_ ng _ ng - g

(R+x')  (R+Rx)  (1+x)
Px 1 x=x(z;¢)
de*  (1+ex) ;e
x(0)=0, x'(0)=1 dalre mx ]

6.2.1 Nondimensionalization of a differential equation
f(x'.58.RV)=0
* * . .
x g™ R*V* dimensionless
rore (Lr7)” L (L77)°
— La1+a3+a4+a5 Ta2—2a3—a5 =1
o +o,+a,+a;=0
o, =20,—o; =0
a,=—o,—a, +a,
o, =a, -2a,

(0{1,0{2,053)

6.2.1 Nondimensionalization of a differential equation

2. Second combination
(e, a5, 05,0, 06,) =(1,0,0,-1,0)

*lt*OgOR—lVO — x*R—l N

x=x /R

1
(a,0,05,0,,05) = (01 5 —2,0)

3 degree of freedom

Ot*lgl/ZR—l/ZVO — t*gl/zR—l/Z N f= t* / g_lR

(a4, a5, 05,0,,06,)=(0,0,1,1,-2)

Ot OglRlV—2 — gRV—Z N

e=V?/gR

6.2.1 Nondimensionalization of a differential equation

* There exists many reference times, e.g.
T=RV' T,=JRg"' T=Vg"

 Transition between them, 7, = h(e)Tj

JeT, = V- gy Rg™ =T,
gR

™
3
Il

Ve Ry - Vg =T,

6.2.1 Nondimensionalization of a differential equation

1. First combination

(a4, a,05,0,,06,)=(1,0,0,-1,0)
'RV =xR" > |x=x"/R
(e, 00,05, 0,,05) =(0,1,0,—1,1)
R =RV > =1/ RV
(a5, 05,0,,0,) = (0,0,1,1,-2)
‘¢'RV2=gRV?—> |e=V’/gR

6.2.1 Nondimensionalization of a differential equation
3. Third combination
(a0, a5,05,0,,0)=(1,0,1,0-2)

X'tg RV =xgh " > x=x/V’g"
(e, @, 0,0,,0) = (0,1,1,0,—1)
XU RV =gV > t=t"/Vg"
(.00, 0,,0,) = (0,0,1,1,-2)
“r°g'RV=gRV? >  &=V?/gR




6.2.1 Nondimensionalization of a differential equation
Via dimensionless process
% £ *
X =X (t ;g,R,V)
|
x=x(7;¢)

We see many benefits. And one can say that the
time to reach maximum height is

7, =f(¢)

6.2.2 Nondimensionalization of a functional relationship

(1) Assume that a dimensionless quantity of interest is a
function ¢ of the dimensional parameters.

—t;l =O(V,g,R

Rl/2g—1/2 - ( & )

(2) Construct a product of powers of the parameters in
the argument of ¢.

n=V*g"R’

(3) Insert the dimensions of the various quantities.
[a]=(LT7)" (LT2) (L) = L2

where, [x] is the dimension of x

6.2.2 Nondimensionalization of a functional relationship

Finally, we have

5

— M ___—d(V.gR)=d¢| = g
Rl/zg—l/z ( g ) ¢( 2 ) gR

|
o pl2 _-1/2 ﬂ
tM_R g ¢(V2\J
_gr- V48R
H - Rg¢(V2J
=RV'Jep(1/¢)
=RV f (&)

- . R
— RR™2py 1g 1/2¢(%

6.2.2 Nondimensionalization of a functional relationship

* The following relation obtained from dimensionless DE.

t y?
M_l ) f (_)
RV oR

* Now we try to deduce it without DE

How?

6.2.2 Nondimensionalization of a functional relationship
(4) To require a dimensionless parameter 1t
a+pf+y=0, —a-2=0

(5) Find the general solution in terms of arbitrary
constants ¢, C,, ..., etc.

a=2c, P=c¢, y=¢

R
T = V—ch cchl iz
R :
T = %, with ¢, =

6.2.2 Nondimensionalization of a functional relationship

Buckingham Pi Theorem

Historical Note

* The Buckingham Pi Theorem puts the ‘method of
dimensions’ first proposed by Lord Rayleigh in his book
“The Theory of Sound” (1877) on a solid theoretical
basis, and is based on ideas of matrix algebra and
concept of the ‘rank’ of non-square matrices which you
may see in math classes.

* Although it is credited to E. Buckingham (1914), in fact,
White points out that the theorem has also appeared
earlier in independent publications by A. Vaschy (1892)
and D. Riabouchinsky (1911).

On Physically Similar Systems; Illustrations of the Use of Dimensional Equations.
Buckingham, Phys. Rev. 4, 345 (1914).



6.2.2 Nondimensionalization of a functional relationship 6.2.2 Nondimensionalization of a functional relationship

Consider a physical relationship:
s P * The dimensions of group b,, b,,... b,, is expressed as
a=f(a,,a,,a,;b,b, b))

pl p2 pk
. : . I~ [b]=[a] [@]"[a]
* aisthe quantity under investigating
. ql q2 gk
* Governing parameters a,, a,,..., a,, b, b,,... b, [bz] = [al] [az] '--[ak]
e Group a, a,,..., a;have independent dimensions.
e Group b, b,,... b,, is dependent on Group a,, a,,..., a;

[b.]=[a]"[@]"[a]"

For example

a, length [a,]=L

a, velocity [4,]=LTt * The dimension of a can be expressed by the first group
2 24~

a, energy [a,]=ML2T?2 _ ml m2 mk
: : la]=[a]" [a,]" -~ [a]

b, acceleration [b,] =L T2%=[a,][a,)? [a;]°
b, viscosity (bl =M LT=[a,]?[a,)? [a;)*

6.2.2 Nondimensionalization of a functional relationship 6.2.2 Nondimensionalization of a functional relationship

Let’s change the units, * The fundamental physical covariance principle

' claims that all physical laws can be represented in

a =Aa, a,=Aa,,...,a =Aa
1 =ha, G =4, k a form equally valid for all observers.
- . - * This principle is valid for observers using different
[a] = [Cll] [Clz] "'[ak] magnitudes of basic units.
X=xU=x"U’

a mlam2 |, ﬂymk -a X=Ax A=U/V’ We may rewrite

X : physical quantity a’ If(af,aé, . ak ,b' bl . b')
X, X’ : measurement

With the same reason,

— . qpl pk sl sk
C= AP A b U, U’ : unit = f(Ahay, - a s A7 AT D AL AT by)
ml 4 m2 mk
A AT a
sl 952 sk — gmlam2 4 mk ..
bn,1:ﬂ'l€ 2’; ﬂ’l: bm - 12 ﬂ“k f(alaaza ak 7b b b )
6.2.2 Nondimensionalization of a functional relationship 6.2.2 Nondimensionalization of a functional relationship
1 1 1 In all
Let'schoose A =—, A =—,... A =— '
a a a p— CECI) ° LAY
al ? k a_f(alaaZa a; >b1=b2’ bm)
then 4’ =——
m m m
a a, ---a; @
et b =Ll s )
- ? v pl_p2 _pl? > sl s2 sl
a, a, -a a, d, ---a; 'y
now introduce the dimensionless parameters
a —
H: ml _m2 mk H_q)(]:[l’ ’Hm)
a, a, k
bl b Buckingham Pi Th
=— I, =—"— uckingham Pi Theorem
1 pl > Tm sl _s2 sk

. pk ’ DY
a az a; a, a, a;



6.2.2 Nondimensionalization of a functional relationship

Example: in the flow of a fluid through a long cylindrical

pipe, the pressure drop per length reads
dpldx=f(U,D,p;p) k3, m=1

+ U the mean fluid velocity [dp/dx] =ML’T>

* D the diameter of the pipe [U] = LT [D] =L
* p the fluid density

*  p the fluid viscosity [p]l=ML?  [u]=ML'T

* The dimensions of U, D, p are independent.
* The dimensions of y and dp/dx can be expressed as

[«]=[U][DP][p]=LT"-L-ML® =ML"'T"
[dp/ax]=[UT [D] ' [p] = 2T L' ML = ML*T™

2
dp/dx:ﬂcp _H
D \UDp

Two assumptions:
1. The energy (E) was released in a small space.
2. The shock wave was spherical.

R=R(t,p,E)

* R: the size of the fire ball (function of t)
* t:time

* E:energy

* p: density of the surrounding air

Let’s perform a dimensional analysis:
[Rl=L [t]=T [p]=ML3 [E]=ML2T?2

* n =4 physical variables and d = 3 dimensions
* Pitheorem: only one dimensionless group I1;

R=(E/p)Y/5 t¥>  Taylor estimated c=1

4
log R=0.4logt+0.2log(E/ p)

Blast Radius vs Time

, 0.2 log(E/ p) =1.56
R | p=12kg/m3
I
156 E=7.9x10%3 )

-

log (t)

the atomic energy E =

G. |. Taylor’s 1947 Analysis

Published U.S.
Atomic Bomb
was 18 kiloton
device

I, = RE‘t"p°

1=[R)[E] [] [p] =L(MLT) 1" (ML)
— L1+2a—3ch—2aMa+c

1+2a-3¢c=0
b-2a=0 = a=-1/5 b=-2/5,¢c=1/5

a+tc=0

Hl — RE—I/St—Z/Spl/S = R =c t2/5E1/5p—1/5

R'p
ct?

6.2.2 Nondimensionalization of a functional relationship

= 19.8 kilotons TNT

i 3. AR 44 2 )

w AR B—RE. B _THEGEELHE)
o SR GAATHARM, R X6 EFRELKANR
o ARG RERLBAR, N AH T HABM
n AR
o ORTARIH, OQRERAHKANE
o BRXISAR A TR R HEEA.
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6.3.0 Introduction 6.3.0 Introduction

Last section shows: And alternatively,
* deleting a small parameter is not as simple as it looks,

a2 — 2 — 2 —&n
because of ill conditioning and sensitivity. Let x =&, w(n,g) u(g 77’8) ente

* afirst approximation can be obtained by €=0 W(77 0) =1lim 8277 +e =1
2
* But we now see it is dangerous in doing so. For £-0
example, consider Now we have three limits for the first approximation

’ E+—x/5,0 Sl, 0
u(x,e)=x+e <x &> u(x,0)=x, u(x,0)=¢*=¢"", u(x,0)=1
u(x,0)=lin;1 x+e ' =x

: i i ?
or we can rewrite as Which one is correct?

Let x=¢&, v(&,¢)=u(el,e)=el+e~

v(£,0)= lim s+e=e"

6.3.0 Introduction 6.3.1 Definition of scaling
The projectile problem: .
1. yzx_*’ TZL_I 2. z—%, rzt—_l The answer is Scaling:
R RV Rg * Scaling is the correct way of nondimensionalization
8\4231 __ 1 d_zi _ _;2 * The key is to select intrinsic reference (scales) quantities
d}i (1+y)2 dr (1+Z) * Inthe dimensional equations, each term is a product of

y(0)=0, y'(O):l z(0)=0, Z'(0)=\E\ two part:

* dimensionless factor: ~ small or larger

3. x= al T= ! £=V—=ﬂ<<1 o di i i .
. Tk Vg R R imensionless variable: 0O(1)
d’x 1 * We can determine the smallness from the factor.
d7 == (1 +}\<)2 How to choose
dimensionless variables?

x(O) =0, x'(O) =1

6.3.2 Scaling the projectile problem 6.3.3 Order of magnitude
%sz =mgh,.. —>h.=Vg'/2 dx The order of magnitude of a number 4
-2
=—(1+
1, 1 ‘ dr? ( gx) ¢ jssaid to be 10", if
V——gt =0->t_ =2Vg '
) & max max g x(o) = 0, X (0) = 1 1 1
n——<log,|d|<n+=.
3 ‘ 10
. . o 2 1 2
- r -t f=—— =M% ]
Y= ! o R R -1 "
Vg Ve & 3-10"" <|4|<3-10
‘ l Simplified properly
.V 4
* —?x, ! _Et dx y The order of magnitude of a function
s ‘ dr’ * is the order of magnitude of M=|f__ | over the given
yig™ ve™ x(0)=0, x'(0)=1 region.

order of maginitude of x,¢




6.3.4 Scaling known functions

Consider a first order ordinary differential equation

F x*,d—u* =0,
dx

6.3.4 Scaling known functions
u* is velocity with scale U

and we have
withx" e I

u' (x*)=U-u(x), du’

x* is spatial variable with length scale L

_Ud
dx’ d(Lx) L dx
If U and L are appropriate scales
U
* —isagood estimate of the first derivative.
U

Dimensionless variables are °

x u'

X=—, U=—
L U

U, — actually are the maximum absolute values

u'(x )‘
du’
dx’

U = max

x*el

— =max
L x*el

2

L= max
|du* / dx *

max

6.3.4 Scaling known functions

6.3.4 Scaling known functions
Example 1. Find scales U and L when

~Ae"' > L=¢

max

u*(x*)=Asin Ax*, —o<x*<ow, 4,4>0
u* =U U:Azlu*max
max du‘ é
du’ * B de*| L
—| =|4dcosiu’| =Ai—>L=4"
dx % . max
D Us=df—pg |a| _4
L W\dx* L
length scale L is an estimate of the shortest distance EANE (S
over which the function undergoes a significant change. L= 7 g
A
6.3.4 Scaling known functions 6.3.4 Scaling known functions
Example 2. Find scales U and L when
X *
u*(x*)=A| x*+exp| —— ||,
&
with x*e[0,1], 4>0, 0<e<1 A
U=[u* ~4 | _4 |
max dx* L I‘
du’ _ x* ‘
—| =All+eexp| ——
dx* £
max

08



6.3.4 Scaling known functions

Suppose that the problem is governed by

6.3.4 Scaling known functions
For each of the derivatives, we have length scale l(i),
.odu d"u" ey i* i i*
F(X,d*,“‘—dwj=0, with x" e 1 d'u =£d_u’ d'u U
X X *i i i % ;
dx l(i) dx dx'| l(i)
velocity scale U
U = max
x*el

Vi
x l<i>=[|d[u*#} ,  i=12-
e} e)af)

N
. we select the length scale L as
u
Length scaleL="? e L=mini{l. ¢, i=12,--N
& [/ ] o}
Since now we have multiple derivatives 2
d'u’ Uu_ U
T TS
ax'| . oy L
6.3.4 Scaling known functions 6.3.4 Scaling known functions
Example 3. Find scales U and L when Example 4. Find scales U and L when
L iy AL NP
F(x R ] 0, withx el F(x ey =0,  withx e/
. % *) — 1 % — sk
u*(x*)=Asmlx*, —o<xt<om, A, A>0 u (x )—M+ASln2,x, w<x*<w, A,A>0
length scale /, for i-th derivatives, U=M+4
vi i vi Vi Vi
;- U 47" 1 o U _(M+A)‘_1(1+M)‘
O |au x| lax] 2 O |du ax” AL AU 4
/N
¥ . (M
1 LZmIH{l(i)}=—(l+—)
L=min{l,} ==, i=12,--N AN
A
6.3.5 Orthodoxy 6.3.5 Orthodoxy
after the process of scaling, we have two issues : Split example of orthodoxy:
. i *
We have seen neglecting small terms may be wrong w*(x*) = A| x*+exp _x* with x*e[0,1], 450, 0<e <1
* Another one is the Orthodoxy of each terms. £
= the order of magnitude of a term estimates that Uod L=
term’s maximum magnitude. =4 E=E p \
o i —X u —X ‘\
If the absolute value of a term deviates too much u=u*/A=gx+e’ —=g—e* |\
from their maximum values, then the order of dx A
magnitude may be misleading. as x* >0 i
10
T, (x)

Harmless unorthodoxy:

* terms decay at same rate
unorthodoxy | e \With oscillatory terms of @
large amplitude, terms of

unit order can be deleted

orthodoxy

L=¢

T(x)

du*

dx*

|u*
o Aol 3 _ a3 L=7— —m
~As e’ = L —-ZZ—jT—:; =ge’ ~10e |du / dx ¥
max e max




6.3.5 Orthodoxy

To satisfy the orthodoxy requirement,
* split [0, 1] into outer and inner regions
» different length scale in each part.

outer regions: (more than a few € from x*=0)

*
| « _ du ~ A \
max dx*
max
U=4, L=l
inneri outer
u* x* * 2
UH=——, X=—=X
A L
—x/
u(x,s)z—u*(x*,8)=x+e”

6.3.5 Orthodoxy
u;‘* WRiE: EEGME AT FE?

o HEFELEE, RERKRERRERE,
FHRF 90

w THREARHNRELGFHEL, 4o e=siny,
AT FHAB T EEMG

w EARENE, FIRAFAET QD RETEIES)
A3 )R BRE — TRED

» BREGH —REL—RE—ENFEHE L

w FEGH— FRR—ARE—FFEHEL

SAER, HEMH

6.3.5 Orthodoxy

Inner regions: (within a few £ from x*=0)

¥, = 4 % ~ dg” U=4, L=¢
N N CY S PP P

To obtain a first approximation in the two regions,
lete=> 0,

—x/e

outer regions: u(x,8)=x+e ->Xx

x/e

Inner regions:  v(&,e) =gl +eF »e” = u(xe)xe

6.3.6 Scaling unknown functions
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