
Chapter 4

Superposition, Heat Flow, and

Fourier Analysis
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4.0  Introduction

The relationship between u and its derivatives can be 
described by a differential equation (DE)

Consider a function ,u x y

, , , , , , , , 0x y xx xy yyF x y u u u u u u

where the highest-order of a derivative defines 
the order of a DE. 

Example:  

first-order second-order

4.0  Introduction

A DE can be put in the operator form

L u f x

• L an differential operator.
• the inhomogeneous term

linear operator:

L au bv aL u bL v

• u , v:  functions
• a , b:  constants

Non-linear operator:    if it is not linear.

The Linear Superposition Principle

4.0  Introduction

For an n-th order, linear, homogeneous differential 
equation

There are n linearly independent solutions
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4.1  Conduction of Heat 4.1.1  Steady state heat conduction
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where k is the coefficient of heat conductivity

heat flux  J(x): 
the rate of heat flow per unit area per unit time.
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Steady state t >>1

4.1.2  Different equation for 1D heat conduction

q cA x
• Heat in the segment dx

• Heat change in time dt
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• Heat change due to flux
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Transient state 
4.1.2  Different equation for 1D heat conduction

coefficient of thermal diffusivity k
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4.1.3  Initial-boundary value problem for 1D heat conduction

To complete the problem, we add Initial boundary 
conditions as blow
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4.1.4  Pat, present and future

General boundary



4.1.5  Heat conduction in 3D space
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4.1.5  Heat conduction in 3D space
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4.1.5  Heat conduction in 3D space

Boundary conditions:

1. Dirichlet boundary condition
=

2. Neumann boundary condition        

=

3. Mixed boundary condition

a + =

kJ

=0 :  insulated

= : heat flux is determined by temperature

4.1.6  Proof of the uniqueness theorem

Let 1 , 2 be solutions satisfying the IBV problem.
To prove uniqueness, define = 2 1. Such that

For the Initial-boundary value problem in domain D
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If = 0 everywhere, uniqueness proved.

4.1.6  Proof of the uniqueness theorem
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4.1.6  Proof of the uniqueness theorem
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4.1.7  The maximum principle

The maximum temperature is found
• on the boundary
• or in initial condition.

4.1.8  Solution by the method of separation of variables

4.1.8  Solution by the method of separation of variables

Fourier’s idea:
superposing an infinite 
number of appropriate 
simple solutions to the 
linear equation.

mathematical theory of heat

4.1.8  Solution by the method of separation of variables

4.1.8  Solution by the method of separation of variables 4.1.8  Solution by the method of separation of variables
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4.1.8  Solution by the method of separation of variables

(A) Assume a product solution

,v x t X x T t

(B) Substitute into the governing differential equation

' ''XT X T
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(C) Separate variables

'' 'X T
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X kX

T kT

Transient solution
4.1.8  Solution by the method of separation of variables

(D) Determine permissible values of the separation 
constant
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4.1.8  Solution by the method of separation of variables

Consider three possibilities  k > 0, k = 0, k <0.

1.  k > 0
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4.1.8  Solution by the method of separation of variables

3.  k < 0
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4.1.8  Solution by the method of separation of variables

(E) Solve the remaining equation of T(t)
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(F) Superposition of  all possible solutions
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4.1.8  Solution by the method of separation of variables
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4.1.8  Solution by the method of separation of variables

Finally, we get  the solution
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3.4.1   More on diffusion equation and random walk
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4.1.8  Solution by the method of separation of variables
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4.2  Fourier’s Theorem
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4.2  Fourier’s Theorem

any periodic (or regularly repeating) wave, 
however complicated, can be described in 
terms of an infinite number of sine waves (of 
various amplitudes and phases) added 
together

Fourier’s Theorem

4.2  Fourier’s Theorem

Dirichlet conditions:  Fourier series converges to 

f(t) in the interval [-L, L], if 

• f(t) is absolutely integrable over the period

• f(t) has a finite number of extrema

• f(t) has a finite number of finite discontinuities
[xi]



sin
2

ix ixe e
x

i

1

1

1

1

1

1

sin sin

2 2

1

4

1

4

cos sin cos sin1

4 cos sin cos sin

1
cos cos

2

N

k

ikx ikx ik ikN

k

N
ik x ik x ik x ik x

k

N
ikX ikX ikY ikY

k

N

k

N

k

kx k

e e e e

i i

e e e e

e e e e

kX i kX kX i kX

kY i kY kY i kY

kX kY

x X

x Y

1

1

sin cos
2

2 1 2 11
sin sin

2 2 2

2 1 2 1 2 1 2 31
sin sin sin sin

2 2 2 2 2

2 11 1
sin sin

2 2 2 2

N

k

N

k

x
kx

k x k x

k x k x k x k x

N x x

1

sin 1/ 2 1
cos

2sin / 2 2

N

k

N x
kx

x

1

cos
N

k

kxconsider

1

1

, sin sin

1
cos cos

2

sin 1/ 2 sin 1/ 21 1 1

2 2sin / 2 2 2sin / 2 2

sin 1/ 2 sin 1/ 21

2 2sin / 2 2sin / 2

sin 1/ 2 sin 1/ 21

2 2sin / 2 2sin / 2

N

N
k

N

k

K x kx k

kX kY

N X N Y

x x

N X N Y

x x

N x N x

x x

1 1
2 2

1 1
2 2

sin sin1
,

2 2sin 2sinN

N x N x
K x

x x

0x
1
2N

0,x
1
2N

where  Dirichlet’s Integral Kernel

0

2
,N NS x K x f d

N=10

N=20

N=50

1
2

1
2

sin

2sin

N x

x

x x

20

1
2

1
2

sin

2sin

N x

x

sin x

x

sin v
dv

v



1
2(1)

1
20

sin1
,

2sinN

N x
S x f d

x

1
2(2)

1
20

sin1
,

2sinN

N x
S x f d

x

where

N

0

N

f x

0 ,x(1) (2)
N N NS x S x S x
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4.3  On the nature of Fourier series



Constant function  f(x)=1

• full range series
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Term-by-term differentiation is permissible, only if 
• f(x) is periodic and has no discontinuity anywhere, 
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The first maximum:  Position and Magnitude

In the case of square wave
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