Chapter 4

Superposition, Heat Flow, and

Fourier Analysis
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4.0 Introduction

A DE can be put in the operator form

Llu]=s(x)
L andifferential operator.
f(x) the inhomogeneous term

linear operator:
L [au + bv] =alL [u] +bL [v]

e u, v: functions
* a, b: constants

Non-linear operator: if itis not linear.

4.0 Introduction

Linear or nonlinear

: L Beam (Linear)
M=lF xL 4 curvature
v O / Bd Y _o )
‘A dx4 K= d Y
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Euler elastica (nonlinear)
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4.0 Introduction

Consider a function u(x, y)

The relationship between u and its derivatives can be
described by a differential equation (DE)

F(x,y,uu U, U U uyy,---)=0

xx 2 xy?

where the highest-order of a derivative defines
the order of a DE.

Example:
Bl + Yy = 0 U — CUpe = f(2,1)
first-order second-order

4.0 Introduction

The Linear Superposition Principle

For an n-th order, linear, homogeneous differential
equation

L[u] =0
There are n linearly independent solutions
L[ui]:0, i=1,2,3,--n

The general solution

n
u= Zciui
i=1



4.1 Conduction of Heat
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direction of heat flow

Conduction of Heat

Assss

4.1.2 Different equation for 1D heat conduction
Transient state 0, I 0,

* Heat in the segment dx L (}-Afem
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* Heat change in time dt
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* Heat change due to flux
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4.1.3 Initial-boundary value problem for 1D heat conduction

To complete the problem, we add Initial boundary
conditions as blow

D:0<x<L, 0<t< o0.
Governing equation in 1D
t

00 K 0%0 O<x<L

—_— = _, Curve C

o ' 0<i<oo "
initial conditions =0, b 6=96,

9(x,0)=g(x), O<x<L
boundary conditions 0 rEPTS S x

0(0,1)=6,, O6(L,t)=6,, t>0

Homogeneous material

coefficient of thermal diffusivity

1 e x
L

4.1.1 Steady state heat conduction
Steady state t>>1

0, -6, ’
x g,

0(x)=06,+

ﬁ_ 6, -6,
dx L

heat flux J(x):
the rate of heat flow per unit area per unit time.

J=-k2
Ox

where k is the coefficient of heat conductivity

4.1.2 Different equation for 1D heat conduction
o0 2’0
ot ox

K=—o
pc

TABLE 10.5.1 Values of the Thermal
Diffusivity for Some Common Materials

Material K (cm?/sec)
Silver 1.71
Copper 1.14
Aluminum 0.86
Cast iron 0.12
Granite 0.011
Brick 0.0038
Water 0.00144

4.1.4 Pat, present and future

O-g(x) L x General boundary



4.1.5 Heat conduction in 3D space

Heat conduction DE in 3D

0 J=-kVO
5.”‘.[ petddy = [!]5- ~Jnds Gradient operator
0 0 -0

—[ﬁk—ds-[ﬂ[kV&’-nds SR
divergence theorem

= (kV6)d

jlj)jv (kV6)dv

] F-nds=|[[[v-Fav
= jjjaﬁpce—v-(kve)duo
o ot

90 _
P

V-(kV6)

4.1.5 Heat conduction in 3D space
Boundary conditions:
1. Dirichlet boundary condition
6=f
2. Neumann boundary condition
90 26 _
Pl f -, =0:
3. Mixed boundary condition
26
a% + b0 = f

J=-kVo

insulated

% = 0 : heat flux is determined by temperature

4.1.6 Proof of the uniqueness theorem

pzc aet —OV-(kVO)|  V=eg,

OV-(kV0)=0e0,-(ke,d,0)=00kd, 0e, e,
=00,k0,05,=k00,0,0=k0,(00,0)—kd,00,0
=kV-0VO-k(VOY

ﬂjp ¢ 90 v jjj kV-0V0—k(VO) dv

20
9O _v.(kve
P =V (kVO) =

divergence theorem

[J]F-nds=jﬂv-de
oD D

49(x,0) =0,

:[ﬁk@V&nds—m.k Vo) dv

—Djké—ds £
xeoD

4.1.5 Heat conduction in 3D space
Homogeneous case:
N _ w9 -k
o pc
00 0’0 0’0 00
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Laplace operator
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Inhomogeneous case:

00
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4.1.6 Proof of the uniqueness theorem

For the Initial-boundary value problem in domain D

00 &% 0(x,0)=g(x), xeaD
o tae 0(00)=f(x), t=0

Let 8,, 0, be solutions satisfying the IBV problem.

To prove uniqueness, define 8 = 8, — 6. Such that
0(x,0)=0, xedD

0(0,1)=0, =0

If & = 0 everywhere, uniqueness proved.

4.1.6 Proof of the uniqueness theorem

J-J- pc 66’

. a[ gzjgk(V@)z dv>0

e 0 ]df-—fedf

. 4
Uj ﬁezdv] =—fgdt
D 2 5 0
+ -
$
0=0 &£=0 at any time

Uniqueness proved L[]



4.1.7 The maximum principle

The maximum temperature is found
* onthe boundary
* orininitial condition.

4.1.8 Solution by the method of separation of variables

THEORIE

ANALYTIQUE

DE LA CHALEUR,

Pn M. FOURIER

Fourier’s idea:
superposing an infinite
number of appropriate

simple solutions to the
linear equation.

mathematical theory of heat

4.1.8 Solution by the method of separation of variables
00 0’0
— K_‘,
ot o’
LC10(x,0)=g(x), O0<x<L
B.C.|0(0,t)=06, O(L,t)=0,, (>0

I v, =00x,0)-6,(x)

D.E. O<x<L, O<t<o

4.1.8 Solution by the method of separation of variables

Jean Baptiste Joseph Fourier (1768-1830)

had crazy idea (1807):

Don't believe it?

But it’s truel!

o o

DE. |—=K
ot Ox?

LC y(x,0)= /(1) = g(x)-O,(x). 0<x<L

B.C. v(0,0)=v(L,t)=0, >0

Any periodic function
can be rewritten as a
weighted sum of sines
and cosines of different
frequencies.

+ Neither did Lagrange,
Laplace, Poisson and
other big wigs

- Not translated into
English until 1878!

+ called Fourier Series

4.1.8 Solution by the method of separation of variables

%:Kaze
DE A Bk R o o
i 2. A B REERR 0(x,0)=g(x), 0<x<L
o AT oo, ke
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RAM, HMADE., B.C
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v(x, t) = e(xa l) - 05 (.X')
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4.1.8 Solution by the method of separation of variables

Steady solution

“ oo 6(0)=6  6(L)=6,

0 (x)z(l—%j@l +%92



4.1.8 Solution by the method of separation of variables

Transient solution
(A) Assume a product solution

ov_ o

v(x.1)=X(x)T (1) a o
(B) Substitute into the governing differential equation
XT'=xX"T
(C) Separate variables

X" T!
—_— = k

X kT

X"=kX
T'=xkT

4.1.8 Solution by the method of separation of variables

Consider three possibilities k>0, k=0, k <0.
1. k>0
X"=u’'X => A=u A=-u
X =C, e +C,e™ =C, cosh ux+C, sinh ux
X(0)=x(L)=0

k=u’, u>0

C,=C,=0

2. k=0

X"=0 = A4=4=0

X =Ce" +Cyxe™ =C, +C,x

4.1.8 Solution by the method of separation of variables

(E) Solve the remaining equation of T(t)

T'=xkT = T'=—a’kT «a,=—o

solution T = exp(—ani/ct)

(F) Superposition of all possible solutions
v(nt)=2v, (50)= 32X, (D7, (1)
m=1 m=1

X m’ K
exp| — IE t

S . M7
—ZBm sin I

m=1

4.1.8 Solution by the method of separation of variables

(D) Determine permissible values of the separation

constant
v(0,6)=v(L,t)=0  v(x.t)=X(x)T ()
L
X(0)T(t)=0  X(L)T(1)=0
L

X(0)=X(L)=0

4.1.8 Solution by the method of separation of variables

3. k<0

k=-a’, a>0

X"=—a’X = A=ia A =-ix
X=Ce"+C,e™

=C, cosax+C,sinax X(0)=Xx(L)=0
$
C,=0 C,sinal=0
¥
eigen-value am:mTﬂ-, m=12,3---

mnrx

eigen-function X =B sin

4.1.8 Solution by the method of separation of variables

initial condition v(x,O) = f(x)

4
f(x)=)_B,sin mrx
m=1
4
f nwx e MmrXx . NIX
in——dx = B si in——d.
!f(x)sm 7 x :[mZ:; , sin 7 sin 7 x
:% B, =§Bn j-sin Y sinﬂdxzé -
l 0

L
B, =%z|).f(x)sinnz—xdx




4.1.8 Solution by the method of separation of variables
Finally, we get the solution
0(x,1)=06,(x)+v(x,1)

© 2.2
=0,(x)+)_B,sin mﬂxexp(—m 72 Kt)
‘ m=1 L L

where the steady solutionis @, (x) = (1 _%j 0, +%,92

2
D.E.%= %, O<x<L, O<t<
ot ox
LC10(x,0)=g(x), O<x<L
B.C.|0(0,0)=6,, O(L,1))=0,, t>0

4.1.8 Solution by the method of separation of variables

Example ©, 0,
®b

06 0’6
_— =K —

ot Ox?

Hﬁﬁn=g@j=®w O<x<L

0(0,1)=0(L,1)=0,, t>0

Steady solution 6, (x)=0,

w 22
Final solution  @(x,)=©,+ Y B, sin mzzx exp(_m; KfJ
m=1

L
where f(x)=0,-0©, B, =%J.f(x)sin?dx

0

Comsol

3.4.1 More on diffusion equation and random walk
u(k)= A(k)e ) — u =,
. . . .7 2
Dispersion relation @ = —ik
Phase velocity ¢ = Re(co) k=0

u(k)= A(k)exp(ilcx— kzt) = Aexp(—kzt)exp(ikx)

N
k=m2—”=m£
A L

decay quickly as k>>1
m27r2 .mnx
u(k)oc exp| — I t |exp| i 7

0,=0 k=014mm* /s

100 T 100

L=1:1:5mm
10 15 20 25 30

6,,(°C) v.s.t(s)

6(°C) v.s. x (mm)

ot ox’
pA E-é . 1s f(x,0)=g(x), O<x<L
v% 3. ﬁg%ﬁ\?ﬁg,ﬁ]ﬁi 6(0.0)=6,, 6(L.)=6,, 1>0

m=1

© 2_2
O(x,t)=6.(x)+ ZB,” sin Inisz exp ( mLZ[ /(tj

I
BERIBES 2 A<
s AR (m=1) WiEER (m>1) RBRIFS,

5 55 b4 2 AR E EFZ Y

[«]=LT"

» ARE t,=0/k, ZERAREL
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. AT T gz%, r=—=g BBl - -
0 Ry LA O0(x,0)=0,(x)+ Y B, sin o= exp(— nz mj
x: KRR NTE ‘ - L L
O, 7)=0(LE t,r)—0.(LE,t,)T) v e TR m=1
: N 2 2 e N /2
242, L #&ﬁﬁ'rﬁéﬁ#ﬁi\: sin—
= LER Zji’ L TN
Z_G):g? 0<&<l1, 0<r< » AEAIHIER: d=L/2 el St
®(§> 0)= G(f) G(f) = g(Lf) 5 e i S : 4d* ¢ ¥ 0.8
©(0,7)=06(,7)=0 T s PERAERREE:  1=d’/x
O, 7)= B, sinmas e n R AT RESEBEMA [
m=1 2
4.2 Fourier’s Theorem 4.2 Fourier’s Theorem
ov_ o
o ox° Fourier’s Theorem
L. v(0.0)=v(L1) any periodic (or regularly repeating) wave,
1.C. v(x,0)=f(x) however complicated, can be described in
) 3 . mnrx m2ric terms of an infinite number of sine waves (of
solution  v(x,)=> B, sin exp| ——5—t ) ,
o L L various amplitudes and phases) added
L together
B, =%_(|)‘f(x)sin%dx
> . mMTX
= > B sin
£()= 3 Bysin™
4.2 Fourier’s Theorem
w& 1. FourieriE 5% 2R 4 &) A= Lim S, (x) = f(x)?
Dirichlet conditions: Fourier series converges to = Fourier iF3% &3
f(?) in the interval [-L, L], if Flo)= iBm sinmx, O0<x<z| B :EI{;Tf(_r) sin nxdx
m=1 T

* f(t) is absolutely integrable over the period 4 .
f(x)=>_B,smmx+ Y B,sinmx=S5,(x)+R,(x)
m=1

m=N+1

* f(t) has a finite number of extrema
s BHAT N AZ Fo:

S W=2[ K, Of e, O<x<x| & [x]
) Al

* f(?) has a finite number of finite discontinuities

-
K (x, &)= Zsjn(mx)sin(n.i;). O<x,E<m

m=1

E: AFE, AFBRL=n, MEFRA Ln R ERL, BRRE—KHNE,



N
ZSin(kx)sin(kf)
ieikx —z/cx ezk.f _e—ik§ . N _e_”
— 2 sinx = >
li (rt8) _ ji(smE) _ jibln-g) | k()
4 k=1 x+§=X
lie’kX+e kY _ kY x-&=Y
4 k=1
1 & (cos kX +isin kX )+ (cos kX —isinkX)
o4& —(coskY +isinkY)—(coskY —isinkY)
N
=—lZCost—coskY
2 k=1
N
Ky (x,&)= ZSin(kx)sin (k&)
=——2cost coskY
k 1
__Ifsin(N+1/2)X 1 sin(N+1/2)¥ 1
"2\ 2sinx/2 2 2sinx/2 2
1 sm(N+1/2)X sin(N+1/2)Y
2 2sinx/2 2sinx/2
1(sin(N+1/2)(x=¢) sin(N+1/2)(x+¢)
2 2sinx/2 2sinx/2
g sin[(VrH)(=¢)] + sin[(V+4) (x+£)]
4 ZSinl}(x_f):l \ 2sin|}(x+§):|
s 4\ ‘
—T 2 T N=10 2 |
x=¢ x+<&
\ N=20 \ ﬂ’
<A\/nv U/\/ A \J\ YA AP 5J
N= \

. N
consider > coskx
. N k=1
sin—Zcoskx
2 k=1
N —_
=%Zsin (2k+1)x —sin (2k2 1)x

k=1

LI (2kJ2r1)x_Sin (N\;l)x}[smm;\l)x—sin (2k;3)x]+m

=lsinw—lsm£

2 2 2 2
sm(N+1/2)x 1
ZCOS 2sinx/2 2
2 oz
==[ Ku(x8) 1 (£)ae

where Dirichlet’s Integral Kernel

1 sin[(N-i-%)(X—f)J _sin[(N+%)(x+§):|
Ky (x’f)-a{ 2sin[4(x=¢)]  2sin[3(x+¢)]
x-&—>0 ﬂ x+6—>0.7 ﬂ
N+% N+3
0.5 :LSi:V
300 i AUAUAanﬂU UﬂUﬂ”nvA" 10

|

dv=r



Sy (x) =5y (x)+ 5" (x)

where

@ 1 ”Sin[(N-"%)(x-’-f)]
S (x,cf)—‘;l 2sin[ 4 (x+&)]

f(g)dé

N>

Lemma 2. If (&) is piecewise smooth in the
closed interval [a,b], then at a point x, where ¢ is
continuous,

sin A (xO x)

}11m'[¢(x)

Proof: consider one subdomain x, € (c,d) < [a, b]

dx = 7p(x,)

5)=0(u) o) -0(0)]  Flra) =D g

1(2)= ¢(x0)j'wdx + jF (xx())smxl(x— X, ) dx

Xy —X

A0
—22 5 71p(x,) iny Lemma-1
I—dV:ﬁ
.'|i¢(x)sin/l(x0 x) _[¢ s1nﬂ, (% - x)d . j o(x s1n/1(x0—x) o
Y Xy —X Xy —X
sm) (x,—x) sinA(x—x,)
——Fdx= )————dA(x-
I¢ Xo—X '[¢ A(x—x,) (¥=x)

=;,(;I_iﬂ)¢(%+xo)sm‘)d S G (x, - )_J:(‘Si:vd‘):%{é(xo—o)
f¢( )Sm) ) I¢( )Sm)(x x)O)dﬂ(x—xo)
A—0, £—0 ¢(xo+O)J'Sandv :_¢(x0+0)
ﬂ' 0
}11_I>IQICJ.¢(X)Sln (x -x) =_[¢(x0 )+é(x, +0):| 7r¢(x0

Lemma 1. If (&) is piecewise smooth in the
closed interval [a,b], then

sin

j #(¢) Agds=0(4")

Proof: consider one subdomain (c,d) < [a, b]
J o) az =) | o()ac

-(2)"p(&)e |

()

~ (i) I H()ds

Lemma 3. At a point x, where ¢(x) has a jump
discontinuity, Lemma-2 holds, provided that we
define ¢(x,) to be the average of the left- and
right-hand limits of ¢ (&) as & - x,

%) =5[4(5,-0)+ 4 (x, +0)]

Proof: break interval (a, b) into (a, x,) and (x,b)

jSlnvdv_J+J - = Ismvd Jsmv :Z

\%

e e 2

0 . w0 .
)d(—u)=—J Smudu =J.wdu

) xu Ou

sinv sm
because I dv I

To evaluate

Sy (1) =59 () +5¢ (v)
using Lemma-2

s1n[(N+2) 5)}

S](V”(x,f)—ﬂ__([ 2s1n[ (x é:)] (g)d‘f
s1n[(N Y(x )J
J.J[ (¢ )2sm[ (x 5)1} *¥=6 *
J‘¢(§)Sm[ N+ Y _5):|d§ o(x)= g?osn;jx
J'M](x) dx
—e [ §(E)0(x=E)dE =0(x) o

- J.é‘(x)f(x) dx
O<x,E<m =;EO)



using Lemma-1

e ):‘ﬂ RTI0A

f(&)ds

#(&)sin[ (N +1)(x+¢)]dE—220

& 2. A7 B #2F 58 B Fourier 83
s 4% B Fourier A3

O<x,&<m

A HASE K

a - )
f(x)~ TO +Z (a, cosnx + b, smnx),
n=1

—ALX<LT

7

B

w B HH X

a, _a, —ib,

1 o= 1= c il
e —I f(x)cosnxdx, b, = —I f(x)sin nxdx
I.‘r —iT :z' -

o N 1 A )
f@~Tee| 6= [ r(&)eeas

Ax) sz (0, 1) sLrmmsE
376 B Fourier £&4&

m Fourier JEFZ 3L

IR

f(x)~ ibﬂ sinzx,

n=1

2 er
&, = j f(x)sinnxdx
T 0

s Fourier £7Z 83k

T3 B

a w
f(x)~ 70 + Z a, cos nx,

n=l1

9 i
a, :;L f(x) cos nxdx

m Fourier 3

o @ fix) ZXAE—AA TR 8] 38 B3

o @ BpAE fix) H 4k, AFABT A By
o« ® B

7€) x+ ¢ is finite and >0
2sin[4(x+¢)] ¢ (&) s finite
sin[N(x+§):|:sin{N[x+§+%[ﬂ period T, =27”—>0

¢ (&) is almost constant in a short period

o) }~~_ﬂ@

sin 5x

The sum of the first N terms

_ Yoo LT opyn
Sy(x)= 2. qe 6=z [ S () a
= X5, (e
17 in(x- 17
| f(f)n;ve g = [ 1O (w0
where

sin [(N+%)(x—§):|
2sin[%(x—§)]

N .
Ky(xg)= 3 &=
n=—N

* 4.3 On the nature of Fourier series

[—

 —3k 349 Fourier AL

. Fourier AR oAl

. Gibbs HL&

RPN SRR Z AR

5. Bessel 7% A Aw Parseval £ &2
6. Parseval & 3269 & |
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Constant function f(x)=1

P - T 2

a — .
* full range series -7 <x<7 f(x)= 7°+ > a, cosnx+b, sinnx

n=1

=& a,=b,=0 nx1
1=

f(x)=%+gan cos nx

» Half range Cosine series 0<x<x

f(x)=2—1

a,=0 n=x1
2

Linear function f(x)=x

* Full range series -r<x<n

f(x)zx=Z(Sinx—%sin2x+ésin3x—o~)

* Halfrange Sine series O<x<7

f(x):x:2(sinx—%sin2x+%sin3x_...)

Quadratic function f(x)=x2

e Sine series O<x<7x e

|| P 4(cosx cos3x+ )/,

X 5 . )
fo(uent o2, fsne s
0 2 1 3

To computer Pi

* Half range Sine series 0<x<z f(x)= Z_;b” sin x
f(x)z1=i(sinx+lsin3x+lsin5x+...j
V4 3 5

S (x)

—r<x<0

S(x) ={1_1

Square wave function

O<x<m

* Half range Cosine series 0<x<7

w 4(cosx cos3x
= = —— =+ + ...
f(x)=x=3 n( RS )

cw ‘

/\]/\O(x>=s<x)

~2m - 0 n i g -7 0 T

C(x)=|x|, —m<x<n
Ry

js(x)dx:c(x):%[(1-cosx)+3i2(1-cosax)+slz(1_c055x)+..}

8 1 1 2 11
Cr)y=r=—|l+=+=5++| = 7 =8|l+=+=5+
(=r=2(1r5rr ] (1+ 5530+ ]

T=(r7) f(x)%(sinx+%sin3x+--~j

Parseval’s theorem .

n=—n

Cn

n& 2. Fourier RE AR o Fatfk -
n A fix) HBBORF B3, HL Fourier B8

f(x)~ % i (a, cosnx+b, sinnx)
PRAEH R AR F B AN, Fit—Fitd

o BABRYRENH; TREAMSHIT:

4] . L. 4
I=—qsinx+_sindx+---p = 0><—(cosx+c053x+---)
T 3 T

. .z 1.
H= 2{51113( —sin2r+ sindy— - p = I¥2(cos x —cos 2x +cos3x—--)
o




. . a | < .
Formal integration of  f(x)==2+>a, cosnx+b, sinnx
n=1

F(X)=jj”f(x)dx~(%x+Z%J 3

a .
—~Ccos nx +—=sin nx

n
Because f(x) is a piecewise smooth function, F(x) is

continuous and we have Fourier’s series

F(x)—%x =%+2An cosnx + B, sinnx
n=1
where

A4, =

1 ¢~ a,x b
=—["|F(x)-22 [ax=2% =

”J_”[ ) 2}" 2
a4 =L

’ [F(x)—M}cosnxdx:—b
e 2

n

Term-by-term

Formal differentiation of f(x)
n=1
f'(x)~ 0+ nb, cos nx - na, sin nx
n=1

If f’(x) is continuous and we have Fourier’s series

’

a - .

/(%) =?°+Za; cosnx+b) sinnx
n=1

where

I_i ” ’ — l _ n _ _
an—”J._”f (x)cos nxdx nbn+”( 1) |:f(7r) 7( 71')]
R e __
b = - L; f'(x)sinnxdx = —na

Lz0  integration is Term-by-term differentiation is permissible, only if
n’ permissible * flx) is periodic and has no discontinuity anywhere,
1= a,x a including -1 or +1
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Fourier series behaves in a strange way.
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The first maximum: Position and Magnitude
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In the case of square wave
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Least Square Approximation and Fourier Series

ApprOXimate f(X) with Fourier Series
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