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Calculation of critical exponents in two dimensions from quantum field theory in one
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We construct a relationship between the Baxter model in two dimensions and the Luttinger model in one, and
use it to calculate critical exponents for the Baxter model from appropriate Luttinger-model correlation
functions. An important part of this work involves the generalization of the Jordan-Wigner transformation to
provide a representation for continuum spin operators. With this generalization, we are also able to calculate
spin correlation functions for a continuum generalization of the spin-1/2 Heisenberg-Ising chain. We discuss
the difference between the continuum and discrete lattice models, and with the help of a new scaling law, use
previous results for the Baxter model to calculate new exponents for the Baxter and Heisenberg-Ising model
on a lattice.

I. INTRODUCTION

Since the work of Schultz, Mattis, and I,ieb, '
the close relationship between the two-dimensional
Ising model and the noninteracting fermion gas in
one dimension has been well known. Recent solu-
tions of the eight-vertex, or Baxter model, which
is a generalization of the Ising model, naturally
raise the question about a possible one-dimension-
al fermion equivalent for this model as well. In-
deed, the solutions of the Thirrings and Luttinger
models also exhibit nonuniversal behavior similar
to the Baxter model, and it has been widely be-
lieved that these models are somehow related.
This paper defines and explores the relationship
between them.

We first discuss the spin-~ Heisenberg-Ising
(HI) model in one dimension, for Sutherland~ has
shown it can be used to calculate correlation func-
tions at the critical point in the Baxter model. A

new feature of our work is the use of a continuum
generalization for the HI model, and our construc-
tion of the continuum spin- —,

' algebra for this mod-
el. After these transformations, the HI Hamilto-
nian becomes the same as the Luttinger Hamilto-
nian, and the spin--,' operators are closely related
to the boson representation of fermion operators,
used previously in the calculation of the Luttinger-
model correlation functions. The calculation of
these spin correlabon functions is given, and re-
lated to the corresponding Baxter functions, there-
by determining the electric critical exponents q
and 6.

When the temperature in the Baxter model is not
equal to the critical temperature, this equivalence
leads to the appearance of a gap in the Luttinger-
model excitation spectrum, analogous to a mass
term in the Thirring model. Assuming homogene-
ity, we calculate the exponents which involve this
mass term, thus completing the list of the electric

critical exponents for the Baxter model.
For the special case of the Ising model, we eas-

ily reproduce the usual exponents. In addition,
however, our method and a Wick rotation permit
easy calculation of the asymptotic behavior of all
higher spin functions as well. These are quite
similar in form to the results found previously for
the Thirring and Luttinger models because we
find the spin-density operator is essentially the
square root of a free-fermion operator. With the
boson representation of these operators, calcula-
tion of the critical exponents is reduced to a trivi-
al harmonic -oscillator problem.

The result found here for v differs slightly from
previous calculations' for the Baxter model on a
lattice. This is to be expected because of our use
of the continuum fermion model, rather than the
lattice fermion model, for the transfer matrix.
Comparing these two results for v therefore pro-
vides a measure for the accuracy of the continuum
fermion approximation for models of the interact-
ing fermion gas on a lattice.

Because we have calculated all electric critical
exponents, the coupling constant can be eliminated
between any two, leading to an additional scaling
law, 4P =2v —1. This scaling law is argued to be
universal, independent of the particular parametri-
zation of the two-dimensional model, and is con-
sistent with a conjecture for P by Baxter and Kel-
land for the lattice model. The new law reduces
the parameters needed to specify all exponents to
one, and this one parameter is model dependent.
The three different models, Thirring, Luttinger,
and Baxter, differ on this additional parameter.

An intermediate step in our discussion involves
solving the HI model, generalized to the continuum
case. Results for correlation functions and their
exponents are discussed. In addition, we calcu-
late the exponents associated with basal-plane an-
isotropy. The exponents are found to depend on
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the ratio of longitudinal-to-transverse exchange.
At the xy point, the exponent of tht. transverse-
spin correlation function is —„in agreement with
previous results increasing to 1.06 at the Heisen-
berg point. As in the Baxter model, we can use
the additional scaling law to calculate exponents
for the lattice (HI) model. Doing this, gives the
exponent 1 for the spin-& Heisenberg model on the
lattice, rather than the value 1.06 of the continuum
version. The x-y result is the same in both lattice
and continuum cases.

Our discussion uses the Ising representation of
the Baxter model, ' in which one views the system
as two interpenetrating Ising lattices, with Ising
variables p. &

and p, &
attached to each site. These

variables are related to the original Baxter vari-
able n&, through ~& = p.;p.&,&, where i+1 is a par- .

ticular nearest neighbor to i. In addition to the
usual nearest-neighbor two-spin interactions,
—Jp, & p, &,&

and —J' p, &JU, &,&, there is a four-spin in-
teraction J4p, ; p, &,& p, &]U, ~,&

between four nearest-
neighbor spins, which couples the two Ising lattices.

The calculation of correlation functions could be
performed by diagonalization of the transfer ma-
trix T. However, it is simpler to look for an as-
sociated Hamiltonian operator K which commutes
with T. Since 1'and K then have the same eigen-
vectors, correlation functions can be calculated
provided the proper choice of the eigenstate is
made.

For the eight-vertex model, Sutherland' has
shown that the one-dimensional spin- —,

' x-y-z Ham-
iltonian commutes with T:

K»g = —+(J„S)Sf„+J„S')'Sf,g+ JgS)S;„) . (l)

Here we have chosen the coupling constants to be

J„=1,
J„=sinh2K sinh2K ' + cosh2K cosh2K' tanh2L, (2)

J, = tanh2L,

with K = J/ke T, K' = J'/ke T, I =84/ke T, and we
have interchanged y and z in Sutherland's result
for later convenience. In the case of vanishing
four-spin coupling, this reduces to the familiar
x-y model

X„,= —Z (SfSf., + sinh2K sinh2K ' S,'S f.,) . (3)

critical temperature is still determined by the con-
dition that two coupling constants in K are equal.
The Hamiltonian at the critical temperature is
therefore of HI form

X=-E (S&Sf,(+SEES/,i+ JgS)S),i) . (4)

Taking account of the y —z interchange, the cor-
relation function along a line of the square lat-
tice in the Baxter model (n~n, ,„) is equal to
4(81S~Sf,„l 8), where (81 is the ground state of II.
Multioperator correlation functions (n~~n~2 ~ - ~ n~„)
along this line are similarly given by 2"(81Sf~S fz
~ ~ ~ Sf„18), a property which we use below. A cal-
culation of these spin- —,

' correlation functions there-
fore determines the electric correlation functions
in the Baxter model, and the corresponding elec-
tric critical exponents.

+ mo(SfSt+a —S]Sf+i)1,

where J„=1is the transverse exchange, J, the
longitudinal exchange, nz, is the basal-plane an-
isotropy, S& is a spin- —,

' operator, and the sum i
runs over the N sites of a ring. Using the Jordan-
Wigner transformation to fermion operators a,

1

S& =S&+iS& =a;exp im a&a&, S&
——a;a, ——,',g

j=1

and Fourier transforming, the Hamiltonian can be
written in the form

K„„=-Z cosks[a~~a~+ J,N 'p(k)p( —k)]

II. CORRELATION FUNCTIONS FOR THE SPIN-~/2

xyz MODEL

In this section, we consider the calculation of
the correlation functions for the spin- —,

' x-y-z mod-
el in one dimension. Our procedure involves re-
lating the x-y-z model to the Luttinger model of an
interacting one-dimensional spinless fermion gas,
and using the solutions of this model to obtain the
desired asymptotic properties. Customarily, the
spin- —,

' x-y-z model is defined on a lattice and one
problem that we must discuss is its continuum
generalization, to permit application of the con-
tinuum fermion field theory.

It is convenient to write the Hamiltonian for the
lattice model in the form

K», = -Z [S~S &+, + S,S f+~+ Z, SqS, +,

According to Onsager's famous result, the phase
transition of the two-dimensional problem takes
place when

+ mo Z (e' 'a~a „+H. c.),
k

(6)

sinh2Ksinh2K' = 1

and this is the point where X„,becomes isotropic.
Correlation functions for K„,are therefore those
of two noninteracting Ising models. For J,0, the

where s is the lattice constant, the sum over k is
restricted to the first Brillouin zone

1/2 fkx-
k
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and p(k) is the density operator

p(k) =N ~P a&ta;e

In zero external field, there is no net magnetiza-
tion

Z (Sf) =0=2 (a~a, ) —,'N—,

This can be easily seen using the configuration-
space representation of the field operators P~(x)
and g«(x) for the backward scattering term, which
ls

dx 41(x)e2 (x)42 (x)P2 (x)

and simply anticommutes into the form

so that the mean fermion number is equal to —2N,
corresponding. to a half-filled band. The pairing
term, containing m„ is seen from Eq. (3) to be
proportional to T- T„which introduces a "mass
gap" into the single-particle excitation spectrum.

This single-particle excitation spectrum for J,
=0 and rn0= 0 is simply -cosks, with those states
——,'m &ks &-,'m occupied. One expects the asymptotic
behavior of correlation functions to be determined
by low-lying excited states, those near the Fermi
points at k~s =+-,'m. It is therefore interesting to
consider the related model with two linear single-
particle spectra tangent to the —cosks at the Fermi
points. The group velocity is equal to plus or mi-
nus one and is exactly the single-particle spectrum
of the Luttinger model, ' and we may introduce a~, k

(a2 «) operators to describe the fermion particles
with positive (negative) group velocity and the as-
sociated fields

P)(x) =L ~~«Q a, «e' ", etc. ,
k

where L is the length of the system.
We now proceed to relate the J, interaction term

in Eq. (6) to an appropriate interaction in the Lut-
tinger model. The simplest procedure to follow
requires that the matrix elements of this term for
states near the Fermi points k~s =+-,'m be repro-
duced in the continuum model. This is accom-
plished first by replacing p(k) by p~(k)+ p2(k), where

Pl( ) + 1«« 1 «

—
I

dx 4&(x)Pi(x)4«(x)42(x) .

We also make use of P(x) =0, etc. , to arrive at
the result (with mo=0, i.e. , T= T,)

X= k(a, «a, «
—aa«a2 «)

k

—4J,N ' Z p, (k)p2( —k) .

When m0+ 0, the additional mass term must be also
included. This problem has not previously been
solved except for the free-particle case J, =0 and
we discuss below a solution for the asymptotic
properties of the correlation functions near T, for
the case J,4 0. With small rn0, states far away
from the Fermi energy will not be affected by this
term and we therefore may take

mo Z e' 'a«a «+ H. c. - 2moi Z a~, „a2 «+ H. c. , (8)
k k&0

which correctly describes the mixing of the "1"
states near k~ with the "2" states near —k„. To-
gether with Eq. (7) this completes the construction
of the continuum fermion Hamiltonian, equivalent
to the x-y-z model. We need now only determine
the transformation of spin-density operators into
this continuum representation, in order to calcu-
late spin correlation functions.

The Jordan-Wigner transformation for the spin
operators on the lattice has the obvious generaliza-
tion to the continuum situation, as discussed in the
Appendix, which is

p2(k) =2 a2, «+«a«, «

n- j.
& "n-&

im a~a -im I

m=1 "0
d [ y(pi)+y(pX«)+(2s) ']=N(x„),

+ p(k)p( —k)- —~ p|(k)P2(-k) .
k-2k' k-0

are the continuum fermion density operators. This
replacement correctly reproduces the small mo-
mentum transfer part of the interaction term, but
not the large momentum part with k = 2k~ = ms ',
which also involves states near the Fermi energy.
These 2k~ processes are the backward scattering
terms which have been discussed elsewhere, and
can also be included in the Luttinger model. For
the spinless fermion case, the result is simply

a~ —(2s)'"I6(x) + 42(x)] .
The resulting representation for continuum spin
operators is

S (x}=(2s) '"[q,(x)+ y,(x)]e-"'"',

s (x) =[s-(x)]',
2S'(x) = p, (x) + p2(x) + p, (x)$2(x) + p«(x)gg(x),

(10)

where the total uniform density is N/2L appropri-
ate for the half-filled band, corresponding to zero-
average magnetization. It can be verified that
these operators satisfy the desired algebra for the



CALCULATION OF CRITICAL EXPONENTS IN TWO. . .

continuum spin--, field, in the limit s-0. As in
the lattice model, this follows from the relations

[g,(x}+$2(x}, e "'" '] =0,
[g,(x)+(2(x), e "'" '].=0,

1x&x' —~s,
x& x' —2s, (11)

where
(13)

Q, 2(x) =+ 2mL ' Z pl, (k) e ""k ' e

the upper (lower) sign goes with the pl(p2) operator,
n is a cutoff parameter which is of order the band-
width -s, and 2) =$2(0) —Ql(0). It has been im-
plicitly assumed that J„&0. If J„&0, the "1"and
"2" single-particle branches are interchanged and
we must take k~- —k~ in the definition of the field

where —(+) means (anti) commutator, which are
readily verified using the Luttinger-model opera-
tor algebra. 4

The continuum limit is essential for our calcu-
lations, which concentrate on the asymptotic be-
havior for distances much larger than a lattice
constant. Contributions to this asymptotic region
can occur from backward scattering at the Fermi
energy, with momentum transfer 2k~ =((/s, and

k~ diverges if we naively set s=0 here. Also, the
density operators used by Lieb and Mattis are de-
fined to have (p(k=0)) =0, rather than (p(k=0))
= N/2L =)(k„=I/2s. We will use the former, which
introduces the phase factor, (2s) ' in Eq. (9), into
the "ordering" operator e"'"'. The continuum mod-
el limit which is appropriate for our calculations
keeps these factors of k~ fixed, corresponding to
fixed uniform density, and uses the continuum spin
algebra.

These relations permit the spin correlation func-
tions to be expressed as correlation functions in
the continuum fermion problem. The result is

—4s'(S'(x, t}S'(0))= ([g(x, t)e

—y'(x, t)e'"'" "][qe "—q'e'"]),
4(S'(x, t)S'(0)) = ( pl(x, t)pl) + (p2(x, t)p2) (12)

~ (g,'(x, t) g2 (x, t) g2'g, )

+ &g2'(x, t)4l(x, t)4)42),

where the time evolution and averaging is in the
Hamiltonian of Eq. (7) plus the mass term, Eq.
(8), and we have used the shorthand notation g(x)
= pl(x) + (2(x).

These functions can be readily evaluated because
the density operators satisfy boson algebra. Using
the boson representation2'" for the gl(x) and (J)2(x)

operators, we find

g(x)e "'"'
l/2 242(x)/2 4) (x)/2+2(xyx+T 4l (x)/2+42(x)+T,= 2v(2 e +e

operators. As a result, the e~'~~" phase factor
cancels out in the first term of Eq. (13), but ap-
pears in the second term. Finally, we use the
i,ieb and Mattis result that Eq. (7) can be written
entirely in terms of boson density operators:

X = 2)(L ' Z [p, ( —k)p, (k) + p, ( —k)p, (k)]

-4JgL 'Z pl(k)p, ( —k), (14)

where averages are calculated using Eq. (14). Us-
ing the usual procedure for evaluating such func-
tions, we must first diagonalize the Hamiltonian
of Eq. (14) with the transformation

p, (x)- Q, (x) cosh(/) —$2(x) sinh((),

where

tanh2(/) = 2J,/)) .
Consequently,

el(x) + 42(x) e [el(x) + 42(x)]

and the Hamiltonian is the sum of the "1"and "2"
boson energies. As a result, Eq. (15) can be
written

exP(2 e8 l 41( )4 1) + 28(~2 @2(x)~2)

=exp &8 2m kL ' e""-1 +H. c. -
A,'&0 x

(15')
where 28 = 8 2' = [()7 —2J,)/()(+ 2J,)]'/2, we have used
Eq. (13) with (2-s, and assumed x»s. The other
correlation functions are similarly calculated, giv-
ing the results

s'(S'(x)S Q
- (s/x)'+ . ~ ~,

s'(S'(x)S') - (s/x)2+ e' '~"(s/x)' + ~ ~ ~,
(16)

where we have only retained dimensional factors.
For the free-particle case, J, =O and F0=0, the
problem is exactly the isotropic xy model, studied
by I ieb, Schultz, and Mattis, ' and McCoy, and
our results are in agreement with theirs.

The multispin correlation functions in the as-
ymptotic region can be calculated, including the
time dependence as well, using well-known results
for operators of this form. The static functions

where

[pl( —k), pl(k')] = [p2(k'), p2( —k)] = kL622. /2)( .
This Hamiltonian is bilinear in bosons and the op-
erators in the correlation functions are either bo-
sons or exponential. s of bosons, consequently, they
may be trivially evaluated.

The leading asymptotic behavior of the trans-
verse equal-time correlation function is given by
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2n

=exp' ( —)' 't'le ' '),
f&j s (17)

which is proved by repeated application of the Ba-
ker-Hausdorff formula. In this expression, all
x& —x; are much larger than s, and the ordering
x, & x2& x, ~ ~ ~ xn is assumed. We will make use of
this property below to derive the form of higher-
order correlation functions in these models.

The correlation functions for mph 0 can be calcu-
lated using similar methods. It is first helpful to
consider the simple physical picture appropriate
for this situation. The noninteracting-particle
case J, = 0 has been discussed by McCoy. A gap
(or mass) is introduced into the fermion spectrum,
BCS-like in nature, and consequently a gap appears
in the density-density correlation functions used to
calculate correlation functions as in Eq. (15').

For the general case, the momentum sum in Eq.
(15') will be modified when the length scale is of
order m, since the k summation is modified for
4'&nz, where m is the renormalized gap or mass.
This, in turn, causes the correlation function to
alter its behavior in the length scale nz 9, where 8
is the coefficient multiplying the log in Eq. (15 ).
The assumption of homogeneity then implies
(S'(x)S ) ~ m as x- ~, if long-range order exists.
For the xy model with J, =O, we have 8=—,

' and rn

= rn0 since there are no interactions to modify the
free-particle gap.

With interactions present, nz is not proportional
to Pl 0 but Pl Alp. This can be established in sev-
eral ways. The simplest assumes the (p, (x)p()
functions are of the scaling form -x 2f (mx), where

f is an unspecified function. Then perturbation
theory in ~0 gives terms of the form

~(0 ~n-1

(p~(x}p~) = mq dt's
~ ~ ~ dt„dx& ~ ~ dx„x

n "0 "0

-o
g (t„,x„&-4g (t„,x„&

)) (18)

which can be evaluated by patient application of Eq.
(17}. The integrals can be made dimensionless by
scaling out x, with the resulting series

x-'Z (m,x')'"C„,

where the C„are finite constants when all short-
distance cutoffs are included. Dimensional analy-
sis of the 2n-point correlation functions in Eq. (18)
gives y=2(1 —8) and the scaling form requires m-

I mo I
~~" and therefore 2v = (1 —8) '.

involve only the exponent 8, because of the proper-
ty that averages of exponentiated free-boson oper-
ators in the free-density matrix can be written

&~1(xl& ~~1&"2& -&(t&1(&3& &~1(+2n&~je e e ~ ~ ~ )1

With this value for v, we can determine the long-
range-order exponent p, defined as x-~ by
(S'(x)S )-((S')')- I m(& I'~. Since (S'(x)S ) ap-
proaches me we have 2P = 8(1 —8) '. These expo-
nents will obviously be related to critical exponents
in the Ising or Baxter models, and are discussed
in Sec. III.

It should be realized that the model we have
solved here is a continuum generalization of the
xyz model on a lattice. It is not obvious that the
exponents for the lattice and continuum models
should be identical, for we have insisted only that
matrix elements of the two-body interaction terms
be equal at the Fermi energy. If intermediate
states far from the Fermi energy do contribute,
the present procedure will not necessarily treat
them correctly. It is possible to determine indi-
rectly whether such processes do contribute by us-
ing these results to compute exponents in the Bax-
ter model and compare them with those already
known. This is carried out in Sec. III, and we

postpone a further discussion of the HI model on
the lattice until these contributions have been dis-
cussed. However, it should be obvious that the
asymptotic behavior of the noninteracting-particle
problem J, =0 is given exactly by these results be-
cause there is no interaction and consequently no
microscopic length scale in these exponents. This
corresponds to the Ising problem.

III. CALCULATION OF CRITICAL EXPONENTS

From a knowledge of the asymptotic behavior of
the (S '(x)S') correlation function found in Sec. II,
the so-called electric critical exponents of the
Baxter model can be calculated. As discussed
previously this function gives the long-range be-
havior of the (n, no) correlation function, where n,
= p, ; pt, ~ in the original Ising variable (pt} language
From Eq. (16), and the discussion following Eq.
(18), we have &}=8, 2v=(1 —8) ', and 4P =8(1 —8) ',
where the order parameter is taken to be (n), the
electric order parameter. Fisher's argument then
yields 2&=2v(2 —&I) =(2 —8)(l —8) . When the four-
spin interaction equals zero, J, =0, the two Ising
lattices do not interact. Consequently, (n, no)
=(pt p, o)', 8 = —,', and the usual Ising exponents &l,

= —,'&1= —„pt = —,'p = —„and v=1 result. For general
J„ these magnetic exponents, defined for the JL(.

variables, have not yet been calculated with our
method.

The calculation of the exponent ~ requires some
additional discussion, for the behavior of the cor-
relation functions along one line does not determine
it, in contrast to the above. We seek therefore the
form of the general 2n-point function at T„using
the result that the equal-time correlation function
(S'(x()S"(x2) ~ ~ ~ S'(x„)) determines the multiopera-
tor correlation function (n, na ~ ~ n„) along a par-
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ticular line, as discussed in the Introduction.
One might expect that the time-evolution opera-

tor e' '&S'(x, )e ' 't could be used to determine
S'(x„ it, ) which would in turn determine the general
n-point function after a Wick rotation it, - y, . But
this fails due to the presence of the 7 operator in
Eil. (13), which is different for eilual-time func-
tions than for equal-space functions. This diffi-
culty can be circumvented by noting this v operator
actually makes no contribution to the equal-time
correlation function. Therefore, if the operator
S' is defined to be the operator S' of Eq. (13), with
v. dropped, the equal-space correlation functions
will be the same as the equal-time functions after
it - y. Since the equations of motion are

S y(x f) eixieirxS ye-irxs-i zi
P

+ (2 —3)

+(1 4), (19)

where x, = (xt, y, ) represents the continuation f,- iy& of (x&, f&), using the operator sS*(x, f), and it
is understood that the expectation value is computed
before the continuation. The electric exponent 6

can be determined from scaling. This assumes the
susceptibility y-m "i"f(Em'), where E is the field
which couples to the order parameter n. But Eq.
(19) gives the correction to y of order Ea by inte-
grating over the space coordinates. Scaling out
factors of m to make the integral dimensionless
gives 2z = 8 —4, and as m- 0, X

-E"", giving 6
= 8(4 —8) '. In the corresponding Ising variables.
ii and H, and realizing that Eil. (19) is the siluare
of an Ising correlation function, this gives &I =15
for the J, = 0 case.

We now wish to make contact with known exact
results on the Baxter model. At present, the two
exponents n and v have been obtained, the latter
for a vertical correlation function. If we compare
the two results

continuum model, (20)

where T is the total momentum operator [3C, T]
=0, and both the equal-space and equal-time cor-
relation functions are correct, it follows that ar-
bitrary space-time points are reached in this man-
ner, with x; —t; invariants. Then Wick rotation
in this correlation function produces the desired
Euclidean invariance.

For example, the above procedure applied to the
four-spin correlation function leads to the 1eading
asymptotic behavior~o:

(S '(x, )S '(x2)S '(x,)S '(x,))

) Xg X3l I xa —x4!
I xy —xpl / xp —xs/ j xs —x4) I X4 —X/I

1 2—=1+—arc sinJ,
v '1T

lattice model, (21)

8= —,
' —m" arc sinJ,1 (21')

in the table of exponents in Table I, which, togeth-
er with Baxter's result n =(1 —28)(l —8), com-
pletes the list of electric exponents. It can be
verified that the scaling law n+2P+ y=2, is satis-
fied. In addition, the result 4P =2v —1 is consis-
tent with a previous conjecture of Baxter and Kel-

nd 8

Stated in terms of a "universality" picture, it is
argued that these results demonstrate the existence
of an additional scaling law, for example, 4P =2v
—1. Together with the other scaling laws, all ex-
ponents are determined by one parameter. Differ-
ent models in two dimensions with discrete broken
symmetries differ in their parameter. However,
the additional relation should be the same, as dem-
onstrated by comparison of our rigorous results
for the Luttinger parametrization with the previ-
ous work on the lattice model.

IV. TIME-DEPENDENT CORRELATION FUNCTIONS OF
THE HEISENBERG-ISING CHAIN

We now return to the problem of the spin- —,
' lin-

ear chain. The time dependence has been dis-
cussed previously, for example, in Eil. (19). Here

TABLE I. Exponents for the Baxter model.

1 2 —6

21 —6
1 1
21 —0

7('- 2' 1/2
Continuum model: 2& =

z+2Jg

Discrete lattice: 28 =1 —(2/m) src siM~

with J, = tanh2L, . Obviously, they do not coincide,
but agree to first order in J,:

1/v = 1+2J,/m+ ~ ~ ~

and both functions show qualitatively the same be-
havior. The difference between the two results is
due to the use of the continuum I.uttinger model
with its strictly linear dispersion relation. The
introduction of bandwidth effects would alter the
parameters in the Fermion model we have used.

However, we can still determine the exponents
for the lattice case, because the parameter L9 can
be eliminated between any two equations for these
exponents. As a result, all exponents can be ex-
pressed in terms of any one, for example, v. Us-
ing Eq. (21) then gives the appropriate lattice ex-
ponents. This requires the choice
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2m'n'(S'(x, t)S') = cos2k~x

n'(x'+ c't ')
' —c2t2

(21)
where c =[8+(48}'] is the renormalized Fermi
velocity. It is easy to perform a Fourier trans-
formation of these functions which leads to the
spectral representation of the form

X x2 —c2t2

we wish to examine the results in more detail, and
consider the question of next leading terms in the
asymptotic expansion. The boson representation
for spin operators, used to calculate these next
leading terms, is discussed in the Appendix.

Using Eq. (A6), and following the usual procedure
for evaluating correlation functions of this type,
gives the answer

between the eigenfunctions in the two cases. Now
the operators S' just change the fermion number
by one, in contrast to the operator for S'. As
pointed out by McCoy et al. , difficulties can then
arise. These authors also gave a recipe to avoid
this problem. Instead of calculating the two-spin
function directly, one can obtain it via a factoriza-
tion property at large distances from an appropri-
ate four-spin function. But this means, in our ap-
proach, that the r operators, cf. Eq. (13), cancel
pair-wise and therefore do not appear. This fur-
ther justifies dropping 7 in correlation functions,
as argued in the previous Sec. III. Having estab-
lished this result, we do not have to take the de-
tour via the four-spin function but can compute the
transverse correlation directly. We then obtain
from Eq. (12) and Eq. (A8) the result

(S'S'), „-[~'—c'(k —2k )') '
+ (kz ——kz)+ 5(v —c2k~) . (22)

x2 ~ c2g2 8/2

2m n (S'(x, t)S') =
~ p ~

—cos(2k~x)

Bey"(k, ~) - (k —2k~}' (23)

as is familiar from the Luttinger model with repul-
sive interactions. For the case J, &0, this signals
an instability of the system against application of a
staggered field in the z direction. The mechanism
here is the same as in the Peierls transition: the
system can lower its energy under a perturbation
by opening a gap at the Fermi momentum. The
possibility of such instabilities in magnetic chains
has been discussed recently by several authors. "
For the ferromagnetic case J, &0, the correlation
function is not divergent and the susceptibility re-
mains finite.

In calculating the transverse correlation func-
tion, a subtle point has to be considered. The di-
agonalization of the lattice fermion Hamiltonian is
different for even and for odd numbers of fermions
present. A Priori there is no simple relationship

The first expression shows the power-law be-
havior near the thresholds &u =+ c(k —2k+) and &u

=+ c(k+2k~) which is characteristic of Luttinger
correlation functions. The relation of these func-
tions to those in the Luttinger model is now obvi-
ous. The first terms are the + 2k~ spectral density,
while the last is the long-wavelength spectral den-
sity.

In the regions I I &CI k-2k&l and I col &cl k+2k~i
there is spectral weight for excitations via the op-
erator S', while outside these regions the imagi-
nary part vanishes (at T=O). For finite tempera-
ture, the sharp distinction between the two regions
is blurred since the correlation functions develop
exponential tails, as discussed in recent work on
the Luttinger model. 6

The real part of the susceptibility y"(k, ~) has a
singularity at v=0, and k-2k~ given by

x2 c2t 2 ~2 (8+8 1)/2
x x —c t x2- c2t2

(24)
The Fourier transformation is straightforward, as
before. The imaginary part of the susceptibility
y'™is nonzero in the regions l ~l ~ c I kl and shows
the power-law singularities at the borderlines.
Correspondingly, the real part of the transverse
susceptibility diverges at k =0. For antiferromag-
netic coupling in the basal plane the cosine factor
in Eq. (24) moves to the first term, as discussed
in the paragraph following Eq. (13). The instabil-
ity is then shifted to k =+ 2k+ and therefore is simi-
lar to the one in the longitudinal function.

An interesting special case is the antiferromag-
netic Heisenberg chain, corresponding to J, = —1.
For this problem it is known that the ground state
is a singlet and nondegenerate, hence longitudinal
and transverse correlation functions have to be
equal. Now according to our original identification
J, = —1 gives 28=(m+2)"'(v —2) '~2. Obviously the
exponents of the correlation functions are not equal
for this value of 8. However, if we make the same
identification as was used for the Baxter model,
2g=l -2m 'arcsinJ„ then J, = —1 leads to O=l.
For this value of 8 the two correlation functions in-
deed are equal, after including the shift of the co-
sine factor, discussed above, which is appropriate
for the antiferromagnetic case. The functions in
this limit decay as x ' or t ', respectively, and
the change of sign from site to site is consistent
with numerical results of Bonner and Fisher on a
ring of 10 spins.

Using the Luttinger-model results for calculat-
ing correlation functions at finite temperature
leads to the result that the staggered susceptibility
diverges as T ', therefore y = 1. At T = 0, the cor-
relation function behaves as x ', giving g=2. In
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addition, the exponent 6 for the staggered magne-
tization is easily calculated using the procedure of
Sec. II. Here we use the formal expression for
the staggered magnetization M, as a perturbation
expansion in the external staggered field H, and
assume scaling. The result is

8M,
SH

'-
'~

d'x f(H', x")x ', (25)

where

f(FI' x")= Z c„H'"x""

The steps involved in relating the two-dimension-
al Baxter model to the continuum field theory ap-
pear complicated because of the intermediate steps
involving the spin- —, x-y-z Hamiltonian. It may be
possible to overlook the ease of calculation which
these results establish. The calculation of the ex-
ponent g in the Ising model is illustrative of this
simplicity. From Eq. (4) and Eq. (15), the Ising
correlation function is seen to be

(S~( )~x) = (e"'"'"e '"')0, (26)

where the "0"means an expectation value in the
free-particle Luttinger model. One finds imme-
diately the behavior x '~4, using Eq. (15'). Simi-
larly, the calculation of the other exponents can
be stripped to essentially trivial operator algebra,
following the procedures of Sec. III. From this
viewpoint, the reason that q equals &, is essential-

is the result of a dimensional analysis of the for-
mal perturbation theory, with c„ finite constants
and e =4 —8. From this we determine the dimen-
sion of II, relative to x, and thereby calculate the
exponent 86=4 —8, which gives &=3 for the anti-
ferromagnetic case.

From the equivalence of our Hamiltonian to the
I.uttinger model, we also conclude that the leading
contribution to the low-temperature specific heat
is C„=(2vc )LT.

There are still other results known for this anti-
ferromagnetic case. Des Cloiseaux and Pearson 6

determined the triplet excitations of the chain with
the dispersion relation ro(k) = m/2 I sink I, Near k
= 2k+ -- v this determines a region &u

~ m/2 I k —2k+ I

in the ~ —k plane where spectral density is non-
zero. Although we have a similar region in our
calculation ~~ e( k-2k~(, we produce the value 5

for the corresponding velocity. This implies that
the lattice model has a different dependence of the
Fermi velocity on interaction strength than the
continuum. One should probably not expect the ve-
locities to be the same in this intermediate cou-
pling region, because prefactors certainly can be
model dependent.

V. DISCUSSION

ly dimensional: the spin-density operator is the
square root of a free-Fermion operator, which
can be defined with the boson representation.

With this connection in mind, it is then most
plausible that critical exponents in the Baxter mod-
el will depend continuously on the interaction pa-
rameter, because the corresponding Fermi-model
exponents do. If an interaction term were added
to the Luttinger model which caused a gap in the
2k+ spectral density, corresponding to the (S'S')
function, this would presumably remove the con-
tinuous dependence on coupling constant. In this
way, one couM map back onto the statistical me-
chanic problem and determine a type of "Baxter
model" which still exhibits Ising exponents.

A further application of our mapping of statisti-
cal mechanics problems onto field-theory problems
involves the massive Luttinger model defined by
Eqs. (7) and (8). Clearly, it is possible to deter-
mine the correlation functions in the Baxter model
which are equal to Green's functions in the field
theory. In particular, the homogeneity properties
of the Baxter model imply the same homogeneity
properties of these Green's functions. Consequent-
ly, we can trivially determine the set of "critical"
exponents which appear in these finite-mass theo-
ries.

One concludes that the two-point functions satisfy

G(x) - x-"f(mx)

for equal times, where f(mx) is an undetermined
function, q the zero-mass exponent, and m-m~,
where m, is the bare mass and v is given in Table
I. Based on physical arguments and on a variety
of calculations, one believes the Baxter model is a
one-length theory, consequently, the massive Lut-
tinger model is also. It follows that higher-order
Green's functions satisfy a similar homogeneity
condition, with the exponent v relating the correct
length scale to the bare mass. Calculations of the
Baxter model functions for TW T', therefore can be
used to determine vacuum expectation values of
these massive field theories.

Finally, we wish to remark on the question of
the difference in exponents between lattice fermion
theories and the continuum theories. This problem
is, in fact, solved by the calculations summarized
in Table I. Fermion correlation functions all in-
volve the quantity 8, and we have established, with
these calculations, that all exponents can be re-
lated to just one, for example, v. The Baxter mod-
el on a lattice is rigorously the lattice fermion
problem, Eq. (6). Using the lattice parametriza-
tion for 8 therefore leads to expressions for fer-
mion correlation function exponents which are cor-
rect for the lattice model with m0=0. The differ-
ences between lattice and continuum exponents are
small for coupling constant in the intermediate
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APPENDIX: CONTINUUM SPIN-I/z ALGEBRA IN ONE
DIMENSION

The purpose of this appendix is to discuss the
ambiguities involved in the construction of opera-
tors which satisfy the algebra

[S'(x), S (x')] =2S'(x)&(x- x'),
(A I)[S'(x), S*(x')]= v S'(x)&(x —x') .

These relations, together with [S'(x)]'=[S (x)]'=0,
and 0=[S'(x), S'(x')], etc. , are taken to define the
S= —,

' algebra. What we desire is a relation between
these spin operators and continuum fermi field op-
erators, equivalent to the Jordan-Wigner trans-
formation for lattice operators,

k-1

S& =a;exp zm~ a&aj

S, =(S&)
z

Sq =aja) —
g

(A2)

where the a; operators are fermions, and the S&

satisfy the spin--,' algebra. There turn out to be
several possibilities for the continuum algebra,
differing only in the definition of S'(x) in terms of
the underlying fermi field operators. An obvious
choice is

S'(x) = g, (x)g,(x)+ P,'(x)g, (x) —{s) ', (A3)

where g, and g2 refer to fermion operators satisfy-
ing the operator algebra of the Luttinger model,
and we assume (g, P,) =(g,g, ) = (2s) ', consequently,

range of interest in many problems of the quasi-
one-dimensional conductors, J,= 1. We take this
evidence as support for the position that the Lut-
tinger model, and its extension to include spin and
backward scattering, are excellent approximations
for the fermion lattice problems as well.

It is interesting to consider the calculation which
must be performed to determine exponents when
the bandwidth is finite. As independently recog-
nized by Ferrell, ' there is an analogy to the x-ray
threshold problem. ~~ Indeed the phase factor N(x)
in Eq. (15) can be viewed as a potential of strength
m turned on at the origin and off at x, while in the
x-ray problem such a switching takes place in time.
We offer the biased prejudice that our solution here
bears the same relation to the lattice Baxter model
as the Tomonaga-model calculation' does to the
x-ray threshold problem.
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S'(x) =p, (x)+p,(x), (A4)

where p& and p2 are canonical density operators in
the Luttinger model. The complete spin algebra
for this case is then

S'(x}= (2s) '"[g,'(x) e"'"'+P',(x) e"'"'],
S-(x) = S'(x)',

with

and

N(x) = I~ ' d3'[ pz(S )+ p2(3')]
"0

N'(x) =N(x+ s).'

Keeping s finite, and using the algebra of Eq. (11),
leads to the conclusion that this representation
satisfies Eq. (Al) in the limit s-0.

However, this definition of S'(x) does not corre-
spond to the intuitive definition which is suggested
by the Jordan-Wigner representation. The opera-
tor

aa=I. a a e" Ji P+q P
Ppq

has matrix elements between states at the Fermi
energy not only near q=0, but near q=+2k~. This
leads to the definition

S'(x) = pg{x) + p~(x) + g, (x)(2(x) + Pt(x) P~(x), (A6)

which has the correct matrix elements, in the Lut-
tinger model, both near q = 0 and + 2k~. We use
Eq. (A6) to define the continuum spin representation
of S'(x) with fermi operators.

It is now necessary to construct the proper trans-
verse spin operators. The choice given in Eq. (10)
satisfies this spin algebra, as can be directly veri-
fied. However, these transverse operators suffer
from an asymmetry. Consider the representation
for S (x) as written out in Eq. (13). It is seen that
the combination e ~ ' ' occurs but not e ~~@ ~~~,
which is simply a 1 —2 interchange. The absence
of this term is not important for ) J, ( &1, because
it is not even a next leading singularity. At J,
= —1, however, it is of dimension two, and is nec-
essary for the next leading singularities in the
transverse functions to be the same as the longitu-
dinal, as discussed in Sec. IV. We conclude that
the fermion representation for the spin algebra of
Eq. (10) correctly reproduce the leading terms,
but cannot reproduce next leading contributions at
Jg ———1.

Correcting this flaw requires a more symmetric
choice for the "ordering" operator e"'"'. Obviously
any linear combination of the form ne"'"'+Pe
will satisfy the [S'(x), S'(x)] algebra, provided
[N(x), S'(x')] =0. We are then led to propose the
symmetric combination 2 ' (e '"'+e '*') as the
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replacement for e"'"'. With this definition,

2$+(x) = s- ~ (8"'"'+e-"'*')[q (x)+ y (x)]

S-(x) = [S'(x)]', (AV)

(2v&s)($&(x f)P) =~(e o1(+~t) l2-0P(~, t&/2+2&kz&

together with Eq. (A6) defines the fermion problem
which we solve in Sec. IV. It should be noted, how-
ever, that the commutator [S'(x}, S (x}] leads to an
operator which differs from Eq. (A6), giving
S'(x)(1+e'"'"'+ e '"'"') instead of S'(x), differing
by the operators e ~'"' of dimensional behavior
s x . This algebra is therefore not exact, but be-
cause these higher-order operators do not contrib-
ute to leading or next leading terms, and vanish as
s- 0, the algebra is adequate for our purposes.
We therefore discard these additional operators

As a consequence of these e "operators which
appear in 8', there will be corresponding spurious
operators in the transverse functions. These also
contribute only to weaker singularities, vanish as
s-0, and can be discarded for these reasons. The
leading contributions are correctly given by Eq.
(15), while the next leading contributions are given
by

& e-Sey@+ep/a)+ (A8)

where 1—2 means the interchange C, —Pz and
k~ ——k~, and the prime indicates that this is to
be added to the result of Eq. (15). It should also
be noted that the 2ikzx phase factors for these P~
and P~ operators are chosen for the case J„)0, as
in Eq. (13). For Z„&0, the antiferromagnetic case,
the 2ik„x phase factor moves over to the leading
singularity term, as discussed following Eq. (13),
and does not appear in Eq. (A8).

It is necessary to introduce the cutoff parameter
n to define the momentum summation in the opera-
tors P, (x) and Pz(x), as in Eq. (13), which are the
Fourier transforms of the objects 2N, (x). This
momentum cutoff a ' can naturally be taken as the
Brillouin-zone boundary momentum, and we have
therefore chosen s.=vn in Eq. (24).

In arriving at this result for the spin-algebra
representation to be used in calculating correlation
functions, it is clear that difficulties have been
pushed into yet higher terms in the asymptotic se-
ries. It might be desirable to have an expression
which is correct for all terms in this series, but
for the calculation of exponents in leading or next
leading terms this is not necessary. We postpone
this problem for future work.
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