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1 Gaussians

Let A ∈ B(Rn) have positive spectrum. Because A is positive, it has a unique
positive square root

√
A, which also has positive spectrum. Then, using the fact

that
∫
R exp(−x2)dx =

√
π,∫

Rn

exp(−π 〈x,Ax〉)dx =

∫
Rn

exp
(
−π
〈
x,
√
A
√
Ax
〉)

dx

=

∫
Rn

exp
(
−
〈√

π
√
Ax,
√
π
√
Ax
〉)

dx

=

∫
Rn

exp(−〈x, x〉)|det(
√
π
√
A)−1|dx

=
1

det(
√
πI)

1

det(
√
A)

∫
Rn

exp(−〈x, x〉)dx

= π−d/2(detA)−1/2
∫
Rn

exp(−〈x, x〉)dx

= (detA)−1/2;

1
det(
√
A)

= (detA)−1/2 because A =
√
A
√
A and det(

√
A) > 0.

2 Zeta functions

Suppose that A ∈ B(Rn) has positive spectrum: 0 < λ1 ≤ · · · ≤ λn. Define

ζA(s) =

n∑
k=1

1

λsk
=

n∑
k=1

exp(−s log λk), s ∈ C.

As

ζ ′A(s) =

n∑
k=1

− log(λk) exp(−s log λk) =

n∑
k=1

− log λk
λsk

,

1



we have

−ζ ′A(0) =

n∑
k=1

log λk,

hence

exp(−ζ ′A(0)) =

n∏
k=1

λk = detA.
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