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Sparsity and Compressive Sensing 
 
It may be that our "model" m cannot be assumed to be sparse, 
but perhaps we can represent it in a sparse manner.  For 
example, it may have a sparse spectrum! 
 
Let's represent our model m as a linear combination of basis 
vectors wi, writing m = W x, where W is made up of the wi's. 
 
The basis vectors could be wavelets, Fourier coefficients, etc. 
 
Sparse representation is very important in sound and image 
compression! 



Apply discrete cosine transform (DCT) to an image: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The DCT has 40,000 coefficients! 



Throw away (set to 0) 60% of the DCT) coefficients, and 
transform back to a compressed version of the image: 
 
 
 
 
 
 
 
 
 
 
 
 
 
Only 16,000 coefficients needed to recover image beautifully! 



How can this be applied in geophysics? 
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S U M M A R Y
We propose the use of !1 regularization in a wavelet basis for the solution of linearized seismic
tomography problems Am = d, allowing for the possibility of sharp discontinuities superim-
posed on a smoothly varying background. An iterative method is used to find a sparse solution
m that contains no more fine-scale structure than is necessary to fit the data d to within its
assigned errors.

Key words: inverse problem, one-norm, sparsity, tomography, wavelets.

1 I N T RO D U C T I O N

Like most geophysical inverse problems, the linearized problem
Am = d in seismic tomography is underdetermined, or at best offers
a mix of over and underdetermined parameters. It has, therefore,
long been recognized that it is important to suppress artefacts that
could be falsely interpreted as ‘structure’ in the earth’s interior. Not
surprisingly, strategies that yield the smoothest solution m have been
dominant in most global or regional tomographic applications; these
strategies include seeking global models represented as a low-degree
spherical harmonic expansion (Dziewonski et al. 1975; Dziewonski
& Woodhouse 1987; Masters et al. 1996) as well as regularization
via minimization of the gradient (!m) or second derivative (!2m)
norm of a dense local parametrization (Constable et al. 1987; Nolet
1987; Spakman & Nolet 1988; VanDecar & Snieder 1994; Trampert
& Snieder 1996).

Smooth solutions, however, while not introducing small-scale
artefacts, produce a distorted image of the earth through the strong
averaging over large areas, thereby making small-scale detail diffi-
cult to see, or even hiding it. Sharp discontinuities are blurred into
gradual transitions. For example, the inability of global, spherical-
harmonic, tomographic models to yield as clear an image of upper-
mantle subduction zones as produced by more localized studies has
long been held against them. Deal et al. (1999) and Deal & Nolet
(1999) optimize images of upper-mantle slabs to fit physical mod-
els of heat diffusion, in an effort to suppress small-scale imaging
artefacts while retaining sharp boundaries. Portniaguine & Zhdanov
(1999) use a conjugate-gradient method to seek the smallest possible
anomalous domain by minimizing a norm based on a renormalized
gradient !m/(!m · !m + " 2)

1
2 , where " is a small constant. Like

all methods that deviate from a least-squares type of solution, both
these methods are non-linear and pose their own problems of prac-
tical implementation.

From a mathematical point of view, the linear inverse problem
Am = d requires regularization whenever A has either very small

singular values or a null space. Even small variations in d can then
cause large differences in m; regularization restores stability to the
problem (Bertero & Boccacci 1998). The choice among the many
different regularization techniques depends on the problem, and can
be governed, to some extent, by the desire to preserve or emphasize
particular features of the (unknown) m that are expected. For in-
stance, if the small singular values of A are mostly associated to
highly oscillatory singular functions (as is often the case), and if
one is mostly interested in large-scale features of m, then it is natu-
ral to introduce a regularizing constraint or penalty term involving
!m or !2m. Or, if one seeks to find solutions m that are ‘sparse’
with respect to a given basis {#! ; ! = 1, . . . , L}, that is, solutions
of the form m =

!L
!=1 c!#! in which only a small fraction of the

coefficients c1, c2, . . . , cL are non-zero, then this can be achieved
by a constraint or a penalty term involving "c"1 =

!L
!=1 |#m, #!$|.

This regularization procedure selects solutions that are particularly
‘simple’ when expressed in terms of the basis {#! ; ! = 1, . . . , L}.

The notion that we should seek the ‘simplest’ model m that fits
a measured set of data d to within the assigned errors is intuitively
equivalent to the notion that the model should be describable with
a small number of parameters. However, clearly, restricting the
model to a few low-degree spherical-harmonic or Fourier coeffi-
cients, or a few large-scale blocks or tetrahedra, does not neces-
sarily lead to a geophysically plausible solution. In this paper, we
investigate whether a multiscale representation based upon wavelets
(Daubechies 1992) has enough flexibility to represent the class of
models we seek. We propose an !1-norm regularization method
which yields a model m that has a strong tendency to be sparse in a
wavelet basis, meaning that it can be faithfully represented by a rel-
atively small number of non-zero wavelet coefficients. This allows
for models that vary smoothly in regions of limited coverage without
sacrificing any sharp or small-scale features in well-covered regions
that are required to fit the data. Our approach is different from an
approach briefly suggested by de Hoop & van der Hilst (2005),
in which the mapping between data and model is decomposed in
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Compressive Sensing (CS) 
 
The idea here is that we extract "samples" of a signal m(t) and 
from the sparse samples try to reconstruct the original signal 
with reasonable accuracy. 
 
The sparse sampling is combined with sparse representation of 
the signal using an appropriate set of basis functions: 
 

       m = W x 
 
as before. 
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The idea here is that we extract "samples" of a signal m(t) and 
from the sparse samples try to reconstruct the original signal 
with reasonable accuracy. 
 
The sparse sampling is combined with sparse representation of 
the signal using an appropriate set of basis functions: 
 

       m = W x 
 
as before. 
 
The surprising aspect of CS is that it works by evaluating linear 
combinations of the original signal with random vectors! 
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SOLUTION

DESIGNING A STABLE
MEASUREMENT MATRIX
The measurement matrix ! must allow
the reconstruction of the length-N signal
x from M < N measurements (the vector
y). Since M < N, this problem appears
ill-conditioned. If, however, x is K-sparse
and the K locations of the nonzero coef-
ficients in s are known, then the problem
can be solved provided M ! K. A neces-
sary and sufficient condition for this sim-
plified problem to be well conditioned is
that, for any vector v sharing the same K
nonzero entries as s and for some " > 0

1 " " # $#v$2

$v$2
# 1 + " . (3)

That is, the matrix # must preserve the
lengths of these particular K-sparse vec-
tors. Of course, in general the locations
of the K nonzero entries in s are not
known. However, a sufficient condition
for a stable solution for both K-sparse
and compressible signals is that # satis-
fies (3) for an arbitrary 3K-sparse vector
v. This condition is referred to as the
restricted isometry property (RIP) [1]. A
related condition, referred to as incoher-
ence, requires that the rows {$ j} of !
cannot sparsely represent the columns
{%i} of & (and vice versa).

Direct construction of a measure-
ment matrix ! such that # = !& has
the RIP requires verifying (3) for each
of the 

!N
K
"

possible combinations of K
nonzero entries in the vector v of

length N. However, both the RIP and
incoherence can be achieved with high
probability simply by selecting ! as a
random matrix. For instance, let the
matrix elements $ j,i be independent
and identically distributed (iid) random
variables from a Gaussian probability
density function with mean zero and
variance 1/N [1], [2], [4]. Then the
measurements y are merely M different
randomly weighted linear combinations
of the elements of x, as illustrated in
Figure 1(a). The Gaussian measure-
ment matrix ! has two interesting and
useful properties:

! The matrix ! is incoherent with
the basis & = I of delta spikes with
high probability. More specifically, an
M % N iid Gaussian matrix
# = !I = ! can be shown to have
the RIP with high probability if
M ! cK log(N/K) , with c a small
constant [1], [2], [4]. Therefore, K-
sparse and compressible signals of
length N can be recovered from 
only M ! cK log(N/K) & N random
Gaussian measurements.
! The matrix ! is universal in the
sense that # = !& will be iid
Gaussian and thus have the RIP with
high probability regardless of the
choice of orthonormal basis &.

DESIGNING A SIGNAL
RECONSTRUCTION ALGORITHM
The signal reconstruction algorithm
must take the M measurements in the
vector y, the random measurement
matrix ! (or the random seed that gen-

erated it), and the basis & and recon-
struct the length-N signal x or, equiva-
lently, its sparse coefficient vector s. For
K-sparse signals, since M < N in (2)
there are infinitely many s' that satisfy
#s' = y. This is because if #s = y then
#(s + r) = y for any vector r in the null
space N (#) of #. Therefore, the signal
reconstruction algorithm aims to find
the signal’s sparse coefficient vector in
the (N " M)-dimensional translated null
space H = N (#) + s.

! Minimum '2 norm reconstruction:
Define the 'p norm of the vector s as
($s$p)

p =
#N

i=1 |si|p . The classical
approach to inverse problems of this
type is to find the vector in the trans-
lated null space with the smallest '2
norm (energy) by solving

$s = argmin $s'$2 such that #s' = y.

(4)

This optimization has the convenient
closed-form solution $s = #T(##T)"1 y.
Unfortunately, '2 minimization will
almost never find a K-sparse solution,
returning instead a nonsparse $s with
many nonzero elements.
! Minimum '0 norm reconstruction:
Since the '2 norm measures signal
energy and not signal sparsity, con-
sider the '0 norm that counts the
number of non-zero entries in s.
(Hence a K -sparse vector has '0
norm equal to K.) The modified opti-
mization

$s = argmin $s'$0 such that #s' = y

(5)

can recover a K-sparse signal exactly
with high probability using only
M = K + 1 iid Gaussian measure-
ments [5]. Unfortunately, solving (5)
is both numerically unstable and NP-
complete, requiring an exhaustive
enumeration of all 

!N
K
"

possible loca-
tions of the nonzero entries in s.
!  Minimum '1 norm reconstruction:
Surprisingly, optimization based on
the '1 norm

$s = argmin $s'$1 such that #s' = y

(6)

[FIG1] (a) Compressive sensing measurement process with a random Gaussian
measurement matrix ! and discrete cosine transform (DCT) matrix &. The vector of
coefficients s is sparse with K = 4. (b) Measurement process with # = !&. There are
four columns that correspond to nonzero si coefficients; the measurement vector y is a
linear combination of these columns.
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T
he Shannon/Nyquist sam-
pling theorem specifies that
to avoid losing information
when capturing a signal, one
must sample at least two

times faster than the signal bandwidth. In
many applications, including digital
image and video cameras, the Nyquist rate
is so high that too many samples result,
making compression a necessity prior to
storage or transmission. In other applica-
tions, including imaging systems (medical
scanners and radars) and high-speed ana-
log-to-digital converters, increasing the
sampling rate is very expensive.

This lecture note presents a new
method to capture and represent com-
pressible signals at a rate significantly
below the Nyquist rate. This method,
called compressive sensing, employs
nonadaptive linear projections that pre-
serve the structure of the signal; the sig-
nal is then reconstructed from these
projections using an optimization
process [1], [2].

RELEVANCE
The ideas presented here can be used to
illustrate the links between data acquisi-
tion, compression, dimensionality reduc-
tion, and optimization in undergraduate
and graduate digital signal processing,
statistics, and applied mathematics
courses. 

PREREQUISITES
The prerequisites for understanding this
lecture note material are linear algebra,
basic optimization, and basic probability.

PROBLEM STATEMENT

COMPRESSIBLE SIGNALS
Consider a real-valued, finite-length,
one-dimensional, discrete-time signal x,

which can be viewed as an N ! 1 column
vector in RN with elements x[n],
n = 1, 2, . . . , N . (We treat an image or
higher-dimensional data by vectorizing it
into a long one-dimensional vector.) Any
signal in RN can be represented in terms
of a basis of N ! 1 vectors {!i}N

i=1. For
simplicity, assume that the basis is
orthonormal. Using the N ! N basis
matrix " = [!1|!2| . . . |!N] with the
vectors {!i} as columns, a signal x can
be expressed as

x =
N!

i =1
si !i or x = !s (1)

where s is the N ! 1 column vector of
weighting coefficients si = "x,!i# = ! T

i x
and ·T denotes transposition. Clearly, x
and s are equivalent representations of
the signal, with x in the time or space
domain and s in the " domain.

The signal x is K-sparse if it is a linear
combination of only K basis vectors; that
is, only K of the si coefficients in (1) are
nonzero and (N $ K) are zero. The case
of interest is when K % N. The signal x
is compressible if the representation (1)
has just a few large coefficients and many
small coefficients.

TRANSFORM CODING 
AND ITS INEFFICIENCIES
The fact that compressible signals are
well approximated by K-sparse represen-
tations forms the foundation of trans-
form coding [3]. In data acquisition
systems (for example, digital cameras)
transform coding plays a central role: the
full N-sample signal x is acquired; the
complete set of transform coefficients
{si} is computed via s = "Tx ; the K
largest coefficients are located and the
(N $ K) smallest coefficients are dis-
carded; and the K values and locations of

the largest coefficients are encoded.
Unfortunately, this sample-then-com-
press framework suffers from three
inherent inefficiencies. First, the initial
number of samples N may be large even
if the desired K is small. Second, the set
of all N transform coefficients {si} must
be computed even though all but K of
them will be discarded. Third, the loca-
tions of the large coefficients must be
encoded, thus introducing an overhead.

THE COMPRESSIVE 
SENSING PROBLEM
Compressive sensing address these ineffi-
ciencies by directly acquiring a com-
pressed signal representation without
going through the intermediate stage of
acquiring N samples [1], [2]. Consider a
general linear measurement process that
computes M < N inner products
between x and a collection of vectors
{# j }M

j=1 as in yj = "x,# j#. Arrange the
measurements yj in an M ! 1 vector y
and the measurement vectors #T

j as rows
in an M ! N matrix $. Then, by substi-
tuting " from (1), y can be written as

y = $x = $"s = %s (2)

where % = $" is an M ! N matrix. The
measurement process is not adaptive,
meaning that $ is fixed and does not
depend on the signal x. The problem
consists of designing a) a stable meas-
urement matrix $ such that the salient
information in any K-sparse or com-
pressible signal is not damaged by the
dimensionality reduction from x & RN

to y & RM and b) a reconstruction algo-
rithm to recover x from only M ' K
measurements y (or about as many
measurements as the number of coeffi-
cients recorded by a traditional trans-
form coder).
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[lecture NOTES] continued

can exactly recover K-sparse signals and
closely approximate compressible signals
with high probability using only
M ! cK log(N/K) iid Gaussian meas-
urements [1], [2]. This is a convex opti-
mization problem that conveniently
reduces to a linear program known as
basis pursuit [1], [2] whose computation-
al complexity is about O(N 3). Other,
related reconstruction algorithms are
proposed in [6] and [7].

DISCUSSION
The geometry of the compressive sensing
problem in RN helps visualize why !2
reconstruction fails to find the sparse
solution that can be identified by !1
reconstruction. The set of all K-sparse
vectors s in RN is a highly nonlinear
space consisting of all K-dimensional
hyperplanes that are aligned with the
coordinate axes as shown in Figure 2(a).
The translated null space H = N (") + s
is oriented at a random angle due to the
randomness in the matrix " as shown in
Figure 2(b). (In practice N, M, K " 3, so
any intuition based on three dimensions
may be misleading.) The !2 minimizer !s
from (4) is the point on H closest to the
origin. This point can be found by blow-
ing up a hypersphere (the !2 ball) until it
contacts H. Due to the random orienta-
tion of H, the closest point !s will live
away from the coordinate axes with high
probability and hence will be neither
sparse nor close to the correct answer s.
In contrast, the !1 ball in Figure 2(c) has
points aligned with the coordinate axes.
Therefore, when the !1 ball is blown up,
it will first contact the translated null
space H at a point near the coordinate
axes, which is precisely where the sparse
vector s is located.

While the focus here has been on dis-
crete-time signals x, compressive sensing
also applies to sparse or compressible
analog signals x(t) that can be represent-
ed or approximated using only K out of
N possible elements from a continuous
basis or dictionary {#i(t)}N

i =1 . While
each #i(t) may have large bandwidth
(and thus a high Nyquist rate), the signal
x(t) has only K degrees of freedom and
thus can be measured at a much lower
rate [8], [9].

PRACTICAL EXAMPLE
As a practical example, consider a sin-
gle-pixel, compressive digital camera
that directly acquires M random linear
measurements without first collecting
the N pixel values [10]. As illustrated in
Figure 3(a), the incident light-field cor-
responding to the desired image x is
reflected off a digital micromirror device
(DMD) consisting of an array of N tiny
mirrors. (DMDs are present in many
computer projectors and projection tele-
visions.) The reflected light is then col-
lected by a second lens and focused onto
a single photodiode (the single pixel).

Each mirror can be independently ori-
ented either towards the photodiode
(corresponding to a 1) or away from the
photodiode (corresponding to a 0). To
collect measurements, a random number
generator (RNG) sets the mirror orienta-
tions in a pseudorandom 1/0 pattern to
create the measurement vector $ j. The
voltage at the photodiode then equals yj,
which is the inner product between $ j
and the desired image x. The process is
repeated M times to obtain all of the
entries in y.

[FIG2] (a) The subspaces containing two sparse vectors in R3 lie close to the
coordinate axes. (b) Visualization of the !2 minimization (5) that finds the non-
sparse point-of-contact !s between the !2 ball (hypersphere, in red) and the
translated measurement matrix null space (in green). (c) Visualization of the !1
minimization solution that finds the sparse point-of-contact !s with high probability
thanks to the pointiness of the !1 ball.
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[FIG3] (a) Single-pixel, compressive sensing camera. (b) Conventional digital camera
image of a soccer ball. (c) 64 # 64 black-and-white image !x of the same ball (N = 4,096
pixels) recovered from M = 1,600 random measurements taken by the camera in (a).
The images in (b) and (c) are not meant to be aligned.
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press framework suffers from three
inherent inefficiencies. First, the initial
number of samples N may be large even
if the desired K is small. Second, the set
of all N transform coefficients {si} must
be computed even though all but K of
them will be discarded. Third, the loca-
tions of the large coefficients must be
encoded, thus introducing an overhead.

THE COMPRESSIVE 
SENSING PROBLEM
Compressive sensing address these ineffi-
ciencies by directly acquiring a com-
pressed signal representation without
going through the intermediate stage of
acquiring N samples [1], [2]. Consider a
general linear measurement process that
computes M < N inner products
between x and a collection of vectors
{# j }M

j=1 as in yj = "x,# j#. Arrange the
measurements yj in an M ! 1 vector y
and the measurement vectors #T

j as rows
in an M ! N matrix $. Then, by substi-
tuting " from (1), y can be written as

y = $x = $"s = %s (2)

where % = $" is an M ! N matrix. The
measurement process is not adaptive,
meaning that $ is fixed and does not
depend on the signal x. The problem
consists of designing a) a stable meas-
urement matrix $ such that the salient
information in any K-sparse or com-
pressible signal is not damaged by the
dimensionality reduction from x & RN

to y & RM and b) a reconstruction algo-
rithm to recover x from only M ' K
measurements y (or about as many
measurements as the number of coeffi-
cients recorded by a traditional trans-
form coder).
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T
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times faster than the signal bandwidth. In
many applications, including digital
image and video cameras, the Nyquist rate
is so high that too many samples result,
making compression a necessity prior to
storage or transmission. In other applica-
tions, including imaging systems (medical
scanners and radars) and high-speed ana-
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This lecture note presents a new
method to capture and represent com-
pressible signals at a rate significantly
below the Nyquist rate. This method,
called compressive sensing, employs
nonadaptive linear projections that pre-
serve the structure of the signal; the sig-
nal is then reconstructed from these
projections using an optimization
process [1], [2].

RELEVANCE
The ideas presented here can be used to
illustrate the links between data acquisi-
tion, compression, dimensionality reduc-
tion, and optimization in undergraduate
and graduate digital signal processing,
statistics, and applied mathematics
courses. 

PREREQUISITES
The prerequisites for understanding this
lecture note material are linear algebra,
basic optimization, and basic probability.

PROBLEM STATEMENT
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matrix " = [!1|!2| . . . |!N] with the
vectors {!i} as columns, a signal x can
be expressed as

x =
N!
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i x
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domain and s in the " domain.
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computes M < N inner products
between x and a collection of vectors
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tuting " from (1), y can be written as
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where % = $" is an M ! N matrix. The
measurement process is not adaptive,
meaning that $ is fixed and does not
depend on the signal x. The problem
consists of designing a) a stable meas-
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information in any K-sparse or com-
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cients recorded by a traditional trans-
form coder).
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can exactly recover K-sparse signals and
closely approximate compressible signals
with high probability using only
M ! cK log(N/K) iid Gaussian meas-
urements [1], [2]. This is a convex opti-
mization problem that conveniently
reduces to a linear program known as
basis pursuit [1], [2] whose computation-
al complexity is about O(N 3). Other,
related reconstruction algorithms are
proposed in [6] and [7].

DISCUSSION
The geometry of the compressive sensing
problem in RN helps visualize why !2
reconstruction fails to find the sparse
solution that can be identified by !1
reconstruction. The set of all K-sparse
vectors s in RN is a highly nonlinear
space consisting of all K-dimensional
hyperplanes that are aligned with the
coordinate axes as shown in Figure 2(a).
The translated null space H = N (") + s
is oriented at a random angle due to the
randomness in the matrix " as shown in
Figure 2(b). (In practice N, M, K " 3, so
any intuition based on three dimensions
may be misleading.) The !2 minimizer !s
from (4) is the point on H closest to the
origin. This point can be found by blow-
ing up a hypersphere (the !2 ball) until it
contacts H. Due to the random orienta-
tion of H, the closest point !s will live
away from the coordinate axes with high
probability and hence will be neither
sparse nor close to the correct answer s.
In contrast, the !1 ball in Figure 2(c) has
points aligned with the coordinate axes.
Therefore, when the !1 ball is blown up,
it will first contact the translated null
space H at a point near the coordinate
axes, which is precisely where the sparse
vector s is located.

While the focus here has been on dis-
crete-time signals x, compressive sensing
also applies to sparse or compressible
analog signals x(t) that can be represent-
ed or approximated using only K out of
N possible elements from a continuous
basis or dictionary {#i(t)}N

i =1 . While
each #i(t) may have large bandwidth
(and thus a high Nyquist rate), the signal
x(t) has only K degrees of freedom and
thus can be measured at a much lower
rate [8], [9].

PRACTICAL EXAMPLE
As a practical example, consider a sin-
gle-pixel, compressive digital camera
that directly acquires M random linear
measurements without first collecting
the N pixel values [10]. As illustrated in
Figure 3(a), the incident light-field cor-
responding to the desired image x is
reflected off a digital micromirror device
(DMD) consisting of an array of N tiny
mirrors. (DMDs are present in many
computer projectors and projection tele-
visions.) The reflected light is then col-
lected by a second lens and focused onto
a single photodiode (the single pixel).

Each mirror can be independently ori-
ented either towards the photodiode
(corresponding to a 1) or away from the
photodiode (corresponding to a 0). To
collect measurements, a random number
generator (RNG) sets the mirror orienta-
tions in a pseudorandom 1/0 pattern to
create the measurement vector $ j. The
voltage at the photodiode then equals yj,
which is the inner product between $ j
and the desired image x. The process is
repeated M times to obtain all of the
entries in y.

[FIG2] (a) The subspaces containing two sparse vectors in R3 lie close to the
coordinate axes. (b) Visualization of the !2 minimization (5) that finds the non-
sparse point-of-contact !s between the !2 ball (hypersphere, in red) and the
translated measurement matrix null space (in green). (c) Visualization of the !1
minimization solution that finds the sparse point-of-contact !s with high probability
thanks to the pointiness of the !1 ball.
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[FIG3] (a) Single-pixel, compressive sensing camera. (b) Conventional digital camera
image of a soccer ball. (c) 64 # 64 black-and-white image !x of the same ball (N = 4,096
pixels) recovered from M = 1,600 random measurements taken by the camera in (a).
The images in (b) and (c) are not meant to be aligned.
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Total Variation 
 
For some models, we might expect there to be discontinuities.  
The methods we have discussed so far all would penalize sharp 
model changes quite heavily!  So we need another approach if 
we believe sharp changes/discontinuities may be present. 
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case, the penalty function is 
 
 
 
 
and the equation to be solved is        
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7.4 Total Variation

Total Variation (TV) regularization is appropriate for problems where we expect

there to be discontinuous jumps in the model. In the one–dimensional case, the

TV regularization function is

TV (m) =

n−1�

i=1

|mi+1 −mi| (7.26)

= �Lm�1 (7.27)

where, for one–dimensional models, L = L1 (4.27). In higher–dimensional prob-

lems, L is a discretization of the gradient operator.

In first– and second–order Tikhonov regularization, discontinuities in the

model are smoothed out and do not show up well in the inverse solution. This is

because smooth changes are penalized less by the regularization term than sharp

ones. The particular feature of (7.27) is that the regularization term imposes a

constraint to keep the number of discontinuous transitions to a minimum (i.e.,

keeping Lm sparse). We can insert the TV regularization term (7.27) in place

of �Lm�22 in the Tikhonov regularization optimization problem to obtain

min �Gm− d�22 + α�Lm�1 (7.28)

which is a convex optimization problem in the form of (7.6) that imposes a

higher–order sparsity constraint.

This approach has seen wide use in the problem of “denoising” a model

[123]. Denoising is a linear inverse problem in which G = I. In denoising, the

general goal is to remove features considered to be spurious from a signal, while

still retaining other key features, such as long term trends and perhaps sharp

discontinuities.

Example 7.5

Figure 7.23 shows a signal that is smooth with the exception of two

discontinuous jumps at 2 and 7 s. Figure 7.24 shows the signal

after N(0, 4) independent noise has been added. Our goal is to

remove this noise from the signal while optimally recovering the

discontinuities.

We first attempt to denoise the signal using second–order Tikhonov

regularization with L given by (4.28). The L–curve is shown in

Figure 7.25 and the resulting solution is shown in Figure 7.26. If

the location of the large discontinuities is a feature that we wish to

recover, this solution obviously does not do a good job because the

regularization scheme biases the model based on smoothness.

We next apply TV regularization to solve the problem. Figure 7.27

shows the L–curve tradeoff between �m− d�2 and �Lm�1, and the
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