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First: 
 
What happens to Kaczmarz's algorithm 
if there is no exact solution to the 
system of equations? 
 
Oscillatory solution! 
 
MATLAB example. 



Bounds Constraints 
 
We may have knowledge about minimum and/or maximum 
values of the model parameter of interest. 
 
For example, the P-wave velocity of crustal rocks is always 
greater than zero, and will not be greater than 8 km/s. 
 
The non-negativity constraint is handled by nnls (in the  
MATLAB library it is lsqnonneg.m). 
 
MATLAB also has bvls.m, for solving bounded variables  
least squares problems. 



How does lsnonneg.m work? 
 
MATLAB: 
"lsqnonneg uses the algorithm described in [Lawson and 
Hanson, 1995]. The algorithm starts with a set of possible 
basis vectors and computes the associated dual vector 
lambda. It then selects the basis vector corresponding to the 
maximum value in lambda in order to swap out of the basis in 
exchange for another possible candidate. This continues until 
lambda <= 0." 
 
This is not helpful! 
 
 



How does lsnonneg.m work? 



















How does bvls.m work? 
 

   minimize || G m - d ||2 
   subject to m ≥ bL 
        and m ≤ bU 

where bL and bL are the lower and upper bounds on m. 
 
Can achieve this, at least conceptually, by applying 
nonnegative LS simultaneously to 
 

      m - bL 
         and 
      bU - m 

 
This is not actually how it is done practice. 



MATLAB Example of NNLS 
 

MR Imaging: 
"Decay Curve" 

"White matter has been shown to consist of multiple 
exponential components related to different water 
compartments. A good way to fit signal intensity data 
for multi-exponential decay curves is to use the non-
negative least squares algorithm (NNLS)."  
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Figure 1.7: The contaminant plume source history reconstruction problem.

The mathematical model for contaminant transport is an advection–
diffusion equation

∂C

∂t
= D

∂2C

∂x2
− v

∂C

∂x
(1.27)

C(0, t) = Cin(t)

C(x, t) → 0 as x → ∞

where D is the diffusion coefficient and v is the velocity of ground-
water flow. The solution to (1.28) at time T is the convolution

C(x, T ) =

� T

0
Cin(t)f(x, T − t) dt , (1.28)

where Cin(t) is the time history of contaminant injection at x = 0,
and the kernel is

f(x, T − t) =
x

2
�
πD(T − t)3

e−
[x−v(T−t)]2

4D(T−t) . (1.29)

Example 1.8

An important and instructive inverse problem is tomography, from
the Greek roots tomos, “to section” or “to cut” (the ancient con-
cept of an atom was that of an irreducible, uncuttable object) and
graphein, “to write.” Tomography is the general technique of deter-
mining models that are consistent with path–integrated properties
such as attenuation (e.g., X–ray, radar, muon, seismic), travel time
(e.g., electromagnetic, seismic, or acoustic), or source intensity (e.g.,

Textbook Example Application of NNLS and BVLS 
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Contaminant Concentration at T = 300 (noise added) 
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Least Squares Estimate of Contaminant Injection History 
What things are wrong with this result? 
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NNLS Estimate of Contaminant Injection History 
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BVLS Estimate of Contaminant Injection History 
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How can we obtain a smoother solution? 
 
Apply BVLS with Second-Order Tikhonov Regularization 
 
 
 
 
 

    subject to m ≥ bL and m ≤ bU 
 
 



BVLS/SOT L-Curve 
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BVLS/SOT Estimate of Contaminant Injection History 



QUESTIONS? 



Sparse Solutions 
 
In the previous class, sparse G matrix was discussed briefly. 
 
Here it is not G that is expected to be sparse but the model m! 



Sparse Solutions 
 
In the previous class, sparse G matrix was discussed briefly. 
 
Here it is not G that is expected to be sparse but the model m! 
 
An example:  astronomical imaging - sparse and non-negative! 
 
But how do you minimize the number of non-zero model 
parameters while fitting the data to a desired accuracy? 



Sparse Solution from L1 minimization 
 
Consider the general problem of fitting data (exactly in this 
case) with the smallest possible model.  Least squares case: 
 
 
Too small: 



Sparse Solution from L1 minimization 
 
Consider the general problem of fitting data (exactly in this 
case) with the smallest possible model.  Least squares case: 
 
 
Too large. 



Sparse Solution from L1 minimization 
 
Consider the general problem of fitting data (exactly in this 
case) with the smallest possible model.  Least squares case: 
 
 
Just right. 
 
But not sparse! 



Sparse Solution from L1 minimization 
 
Least absolute value (L1) case: 
 
 
 



Sparse Solution from L1 minimization 
 
Compare L2 and L1:  L1 is "naturally" sparse! 



In 3D: 
[lecture NOTES] continued

can exactly recover K-sparse signals and
closely approximate compressible signals
with high probability using only
M ! cK log(N/K) iid Gaussian meas-
urements [1], [2]. This is a convex opti-
mization problem that conveniently
reduces to a linear program known as
basis pursuit [1], [2] whose computation-
al complexity is about O(N 3). Other,
related reconstruction algorithms are
proposed in [6] and [7].

DISCUSSION
The geometry of the compressive sensing
problem in RN helps visualize why !2
reconstruction fails to find the sparse
solution that can be identified by !1
reconstruction. The set of all K-sparse
vectors s in RN is a highly nonlinear
space consisting of all K-dimensional
hyperplanes that are aligned with the
coordinate axes as shown in Figure 2(a).
The translated null space H = N (") + s
is oriented at a random angle due to the
randomness in the matrix " as shown in
Figure 2(b). (In practice N, M, K " 3, so
any intuition based on three dimensions
may be misleading.) The !2 minimizer !s
from (4) is the point on H closest to the
origin. This point can be found by blow-
ing up a hypersphere (the !2 ball) until it
contacts H. Due to the random orienta-
tion of H, the closest point !s will live
away from the coordinate axes with high
probability and hence will be neither
sparse nor close to the correct answer s.
In contrast, the !1 ball in Figure 2(c) has
points aligned with the coordinate axes.
Therefore, when the !1 ball is blown up,
it will first contact the translated null
space H at a point near the coordinate
axes, which is precisely where the sparse
vector s is located.

While the focus here has been on dis-
crete-time signals x, compressive sensing
also applies to sparse or compressible
analog signals x(t) that can be represent-
ed or approximated using only K out of
N possible elements from a continuous
basis or dictionary {#i(t)}N

i =1 . While
each #i(t) may have large bandwidth
(and thus a high Nyquist rate), the signal
x(t) has only K degrees of freedom and
thus can be measured at a much lower
rate [8], [9].

PRACTICAL EXAMPLE
As a practical example, consider a sin-
gle-pixel, compressive digital camera
that directly acquires M random linear
measurements without first collecting
the N pixel values [10]. As illustrated in
Figure 3(a), the incident light-field cor-
responding to the desired image x is
reflected off a digital micromirror device
(DMD) consisting of an array of N tiny
mirrors. (DMDs are present in many
computer projectors and projection tele-
visions.) The reflected light is then col-
lected by a second lens and focused onto
a single photodiode (the single pixel).

Each mirror can be independently ori-
ented either towards the photodiode
(corresponding to a 1) or away from the
photodiode (corresponding to a 0). To
collect measurements, a random number
generator (RNG) sets the mirror orienta-
tions in a pseudorandom 1/0 pattern to
create the measurement vector $ j. The
voltage at the photodiode then equals yj,
which is the inner product between $ j
and the desired image x. The process is
repeated M times to obtain all of the
entries in y.

[FIG2] (a) The subspaces containing two sparse vectors in R3 lie close to the
coordinate axes. (b) Visualization of the !2 minimization (5) that finds the non-
sparse point-of-contact !s between the !2 ball (hypersphere, in red) and the
translated measurement matrix null space (in green). (c) Visualization of the !1
minimization solution that finds the sparse point-of-contact !s with high probability
thanks to the pointiness of the !1 ball.
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[FIG3] (a) Single-pixel, compressive sensing camera. (b) Conventional digital camera
image of a soccer ball. (c) 64 # 64 black-and-white image !x of the same ball (N = 4,096
pixels) recovered from M = 1,600 random measurements taken by the camera in (a).
The images in (b) and (c) are not meant to be aligned.
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L1 Constraint using Iterative Reweighted Least Squares 
 
We know that directly solving an L1 minimization problem is 
difficult!   
 
Use a scheme that is analogous to IRLS introduced earlier. 
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L1 Constraint using Iterative Reweighted Least Squares 
 
We know that directly solving an L1 minimization problem is 
difficult!   
 
Use a scheme that is analogous to IRLS introduced earlier. 
 
Start with the equation to be minimized 
 

  f (m) = || G m - d ||22 + α || L m ||1 
 
Define weighting matrix W with diagonal elements 1/|Lim| 
 
Solve (2 GT G + α LT W L) m = 2 GT d 
 

This has the same effect as the 1/(residual) weighting in IRLS. 



QUESTIONS? 



MATLAB 
Example 7.2 
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QUESTIONS? 
 

BREAK 


