Geology 793 lab

Nonlinear Inversion of "Slug Test" Data


Today you will be using nonlinear inversion to solve a "slug test" problem in hydrogeology.  The theoretical equation is:


 EMBED "Equation" \* mergeformat  


where h is hydraulic head (in units of meters), Q is the slug volume (in cubic meters), T is transmissivity (in square meters per hour), t is time (in hours), r is distance from the well (in meters), and S is storage (dimensionless).  You are given 4 measurements of h made at some distance r at non-uniform time intervals, from 5 to 50 hours.  The problem is to set up and solve the nonlinear least squares equations to determine S and T from the head values.  The approach is to make an initial guess of the values of S and T, compute the predicted data (hi at times ti), then use the residuals (vector b) and the A matrix of partial derivatives (∂hi/∂xj) to solve for adjustments to the model x (that is, S and T) using

x = (AT A)-1 AT b
The partial derivatives of h with respect to S and T are given by


 EMBED "Equation" \* mergeformat  



 EMBED "Equation" \* mergeformat  


The first step is to define MATLAB functions that compute the function value (that is, h) and the derivatives for given values of the parameters, so that these equations need only be typed in once!  Then carry out the nonlinear least squares inversion, and plot up your results.  Finally, experiment with nonlinear damped least squares to see how that can improve convergence.  Discuss all your findings.

Procedure:  File -> New -> M-file, then type in

function h = hhead(t,S,T)

% head as function of time for slug test

Q=50.;

r=60.;

h = Q/(4.*pi*T*t)*exp(-r^2*S/(4*T*t));

Save As -> hhead.m  {save in Toolbox -> local folder}

File -> New -> M-file, then type in

function [dhdS,dhdT] = slugd(t,S,T)

% head derivatives for slug test

Q=50.;

r=60.;

dhdS = -Q*r^2/(16.*pi*T^2*t^2)*exp(-r^2*S/(4*T*t));

dhdT = Q/(4.*pi*T^2*t)*(r^2*S/(4*T*t)-1.)*exp(-r^2*S/(4*T*t));

Save As -> slugd.m

hobs = [0.7279 0.4913 0.2854 0.1249]; t = [5. 10. 20. 50.];

plot(t,hobs,'w*'); xlabel('time (hours)'); ylabel('head (meters)')

S=0.001; T=1.; i=1

LOOP BEGINS HERE
for k=1:4


hcal(k)=hhead(t(k),S,T);

end

b=hobs-hcal; b = b'

for j=1:4


[dhdS dhdT]=slugd(t(j),S,T); A(j,1:2)=[dhdS dhdT];

end

dx=inv(A'*A)*A'*b

xsave(1:4,i)=[S T sqrt(b'*b) sqrt(dx'*dx)]'

S=S+dx(1)

T=T+dx(2)

i=i+1

REPEAT LOOP [stop when sqrt(b'*b) reaches few x e-04 level]
PLOT OUT SUMMARY OF RESULTS

figure (2); semilogy(xsave(1,:)','w-'); xlabel('Iteration number'); hold

semilogy(xsave(2,:)','w--'); semilogy(xsave(3,:)','w:')

semilogy(xsave(4,:)','w-.'); legend('S','T','sqrt(b*b)','sqrt(dx*dx)')

NOW TRY DAMPED LEAST SQUARES; PICK A VALUE FOR epssq (use svd(A) for clue)
clf; S=0.001; T=1.; i=1; E=eye(2); epssq=?  [<- "GUESS" A VALUE TO USE!]
LOOP BEGINS HERE
for k=1:4


hcal(k)=hhead(t(k),S,T);

end

b=(hobs-hcal)'

for j=1:4


[dhdS dhdT]=slugd(t(j),S,T); A(j,1:2)=[dhdS dhdT];

end

dx=inv(A'*A+epssq*E)*A'*b

msave(1:4,i)=[S T sqrt(b'*b) sqrt(dx'*dx)]'  {note different variable!}

i=i+1; 

S=S+dx(1)

T=T+dx(2)

REPEAT LOOP [stop after same number of iterations, compare]
PLOT OUT SUMMARY AND COMPARISON OF RESULTS

semilogy(msave(1,:)','w-'); xlabel('Iteration number'); hold

semilogy(msave(2,:)','w--'); semilogy(msave(3,:)','w:')

semilogy(msave(4,:)','w-.'); legend('S','T','sqrt(b*b)','sqrt(dx*dx)')

title('Damped Least Squares with epssq = YOUR VALUE')

clf; plot(xsave(1,1:4),xsave(2,1:4),'w:'); hold

plot(msave(1,1:#its),msave(2,1:#its),'w-')  {#its is number of iterations}

DO clear('msave'), THEN TRY ONE MORE DAMPING VALUE BASED ON THE FIRST DAMPED RESULTS
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