
第 11 周作业解答

4.1.5 (1). ∫
x sinxdx = −

∫
xd(cosx)

= −x cosx+

∫
cosxdx

= −x cosx+ sinx+ C.

(3). ∫
cos ln xdx =

∫
cos td(et) (t = lnx)

= et cos t+
∫

et sin tdt

= et cos t+
∫

sin td(et)

= et cos t+ et sin t−
∫

et cos tdt

=
1

2
et(sin t+ cos t) + C

=
1

2
x
(
sin ln x+ cos ln x

)
+ C.

(5). ∫
sec3 xdx =

∫
secx sec2 xdx

=

∫
secxd(tanx)

= secx tanx−
∫

tanxd(secx)

= secx tanx−
∫

tanx secx tanxdx

= secx tanx−
∫

secx tan2 xdx

= secx tanx−
∫

secx(sec2 x− 1)dx

= secx tanx−
∫

sec3 xdx+

∫
secxdx,

⇒
∫

sec3 xdx =
1

2
secx tanx+

1

2

∫
secxdx

=
1

2
secx tanx+

1

2
ln|secx+ tanx|+ C.
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(7). ∫
x arcsinxdx =

∫
sin t · t · cos tdt (x = sin t)

=

∫
t sin t cos tdt

= −1

2
t cos2 t+ 1

2

∫
cos2 tdt

= −1

2
t cos2 t+ 1

2

∫
1 + cos 2t

2
dt

= −1

2
t cos2 t+ 1

4
t+

1

8
sin 2t+ C

=
(1
2
x2 − 1

4

)
arcsinx+

1

4
x
√
1− x2 + C.

(9). ∫
(arcsinx)2dx =

∫
t2 cos tdt (x = sin t)

=

∫
t2d(sin t)

= t2 sin t−
∫

sin td(t2)

= t2 sin t−
∫

2t sin tdt

= t2 sin t−
(
−2t cos t+ 2

∫
cos tdt

)
= t2 sin t+ 2t cos t− 2 sin t+ C

= x(arcsinx)2 + 2 arcsinx
√
1− x2 − 2x+ C.

4.1.6 (1). 对于 n ⩾ 2，∫
sinn xdx = −

∫
sinn−1 xd(cosx)

= − sinn−1 x cosx+

∫
cosxd(sinn−1 x)

= − sinn−1 x cosx+ (n− 1)

∫
sinn−2 x cos2 xdx

= − sinn−1 x cosx+ (n− 1)

∫
sinn−2 x(1− sin2 x)dx

= − sinn−1 x cosx+ (n− 1)

∫
sinn−2 xdx− (n− 1)

∫
sinn xdx,

⇒
∫

sinn xdx = −sinn−1 x cosx
n

+
n− 1

n

∫
sinn−2 xdx.
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(2). 对于 n ⩾ 1， ∫
xnexdx =

∫
xnd(ex)

= xnex − n

∫
exxn−1dx.

4.1.7 (2). ∫
x2 − 1

x4 + x2 + 1
dx =

∫
x2 − 1

(x2 + x+ 1)(x2 − x+ 1)
dx

=

∫ [ −x− 1
2

x2 + x+ 1
+

x− 1
2

x2 − x+ 1

]
dx

= −1

2

∫
2x+ 1

x2 + x+ 1
dx+

1

2

∫
2x− 1

x2 − x+ 1
dx

= −1

2
ln
(
x2 + x+ 1

)
+

1

2
ln
(
x2 − x+ 1

)
+ C.

(4). ∫
x
√
x− 2dx =

∫
(t+ 2)

√
tdt (t = x− 2)

=

∫ (
t3/2 + 2t1/2

)
dt

=
2

5
t5/2 +

4

3
t3/2 + C

=
2

5
(x− 2)5/2 +

4

3
(x− 2)3/2 + C.

(6). ∫
xex√
ex − 2

dx =

∫
2 ln(ex)d

(√
ex − 2

) (
t =

√
ex − 2

)
= 2

∫
ln(t2 + 2)dt

= 2
[
t ln(t2 + 2)− 2

∫
t2

t2 + 2
dt
]

= 2
[
t ln(t2 + 2)− 2

∫ (
1− 2

t2 + 2

)
dt
]

= 2t ln(t2 + 2)− 4t+ 4
√
2 arctan t√

2
+ C

= 2x
√

ex − 2− 4
√

ex − 2 + 4
√
2 arctan

√
ex − 2√

2
+ C.
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(8). ∫
1

(1 + tanx) sin2 x
dx =

∫
1

(1 + t)t2
dt (t = tanx)

=

∫ (
−1

t
+

1

t2
+

1

1 + t

)
dt

= − ln |t| − 1

t
+ ln |1 + t|+ C

= ln
∣∣∣∣1 + tanx

tanx

∣∣∣∣− cotx+ C.

(10). ∫ √
x− 1

x+ 1

1

x2
dx =

∫
2
√
u

(1 + u)2
du

(
x =

1 + u

1− u

)
=

∫
4t2

(1 + t2)2
dt (u = t2)

=

∫ (
4

1 + t2
− 4

(1 + t2)2

)
dt

= 4 arctan t− 2 arctan t− 2t

1 + t2
+ C

= 2 arctan t− 2t

1 + t2
+ C

= 2 arctan
√

x− 1

x+ 1
−

√
x2 − 1

x
+ C.

(12). ∫
x

1 + sinx
dx =

∫
x
(

sec2 x− tanx secx
)

dx

= x(tanx− secx)−
∫

(tanx− secx)dx

= x(tanx− secx) + ln | cosx|+ ln | secx+ tanx|+ C.

(14).∫
x+ sinx

1 + cosxdx =

∫
x

1 + cosxdx+

∫ sinx

1 + cosxdx

=

∫
x
(
csc2 x− cotx cscx

)
dx+

∫
(cscx− cotx)dx

= x(cscx− cotx)−
∫
(cscx− cotx)dx+

∫
(cscx− cotx)dx

= x(cscx− cotx) + C.
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(16). ∫
x3

√
1 + x2

dx =
1

2

∫
x2 · 2x√
1 + x2

dx

=
1

2

∫
t− 1√

t
dt (t = 1 + x2)

=
1

2

∫ (
t1/2 − t−1/2

)
dt

=
1

3
t3/2 − t1/2 + C

=
1

3
(1 + x2)3/2 −

√
1 + x2 + C.

(18).∫ arctan ex
ex dx =

∫ arctan t

t2
dt (t = ex)

= uv −
∫

vdu


u = arctan t, du =

dt
1 + t2

,

v = −1

t

= −arctan t

t
+

∫
1

t(1 + t2)
dt

= −arctan t

t
+

∫ (
1

t
− t

1 + t2

)
dt

= −arctan t

t
+ ln |t| − 1

2
ln(1 + t2) + C

= −arctan(ex)
ex + x− 1

2
ln
(
1 + e2x

)
+ C.

(20).∫
x2

(x sinx+ cosx)2dx =

∫
x2

x cosxd
(

1

x sinx+ cosx

)
=

∫
x

cosxd
(

1

x sinx+ cosx

)
=

x

cosx · 1

x sinx+ cosx −
∫

1

x sinx+ cosxd
( x

cosx

)
=

x

cosx · 1

x sinx+ cosx −
∫

1

cos2 xdx

=
x

cosx · 1

x sinx+ cosx − tanx+ C.
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(22).∫
1√

x− 1 +
√
x+ 1

dx =

∫
2t√

t2 + t− 2
dt (t =

√
x+ 1)

=

∫
2t+ 1√
t2 + t− 2

dt−
∫

1√
t2 + t− 2

dt

= 2
√
t2 + t− 2−

∫
1√

t2 + t− 2
dt

= 2
√
t2 + t− 2− ln

∣∣∣t+ 1

2
+
√
t2 + t− 2

∣∣∣+ C

= 2

√
x− 1 +

√
x+ 1− ln

(√
x+ 1 +

1

2
+

√
x− 1 +

√
x+ 1

)
+ C.

(24). ∫ √
x

1− x
√
x

dx =

∫
2t2√
1− t3

dt (t =
√
x)

= −2

3

∫
(1− t3)−1/2d(1− t3)

= −4

3

√
1− t3 + C

= −4

3

√
1− x

√
x+ C.

(26). ∫
xex

(1 + x)2
dx = −

∫
xexd

(
1

x+ 1

)
= − xex

x+ 1
+

∫
1

x+ 1
d(xex)

= − xex
x+ 1

+

∫
exdx

= − xex
x+ 1

+ ex + C

=
ex

x+ 1
+ C.

4.2.1 (1). ∫
1

x2 + x− 2
dx =

∫
1

(x− 1)(x+ 2)
dx

=

∫ (
1/3

x− 1
− 1/3

x+ 2

)
dx

=
1

3
ln |x− 1| − 1

3
ln |x+ 2|+ C.
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(3). ∫
x3 + 1

x3 − x
dx =

∫
(x3 − x) + (x+ 1)

x3 − x
dx

=

∫ (
1 +

x+ 1

x(x2 − 1)

)
dx

=

∫ (
1 +

1

x− 1
− 1

x

)
dx

= x+ ln |x− 1| − ln |x|+ C.

(5).∫
x

(x+ 1)2(x2 + x+ 1)
dx =

∫ (
A

x+ 1
+

B

(x+ 1)2
+

Cx+D

x2 + x+ 1

)
dx

=

∫ (
− 1

(x+ 1)2
+

1

x2 + x+ 1

)
dx (解得A = C = 0, B = −1, D = 1)

=

∫
− 1

(x+ 1)2
dx+

∫
1

x2 + x+ 1
dx

=
1

x+ 1
+

∫
1

(x+ 1
2
)2 +

(√
3
2

)2dx

=
1

x+ 1
+

2√
3

arctan 2x+ 1√
3

+ C.

(7). ∫
x5 − x

x8 + 1
dx =

∫
x(x4 − 1)

x8 + 1
dx =

1

2

∫
x4 − 1

x8 + 1
d(x2) (t = x2)

=
1

2

∫
t2 − 1

t4 + 1
dt

=
1

2

∫ ( −
√
2
2
t− 1

2

t2 +
√
2t+ 1

+

√
2
2
t− 1

2

t2 −
√
2t+ 1

)
dt

=
1

2

(
−
√
2

4

∫
2t+

√
2

t2 +
√
2t+ 1

dt+
√
2

4

∫
2t−

√
2

t2 −
√
2t+ 1

dt
)

=

√
2

8

[
ln
(
t2 −

√
2t+ 1

)
− ln

(
t2 +

√
2t+ 1

)]
+ C

=

√
2

8
ln x4 −

√
2x2 + 1

x4 +
√
2x2 + 1

+ C.

4.2.2 令 t = tanx，则

dt = 1

cos2 xdx = (1 + tan2 x)dx = (1 + t2)dx,

即

dx =
1

1 + t2
dt.
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(2). ∫ sin5 x

cosx dx =

∫ sin4 x tanx

1
dx

=

∫ sin4 x tanx

(sin2 x+ cos2 x)2
dx

=

∫ tan5 x

(tan2 x+ 1)2
dx

=

∫
t5

(t2 + 1)3
dt

=
1

2

∫
(u− 1)2

u3
du (u = t2 + 1)

=
1

2

∫ (
u−1 − 2u−2 + u−3

)
du

=
1

2
lnu+ u−1 − 1

4
u−2 + C

= − ln | cosx|+ cos2 x− 1

4
cos4 x+ C.

(4). ∫ sin2 x cosx
sinx+ cosxdx =

∫
t2

(t+ 1)(1 + t2)2
dt

设
t2

(t+ 1)(1 + t2)2
=

A

t+ 1
+

Bt+ C

1 + t2
+

Dt+ E

(1 + t2)2
,

解得A = 1
4
, B = −1

4
, C = 1

4
, D = 1

2
, E = −1

2
,

⇒
∫ sin2 x cosx

sinx+ cosxdx =

∫ (
1/4

t+ 1
+

−t/4 + 1/4

1 + t2
+

t/2− 1/2

(1 + t2)2

)
dt

=
1

4
ln |t+ 1| − 1

8
ln(1 + t2)− t+ 1

4(1 + t2)
+ C

=
1

4
ln | sinx+ cosx| − 1

4
(sinx+ cosx) cosx+ C.

(6). ∫ sin2 x

1 + sin2 x
dx =

∫
t2

(1 + t2)(1 + 2t2)
dt

=

∫ (
1

1 + t2
− 1

1 + 2t2

)
dt

= arctan t− 1√
2

arctan(
√
2, t) + C

= x− 1√
2

arctan!
(√

2, tanx
)
+ C.
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(8). ∫
1

sin4 x cos4 x
dx =

∫
(1 + t2)4

t4
· 1

1 + t2
dt

=

∫
(1 + t2)3

t4
dt

=

∫ (
t−4 + 3t−2 + 3 + t2

)
dt

= − 1

3t3
− 3

t
+ 3t+

1

3
t3 + C

= −1

3
cot3 x− 3 cotx+ 3 tanx+

1

3
tan3 x+ C.

(10). 注意

cosx =
a

a2 + b2
(a cosx− b sinx) +

b

a2 + b2
(a sinx+ b cosx),

于是 ∫ cosx
a sinx+ b cosxdx =

a

a2 + b2

∫
a cosx− b sinx

a sinx+ b cosxdx+
b

a2 + b2

∫
dx

=
a

a2 + b2
ln |a sinx+ b cosx|+ b

a2 + b2
x+ C.
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