I AETE I N AR 2 AR ZE T

2024 HZ¥H week3,4,5 TAE

Yukun Dong

BHx

1£55:

W FE#]1E: Deep learning: a statistical viewpoint . . . . . . .. ..
ULLN & empirical processes . . . . . . ... ... ... ....
implicit regularization and self-induced regularization
ANN as Gaussian process . . . . . . . . . . ...
Wide NNs perform like linear models . . . . . . .. ... ...
6.2 Ridge regression in the linear regime . . . . . . . . .. ..
6.3 Random features model . . . . ... ... ... ... ...

SCEE 2 : The Implicit Regularization of Stochastic Gradient Flow

for Least Squares . . . . . . . . . .. ... ...

W E L Fit without fear: remarkable mathematical phenomena

of deep learning through the prism of interpolation . . . . . .
the blessing of dimension . . . . .. .. .. ... ... ....
Random Fourier Features . . . . .. ... ... ... .....

WL Belkin, Ma, and Mandal (2018) , To Understand Deep
Learning We Need to Understand Kernel Learning. . . . . .

A bound 7E kernel learning W 3+ ANGEIR I Ml B



Gaussian and Laplacian kernels . . . . . . ... ... ... .. 9
BEFRURIOMIEE . . 9
Sk 10

{E5:
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norm least squares, gradient flow UL RKHS, {HAS4HNM. A 7P L
HIF 7 : 1 Introduction, 2 Generalization and uniform convergence, 3
Implicit regularization, 4 Benign overfitting, 6 Generalization in the

linear regime.

o [i% Ali, Dobriban, and Tibshirani (2020) . The Implicit Regulariza-

tion of Stochastic Gradient Flow for Least Squares.

o [k Belkin (2021) . Fit without fear: remarkable mathematical phe-

nomena of deep learning through the prism of interpolation.

o [ Belkin, Ma, and Mandal (2018) , To Understand Deep Learning
We Need to Understand Kernel Learning.

X EIFiE: Deep learning: a statistical viewpoint
ULLN & empirical processes

“ERU /MU B DA 2B L P AN K
ULLN: uniform law of large numbers.
CC: Capacity Controls
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ULLN: Vf € H R(f) = E, ) [l(£(2),4)] = Repp(f)
BABEFIE R(f) > Ry (f), XAV ULLN SR A%R, W2
LB

fe R<f>—Remp<f><0*( M) @)

n

X cap(H) 2N H FENEE, WITE R Vapnik-Chervonenkis 44,
M O* A DLVEL & 0B AN AR AR T . IR AN S AR A A IR B 1 =R
RS

%3 (2) & ULLN A7 sep], HFEEHESH

fer n

Repp — min R(f) < O* ( cap(.?[))

RORE T fopp MIESERESJLPX T 70 IR o0 AR i, A
cap(H) < no

implicit regularization and self-induced regularization
ANN as Gaussian process

Wide NNs perform like linear models

6.2 Ridge regression in the linear regime
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— G 2 X 2% RV A 2 R R T R T AR IR B R BRI SR R A
RIZK AT £, (@) = f(0y) + Df(0y)a REFHIEl, b a 45 X
/NIER B AME T ]al]y:

a == argmin{||all, : y; = fii, (;;0) XPHT < n}.

acRP

AT (6.1) B/ NEEOIFEHE 27 [E0& [T estimator:

a(A) —arggelﬁg{ Z(yz frin(@ +A||a||2}

gl:':"

Jiin(x50) == (a, Df(x;50)).

BHCR {fin (i) := (a, Df(2;500)) : @ € RP} Je— MRS, EH o 2
PESHA . BATHEEHNMFERH] T, Random Feature(RF) il Neural
Tangent (NT) 8, XA 72l id 2 E 4 28 3R1F 1), HZ
WITTEAS—FE:

?%F _{flznxa) ZCLO’ L ElR}
7= {fin(zi0) = Z(am@cf/((wm@) Fa; € R}

B, T3 (RF AR FEPVRAIE ) R 5 —EAE AV /28— 2
[ % T RAF A R BE, T F R (NT AR ML) x5 — = 4tk
4%#1%%%:)%%%%’3&%5’]@?&*

N RF A1 NT 735075 2 m et R Rz Ak g

6.3 Random features model

TEMAEEE S, — /MY M ik AL T4 1E S (randomized subset
selection), HHEFRN Nystrom F77%. X BEEELEHIE m,n,d — oco. 1L
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6.3.1 17, T IRAE EARE IO R ERAT Y, BIZ m A1 n BB d 23000
BRARAI s IXFPSRAL ) MO A TG K me BUEIE m = oo HIMRERSEME T —
MBI E B R B MR, 755 6.3.2 T, HRRILBIEE m ~n ~d.
R AVFBATERS IR R MR SR S AL I R RS DL

6.3.1 Polynomial scaling A& A W F .

Theorem 6.1. Fix an integer { > (. Let the activation function ¢: R — R
be independent of & and such that: (i) |o(x)| < cgexp(|x|") for some constants
co > Oand ey < 1,and (i) (7, ¢) £ 25 # 0 for any non-vanishing polynomial ¢, with
deg(g) < £. Assume max((n/m), (m/n)) = d° and d**¢ < min(m, n) < d?*'-% for
some constant § > 0. Then, for any 4 = Og4((m/n) v 1), and all n > 0,

Lee(2) = IPsef 112, + 0a(DULF T2 + IPsef 70y + 70 (6.18)

In words, as long as the number of parameters m and the number of samples n
are well separated, the test error is determined by the minimum of m and n.

RRWIMR IR EAL S EAC A58 N B, LS AR, 350 network
size(m) AR IRZER BF 52T IR T K [ RA— i i)
KRR #RA35 AR AR B o

BARKI @R K 3| feature matrix F8- N5 1Y 43 -

considering the feature matrix ® € R™";

oc{x,wy)) o{xnwa)) - o{x,wm))
o({x,wy)) o({x2,w2)) - o{x,wn))

D = . . . . (6.19)
U((xn,WI)) U((xmwz)) G((xm wm))

S EIRA © 3 oA AR R 70«

=0+ D, 6.21)
k(0
®op =) sithb) =¥ S<edly, (6.22)
=0
where S <, = diag(s, . .., Ske), ¥ <¢ € RO is the matrix whose jth column is

Y. and ¢, € R™* is the matrix whose jth column is ¢
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SERUL, AR TRENURFE o ((w;, ) IR SRR EAE T AT — A 2 00
AL [, XA 2 T A% 1 B € BOER AR /N AT 286 K/ /s
1A o i BRSO B R A8 20 S B _EAE [l U 85 R O R 7

X E[#iE: The Implicit Regularization of Stochastic Gradi-

ent Flow for Least Squares

FE— SRR T BB IE NS R b, IRE AR SGD M & 4k .
AR N IRt NP KN EMER) SGD, 45 7T SGD ) excess
risk 7ERS 3] ¢ N upper bound, FHZELL X = 1/t ASHME[EIEIE S
HE . XA bound A PAYFRI3 = AN57: 28— 102 ridge RBUNITZ£; H
Tl /& price of stochasticity, P t ¥ Ki#H; 2 =05 stochastic gradient
flow MRALIRZA K, HEHEX Ty 0, RZNIE, XEY SGD 4
R /N ZIef Mt Bk s) o

St R YNme ST VE i
in -y — XA (1)
err 20"

Hrp gy e R B2mNAERE, X ¢ RVP 25 . minibatch SGD &AL
B

B = B — = 3 (y, —aT B V)a,

el

€ _
=B 4 o X%; (yr, — kaﬂuc D) (2)

W k=1,2,3,..., H e > 0 REZHK, m £AEIA, I, C {1, ...,n)
SR k UGERIAMICE, BL (L) = m, SEFTE k RGL.

XA LLS R EE TR, b m ANISZIR] 3 AT BENLAZ B AT 1 5 e A TME
Z IRV 22«

4B(t) =~ X7y — X)) dt + Qu(B(1)) AW (), g



X 4% : Fit without fear: remarkable mathematical phenomena of deep learning through the prism of int

Hrb 5(0) = 0. XH, W(t) ZAHER p 4Eizsl. AT HEREER
N

Qu(8) ==+ Covy (- XT (v~ X,8)) ()

BENLERZ T T C {1,...,n} FAER. RATRY HUERE (3) FBEVLEL TR
(Stochastic Gradient Flow, SGF). y£& SGD il SGF %X /3H K.

X E[Fi%: Fit without fear: remarkable mathematical phe-

nomena of deep learning through the prism of interpolation

the blessing of dimension

FIH Gaussian 8¢ Laplacian kernel FJ4E{E 722588, HBIEFRZE S 25 441
150 N AT PLA 2)$2E Bayes optimal FIRUR . TEARZIG YR ¢ 25 €, N
T UL TR AR, TR ELIE A .

q_ [ [cap(H,X) 1

3 <0 ( n) < 3 (5)
FIONFEIXH, 1/2 /& Random guess [#] Bayes risk. /cill ANGEBN WA,
T A A SE A BAFA IR Lo 4ERHS R AT BE & —Ff blessing. %
JERRAEARESS, X TR0 d, AL £y, PROBATURUSE B 245 R b -

R(fymp) — R(f) = O (%) .

AR E VAR, S T AR s AE noisy training points T4
RRBI, XA APIEEEE FERE R, SRR AEIZET AN .

Random Fourier Features

BENLE I RRE (RFFD . BENLE B RHEE S 70, B m DEES K
MIRREEE f: R — C, XEREMIE N
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m

fw,z) =Y w10
k=1
HARE vy, v, REEBUE, HAEHIHA R _ERIBRE A 207 R
B IR w = (), w,,) € O ~ R2 A5 TGS f(w,z) T
DU R — AR m 9 FL — A 5 2 P

AR {v;,y;},1 = 1,...,n, TATTLCEEEERIAERE v EE
fon € H oo TEESEANIEAT, LMERNRIES HMUTEIRE LR KM T

TS
Tr) =ar min wl|.
Jm(@) gfe%m,f(w,m:yiu I

HER:

n%gnoo fm<$) = argferggiljl{k ||f‘|]~[k = fkern(x)

KE A, XN T S K(z, 2) = exp(—||lz—2||?) B RKHS, 1l S C
& I, PR R .

®X#)i%: Belkin, Ma, and Mandal (2018) , To Understand
Deep Learning We Need to Understand Kernel Learning.

IMAEH bound 7 kernel learning HH N EETRIFIHBARFE

I EER|, BUA FIA 2% kernel learning ) bounds 220K T RKHS 5401
Z WG A K, R, X Interpolated Kernel Classifiers, X4 Theorem
1 $BH 1% R HUE B EOE KA, FIIE T bounds HAZERL.
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Theorem 1. Let (z;,v:),i = 1,...,n be data sampled
from P on Q2 x {—1,1}. Assume that y is not a deterministic
function of © on a subset of non-zero measure. Then, with
high probability, any h that t-overfits the data, satisfies
1/d
||| > AeB™
for some constants A, B > 0 depending on t.

HsL b, overfitted 02548 (AL 143 E]) I Interpolated 70K #s A
BN R 22 AT EE /N ) RKHS Yu 48

006 35
B 0% added noise #— (% added noise, Overfitting »>
F o0 —m— Overfitting +— 1% added noise, Overfitting :
= ~+# - Interpolation 3061 —#— 107 added neise, Dverfitting
—‘_ .02 4 ===~ Bayss aptimal =@ (% added noise, |I'|tcrp0|al‘lcll'|.-'l
Y an4 <ok 1% added noise, Interpolatign
20 - 10% added noise, Interpokition
1% added noise 00
7 = Overfitting -
= 0.52 - @+ |nterpolation =
P Y I— o= Bayes optimal _ [ = 4o, |
0.4d
i
8 fin
7 » bt *
64 % &
! *y 107 added noisg
N R 1T S— ]
: e -
z --#- |nterpolation o 10
: === Bayes optimal
(TR T ool 10t et Sl 10t
training data size training data size

Gaussian and Laplacian kernels

F T Z AR LT laplace 1% 75 28 £ 1) epochs, T laplace &7 = 4EETE T &
B T RLITF ReLU MM

R AN B

o ¥R I Belkin, Ma, and Mandal (2018) , To Understand Deep Learn-
ing We Need to Understand Kernel Learning. % 45 7 —L50L
HIVEIARY, ¥ M3 kernel HIZmfE, EHESI.
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