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5.Misspecified model
5.2 Isotropic

Consider, instead of (2), (3), a data model

((zi, wi), €) ~ P x P, i=1,...,nm, (10

yi=m?‘ﬂ+ur?9+q, i=1,...,n, (11

where as before the random draws across i = 1,..., n are independent. Here, we partition the features according to
(zi,w;)) eRPH G =1,..., n, where the joint distribution P, ,, is such that E((z;, w;)) = 0 and

Ze Zow
Cnv((mmﬁ;)) =Y= [wa Em] .
We collect the features in a block matrix [ X W] € R™*®+4) (which has rows (z;,w;) € RPt9 i = 1,... n). We
presume that X is observed but W is unobserved, and focus on the min-norm least squares estimator exactly as before
in (4), from the regression of y on X (not the full feature matrix [ X W |).
Given a test point (g, wo) ~ Py ., and an estimator 3 (ﬁl[ using X, y only, and not W), we define its out-of-sample
prediction risk as

Rx(B;8,0) = ]E[(J?;B — E(yo|zo, (un))z |X] = ]E[(J‘Z;/} —adB - 'u'g‘9)2 | X].

Note that this definition is conditional on X, and we are integrating over the randomness not only in ¢ (the training
errors), but in the unobserved features W, as well. The next lemma decomposes this notion of risk in a useful way.

K1 BRRRE

Theorem 4. Assume the misspecified model (10), (11), and assume (x,w) ~ Py has i.i.d. entries with zero mean, unit
variance, and a finite moment of order 8 + 1), for some n > 0. Also assume that || 3|3 + ||0]|3 = r? and ||B|3/r* =
Jor all n, p. Then for the min-norm least squares estimator Bin (4), as n,p — oo, with p/n — =, it holds almost surely
that

7‘2(17N,)+(r2(17h')+(72)+w fory <1,

3- T
Rx(5;8,0) » {7‘2(1 — k) +7r2k(1— %) + (r2(1—r)+ ’72)& for~y > 1.

K| 2: Theorem 4
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Theorem 4. Assume the misspecified model (10), (11), and assume (x,w) ~ Py, has i.i.d. entries with zero mean, unit

variance, and a finite moment of order 8 + 1), for some n > 0. Also assume that || 3|3 + ||0]|3 = r? and ||B|3/r* = k
for all n, p. Then for the min-norm least squares estimator [3 in (4), as n,p — oo, with p/n — =, it holds almost surely

that
2 r2(1—k) + (r’(1 — k) + 0?) 1% fory <1,
Rx(5:6,0) {7‘2(1 — k) +72K(1— %) + (7"2(11 K) + (72)371 for~y > 1.
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5.3 Polynomial approximation bias

Since adding features should generally improve our approximation capacity, it is reasonable to model £ = r() as an
increasing function of . To get an idea of the possible shapes taken by the asymptotic risk curve from Theorem 4, we
can inspect different regimes for the approximation bias, i.e., the rate at which 1 — () — 0 asy — co. For example,
we may consider a polynomial decay for the approximation bias,

T=r(7) =0+7)7% 13)

for some a > 0. In this case, the limiting risk in the isotropic setting, from Theorem 4, becomes

Ra(7) = {7"2(1+’)’)7”+(r2(1+7)’“+(72)1% fory <1, a4

7_2(1+7)74+,_2(1_<1+7)7n)<1_%)+(,-2(1+7)*"+02)7+1 fory > 1.

K 4: polynomial approximation
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6. Ridge regularization

Theorem 5. Assume the conditions of Theorem 2 (well-specified model, isotropic features). Then for ridge regression
in (5) with A > 0, as n,p — oo, such that p/n — ~ € (0, 00), it holds almost surely that

2 :
Ry (Br: B) = 2 aA” + s

T Gt

where F. is the Marchenko-Pastur law, and o = v /(c%y). The limiting risk can be alternatively written as

o (m(=) = A1 = X (=)).

where we abbreviate m = mp._ for the Stieltjes transform of the Marchenko-FPastur law F,. Furthermore, the limiting
ridge risk is minimized at \* = 1/, in which case the optimal limiting risk can be written explicitly as

a2y m(=1/a) =

2= (= (L o2fr2)) 4 O = (F PP = I
o s

2 !
where we have used the closed-form for the Stieltjes transform of the Marchenko-Pastur law, see (7).

K| 7: Theorem 5
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Ridge and ridgeless
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Ridge and ridgeless,misspecified
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