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Chapter 1~2
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Chapter 3:Isotropic features

EAMER T LR S = I, PG XEFRH n,p — oo,p/n — v € (0,00)
(P, TR RS AR BRI S p/n, 0,72 == | B]3 B R. ] SNR := 12 /o2
BeFRNIEMELL (signal-to-noise ratio). FHIEIUAFE SNR T, FifkizZxK
T v B2k,

3.2 Limiting risk
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RANGE RIS IS AR AT,y < 1 IORHENZFR /M 5 SNR B3, iX
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Theorem 1. Assume the model 4 (ED where © ~ P, has i.i.d. entries with zero mean, unit variance,
and a finite moment of order 4 + 1, for some 5 > 0. Also assume that ||3|3 = r? for all n,p. Then for the
min-norm least squares estimator [ in . as n,p — 0o, such that p/n — v € (0,00), it holds almost surely
that

N . 1
Bx(3:8) > (1 - ). (6)

v
Vx(B;8) = o? (7

y—
Hence, summarizing with Proposition[4 we have
. a2 fory <1,

Rx(3:8)— < 1 ) ' 8
x(5:8) {?'2(1—%)+02?%1 for~v > 1. (®)

K| 3: Theorem 1

3.3 Limiting L, norm
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Hastie(2020) 3.3 simulation
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K 4: 3.3 simulation

Theorem 1. Assume the model , (ED where © ~ P, has i.i.d. entries with zero mean, unit variance,
and a finite moment of order 4 + 1, for some > 0. Also assume that 1813 = r? for all n,p. Then for the
min-norm least squares estimator J in @ as n,p — 0o, such that p/n — v € (0,00), it holds almost surely
that

N . 1
BX(,:’igﬂ)—):'z(l— —}, (6)

v
Vx (3: 8) = o> . (7)

y—1

Hence, summarizing with Proposition[4 we have
N P forv <1,

Rx(5:8)— < 17 ) ' 8
x(5:6) {?'2(1—%}4»02—711 fory > 1. )

Kl 5: Corollary 1
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Chapter 4:Correlated features
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4.1 Prediction risk

T —Ri%, 44T Bias 1 Variance B E1.

Assumption 1. The covariates vector z ~ P, is of the form xz = 21/22, where, defining ﬁn as per Eq. @D,
we have

(a) The vector z = (21,...,2p) has independent (not necessarily identically distributed) entries with
E{z} =0, ]E{zz} =1, and E{|z|"} < Cr < oo for all k > 2.

(®) 81 = [Sllop < M, [ s~ dH,(s) < M.
(¢) 1= (p/n)| = 1/M,1/M <p/n< M.

Condition (z) bounds the tail probabilities on the covariates. Requiring finite moment of all order is
useful to get strong bounds on the deviations of the risk from its predicted value. As discussed below, bounds
on the first few moments are sufficient if we are satisfied in weaker probability bounds.

Conditions (b) requires the eigenvalues of ¥ to be bounded, and not to accumulateﬂ near 0. For the
analysis of min-norm interpolation, we will add the additional assumption that the minimum eigenvalue of ¥
is bounded away from zero. However condition (b) is sufficient for the analysis of ridge regression in Section

Finally, as our statements are non-asymptotic, we do not assume p/ n to converge to to a value. However
condition (c) requires p/n to be bounded and bounded away from the interpolation threshold p/n = 1.

6: Assumption 1
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Definition 1 (Predicted bias and variance: min-norm regression). Let H, be the empirical distribution of

eigenvalues of ¥, and én the reweighted distribution as per Eq. @ For v € Rxg, define ¢g = ¢o(7, E'n) € Rso
to be the unique non-negative solution of

1 1 ~
1-—= [ ———dH,(s), 10
Y f 1+coys (s) (10)
We then define the predicted bias and variance by
~ . I iy dHa(s) s ~
B(Hp, Gy y) =182 1 +7¢ coys) f S dGo(s), 11
(oG ) = 1313 { e | ] e 0 ()

e Al )

'V(ﬁn, 7) = ’727
J i Al (s)

(12)

K| 7: Definition 1

Theorem 2. Assume the data model , and that the covariates distribution satisfies Assumption

Further assume s, = Amin(X) > 1/M. Define v = p/n and let B be the min-norm least squares estimator in
Eq. @

Then for any constants D > 0 (arbitrarily large) there exist C' = C(M, D) such that, with probability at
least 1 — C'n=P the following hold

Rx(B:B) = Bx (B:8) + Vx(B; ), (13)

S oG A clsl3 4
|Bx(3:8) = B(Ho, Gy )| < = 72, (14)
Vi (B:8) ¥ (B S oz (15)

where % and ¥ are given in Definition [3

8: Theorem 2

Wi LR, 45 H G IS5WSUR %, 733 Bias Al Variance JLF4b
ARk 4

Theorem 3. Consider the setting of Theorem |2 l but, instead of Assumptwn I (a), assume that (zi)i<p
are identically distributed and sat'zsfy the conditions Ez = 0, E(2?) = 1, E(|z |4+'5 < C < co. Further

assume p/n — v € (0,00), H, = H, G, = G. Then, almost surely BX(HS)/HSHJ — %(H.G,v),
Vx(B:8) = V' (H.).

Kl 9: Theorem 3
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Hastie(2020) 4.2 simulation 1
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bias and variance

Hastie(2020) 4.1 simulation 2, n=100
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Hastie(2020) 4.1 simulation 2, n=100
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