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1.1.1 cross validation

library(ggplot2)

library (MASS)
library(showtext)

## BNFEWEHEA: sysfonts
## H\FEWEHE Q. showtextdb
set.seed(1234)

r <- 10

K <- 5

n <- 200

d <- 150

ns <- 1:(d+1)

average.mse <- length(ns)

#ns <- floor(seq(l,n-1,length=d+1))

i<-1

for (p in ns) {

X <- matrix(rnorm(n * p), n, p)
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X <- cbind(rep(1, n), X)
beta <- rnorm(p + 1)
y <- X %*% beta + rnorm(n)
beta_hat <- numeric(p + 1)
for (j in 1:r) {
indices <- sample(n)
break.points <- round(seq(l, n, K+ 1))
for (k in 1:K) {
chunk <- indices[break.points[k]: (break.points[k + 1] - 1)]
X.train <- X[-chunk,]
y.train <- y[-chunk]
X.test <- X[chunk,]
y.test <- y[chunk]
beta.train <- ginv(X.train) %*% y.train # M-P | X
beta_hat <- beta_hat + beta.train

}
beta_hat <- beta_hat / (r * K)
average.mse[i] <- sum((beta_hat - beta)~2)/length(beta_hat)

i<-1i+1

p_values <- ns[-1]
plot_df <- data.frame( p_values+1, average.mse[-1])
showtext: :showtext_begin()
gegplot(plot_df, aes( p)) +
geom_line (aes( average.mse)) +
xlab("beta HIZEZH") +
ylab("cross validation it&H beta H-F3# MSE") +
ggtitle("p<=150") +
theme ( element_text ( 0.5))
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showtext: :showtext_end()

library(ggplot2)
library (MASS)
set.seed(1234)

r <- 10

K <-5

n <- 200

d <- 200

ns <- seq(l, 2xd, 2)

average.mse <- length(ns)

#ns <-

i<-1

for (p
X <-
X <-
beta

floor(seq(1,n-1, length=d+1))

in ns) {
matrix(rnorm(n * p), n, p)
cbind(rep(1, n), X)

<- rnorm(p + 1)
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y <= X %*% beta + rnorm(n)
beta_hat <- numeric(p + 1)
for (j in 1:1r) {
indices <- sample(n)
break.points <- round(seq(l, n, K+ 1))
for (k in 1:K) {
chunk <- indices[break.points[k]:(break.points[k + 1] - 1)]
X.train <- X[-chunk,]
y.train <- y[-chunk]
X.test <- X[chunk,]
y.test <- yl[chunk]
beta.train <- ginv(X.train) %*% y.train # M-P | X if
beta_hat <- beta_hat + beta.train

+
beta_hat <- beta_hat / (r * K)
average.mse[i] <- sum((beta_hat - beta) 2)/length(beta_hat)

i<-1i+1

p_values <- ns[-1]
plot_df <- data.frame( p_values+1, average.mse[-1])
showtext: :showtext_begin()
ggplot (plot_df, aes( p)) +
geom_line (aes( average.mse)) +
xlab("beta HYZEZ") +
ylab("cross validation It H## beta HJ-F# MSE") +
ggtitle("p<=200") +
theme ( element_text( 0.5))
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showtext: : showtext_end()
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library(ggplot2)
library (MASS)
set.seed(1234)

r <-5

K <-5

n <- 200

d <- 30

ns <- floor(seq(n - 1, n - 1 +d * n, n))
average.mse <- length(ns)

i<-1

for (p in ns) {
X <- matrix(rnorm(n * p), n, p)

X <- cbind(rep(1, n), X)
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beta <- rnorm(p + 1)
y <= X %*% beta + rnorm(n)
beta_hat <- numeric(p + 1)
for (j in 1:r) {
indices <- sample(n)
break.points <- round(seq(l, n, K+ 1))
for (k in 1:K) {
chunk <- indices[break.points[k]: (break.points[k + 1] - 1)]
X.train <- X[-chunk,]
y.train <- y[-chunk]
X.test <- X[chunk,]
y.test <- yl[chunk]
beta.train <- ginv(X.train) %% y.train # M-P / it
beta_hat <- beta_hat + beta.train

+
beta_hat <- beta_hat / (r * K)
average.mse[i] <- sum((beta_hat - beta) 2)/length(beta_hat)

i<-1i+1

p_values <- ns[-1]
plot_df <- data.frame( p_values+1, average.mse[-1])
showtext: :showtext_begin()
ggplot (plot_df, aes( p)) +
geom_line(aes( average.mse)) +
xlab("beta HYZEZL") +
ylab("cross validation T4 # beta Hy-F¥ MSE") +
ggtitle("p>=200") +
theme ( element text( 0.5))
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showtext: :showtext_end()

1.1.2 bootstrap
IRYER I -

library(ggplot2)

library (MASS)

library(showtext)

set.seed(1234)

B <- 10

n <- 200

d <- 200

errors <- numeric(d + 1)

ns <- 1:(d+1)

average.mse <- numeric(length(ns))

i<-1

6000
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for (p in ns) {

X <- matrix(rnorm(n * p), n, p)

X <- cbind(rep(1, n), X)

beta <- rnorm(p + 1)

y <= X %*% beta + rnorm(n)

beta_hat <- numeric(p + 1)

for (j in 1:B) {
indices <- sample(l:n, n, TRUE)
left.indices <- setdiff(1:n, unique(indices))
X.b <- X[indices, ]
y.b <~ ylindices]
X.left <- X[left.indices, 1]
y.left <- y[left.indices]
beta.train <- ginv(X.b) %*% y.b # M-P | X
beta_hat <- beta_hat + beta.train

}

beta_hat <- beta_hat / (B)

average.mse[i] <- sum((beta_hat - beta)”2)/length(beta_hat)

i<-1i+1

p_values <- ns[-1]
plot_df <- data.frame( p_values+1, average.mse[-1])
showtext_begin()
ggplot (plot_df, aes( p)) +
geom_line(aes( average.mse)) +
xlab("beta HYZEZL") +
ylab("Bootstrap It% H beta Hy-F# MSE") +
ggtitle(" REFH") +
theme ( element text( 0.5))
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showtext_end()

HERB A TS T

library(ggplot2)

library (MASS)

library(showtext)

set.seed(1234)

B <- 10

n <- 200

d <- 30

errors <- numeric(d + 1)

ns <- floor(seq(n - 1, n - 1 +d * n, n))
average.mse <- numeric(length(ns))

i<-1

for (p in ms) A{

X <- matrix(rnorm(n * p), n, p)
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X <- cbind(rep(1, n), X)

beta <- rnorm(p + 1)

y <- X %*% beta + rnorm(n)

beta_hat <- numeric(p + 1)

for (j in 1:B) {
indices <- sample(l:n, n, TRUE)
left.indices <- setdiff(l:n, unique(indices))
X.b <- X[indices, ]
y.b <- yl[indices]
X.left <- X[left.indices, ]
y.left <- y[left.indices]
beta.train <- ginv(X.b) %*¥ y.b # M-P | X i
beta_hat <- beta_hat + beta.train

}

beta_hat <- beta_hat / (B)

average.mse[i] <- sum((beta_hat - beta)~2)/length(beta_hat)

i<-1i+1

p_values <- ns[-1]
plot_df <- data.frame( p_values+1, average.mse[-1])
showtext_begin()
ggplot (plot_df, aes( p)) +
geom_line (aes( average.mse)) +
xlab("beta HYZEH") +
ylab("Bootstrap it & H beta Hy-F# MSE") +
ggtitle(" HLEFMH") +
theme ( element_text( 0.5))
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showtext_end()

1.2 EERESY, EF—MoSRHTIIE, FEHFHRET
RO TR B9 XURR:

X — U H BB 18 B Rt SR [ Mikhail Belkin Z57E 2020 4F )30 % Two models
of double descent for weak features. HBM W EN: HEMMSE g =
(Bos+ Bp)T € RPH, XEF p < D, BEHUEBK AN p BT T 154
G, W Br = (X0 Xp) " Xqy; Bpe = 0o TEXAMGIRIIR 2 R Tt
El(y — 26)].

1.2.1 SCIGHEHIENRE

AR B € R0 Biid ~ Unif(0,1), ¥ B brdEAF 2 g, ||8*) = 1. ML
AR n x d BRAEIES B RE X, AERFEAR y = XB* +¢€, e ~ N(0,0.121,)
FEARAE n BUZE 200 2] 10000 A%, JCHTE n ~ p BIRMEREIIFEA S . A
wn 2K, WEZARZEREE, e lERE RN A 10000,
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1.2.2  SZIGHRHN

library (MASS)

beta = runif (1000) # real coefficients

beta = beta/sqrt(sum(beta”2)) # convert to a unit vector

M = 3 # number of simulations
N = c(seq(200, 800, 50), seq(900, 990, 10), seq(991,1000,1),

seq(1001, 1009, 1), seq(1010, 1100, 10), seq(1200, 10000, 800)) # number of sampl
test_MSE_1000 = matrix( length(N), M)

for (i in 1:length(N)){
for (m in 1:M){
X = replicate(1000, rnorm(N[i]))
rnorm(N[i], 0.1)
y = X %x% beta + e
if (N[i] < 1000){
beta_hat = ginv(X) %*% y
} else {
dat = as.data.frame(cbind(y, X))
names(dat) [1] = "y"
1m_model = lm(y ~ .-1, dat)
beta_hat

e

matrix(1lm_model$coefficients, 1)

}
X_test = replicate(1000, rnorm(N[i]))

e_test = rnorm(N[i], 0.1)

y_test = X_test %*), beta + e_test
preds_test = X_test %*% beta_hat

test_MSE_1000[i, m] = sqrt(mean((y_test - preds_test)~2))

plot (1000/N,apply(test_MSE_1000, 1, mean), "Test MSE", "p / n",
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4
c(0,20), "D=1000,p=1000")
lines(1000/N, apply(test_MSE_1000, 1, mean), "red", 2)
D=1000,p=1000
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library (MASS)

beta = runif (1250) # real coefficients

beta = beta/sqrt(sum(beta”2)) # convert to a unit vector

M = 3 # number of simulations
N = c(seq(200, 800, 50), seq(900, 990, 10), seq(991,1000,1),

seq(1001, 1009, 1), seq(1010, 1100, 10), seq(1200, 10000, 800)) # number of samp]
test_MSE_1250 = matrix( length(N), M)

for (i in 1:length(N)){
for (m in 1:M){
X = replicate(1250, rnorm(N[i]))
X_T <- X[, 1:1000]
e = rnorm(N[i], 0.1)
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y = X %x% beta + e
if (N[i] < 1000){
beta_hat = ginv(X_T) %*% y
beta_hat <- c(beta_hat, rep(0,250))
} else {
dat = as.data.frame(cbind(y, X_T))
names (dat) [1] = "y"
1m_model = lm(y ~ .-1, dat)
beta_hat = matrix(lm_model$coefficients, 1)
beta_hat <- c(beta_hat, rep(0,250))
}
X_test = replicate(1250, rnorm(N[i]))
rnorm(N[i], 0.1)
y_test = X_test %xJ), beta + e_test

e_test

preds_test = X_test %xJ), beta_hat
test_MSE_1250[i, m] = sqrt(mean((y_test - preds_test)~2))

plot (1000/N,apply(test_MSE_1250, 1, mean), "Test MSE",
4,
c(0,15), "D=1000,p=1250")
lines(1000/N, apply(test_MSE_1250, 1, mean), "red", 2)
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library (MASS)
beta = runif(1500) # real coefficients
beta = beta/sqrt(sum(beta”2)) # convert to a unit vector
M = 3 # number of simulations
N = c(seq(200, 800, 50), seq(900, 990, 10), seq(991,1000,1),
seq(1001, 1009, 1), seq(1010, 1100, 10), seq(1200, 10000, 800)) # number of sampl

test_MSE_1500 = matrix( length(N), M)

for (i in 1:length(N)){
for (m in 1:M){

X = replicate(1500, rnorm(N[i]))

X_T <- X[, 1:1000]

e = rnorm(N[i], 0.1)

y = X %x% beta + e

if (N[i] < 1000){
beta_hat = ginv(X_T) %*% y
beta_hat <- c(beta_hat, rep(0,500))
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} else {
dat = as.data.frame(cbind(y, X_T))
names (dat) [1] = "y"
1m_model = lm(y ~ .-1, dat)

beta_hat
beta_hat <- c(beta_hat, rep(0,500))
}
X_test = replicate(1500, rnorm(N[i]))
e_test rnorm(N[i], 0.1)
y_test = X_test %xJ), beta + e_test

matrix(1lm_model$coefficients, 1)

preds_test = X_test %xJ, beta_hat
test_MSE_1500[i, m] = sqrt(mean((y_test - preds_test)~2))

plot (1000/N,apply(test_MSE_1500, 1, mean), "Test MSE",
4,
c(0,15), "D=1000,p=1500")
lines(1000/N, apply(test_MSE_1500, 1, mean), "red", 2)
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plot (1000/N, rep(0, length(N)), type="n", ylim=c(0, 20), xlab="p / n", ylab="Test MSE",

lines(1000/N, apply(test_MSE_1000, 1, mean), col="blue", lwd=2)
points(1000/N, apply(test_MSE_1000, 1, mean), col="blue", pch=4, cex=0.7)
lines(1000/N, apply(test_MSE_1250, 1, mean), col="green", lwd=2)
points(1000/N, apply(test_MSE_1250, 1, mean), col="green", pch=4, cex=0.7)
lines(1000/N, apply(test_MSE_1500, 1, mean), col="red", lwd=2)
points(1000/N, apply(test_MSE_1500, 1, mean), col="red", pch=4, cex=0.7)

legend("topright", legend=c("D=1000", "D=1250", "D=1500"), col=c("blue", "green", "red"
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Test MSE for Different D Values
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RIEICE, AUWTFRA:

[(1—5)18]* +o?] - (14’%;,,1) ifp<n—2;
E[(y—X'5)%] = { +00 ifn—1<p<n+1;
IBI2- [1— % (2= 2=21)] + 02 (1+ 2) ifp>n+2
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1.4 Double Descent
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Belkin et al.(2018) observed a phenomenon that test error decreased again

after the expected U-shaped curve when the model size increased. They

called this phenomenon ”double descent”.

Nakkrian et al.(2019) conducted simulations on a wide range of neutral
network models. And found not only the model size but also the training

epochs will bring double descent.

Hastie et al.(2020) found double descent occurring in fundamental models
like least squares regression. And they believed when p > n, the variance

decreases as p grows.



	任务:
	固定样本数量n=200，模拟\beta的训练平均MSE与维数p的关系
	固定模型参数，选择一部分参数进行训练，考察均方损失下的预报的风险
	复现Hasite的部分结果
	Double Descent


