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Goals

▶ Resources of this slide: https://www.stat.berkeley.edu/
~songmei/Teaching/STAT260_Spring2021/Lecture_
notes/scribe_lecture1.pdf

▶ Get a flavor of the difference between the non-asymptotic
theory and the asymptotic theory using the example of
LASSO.

▶ Introduce mean-field theory.

https://www.stat.berkeley.edu/~songmei/Teaching/STAT260_Spring2021/Lecture_notes/scribe_lecture1.pdf
https://www.stat.berkeley.edu/~songmei/Teaching/STAT260_Spring2021/Lecture_notes/scribe_lecture1.pdf
https://www.stat.berkeley.edu/~songmei/Teaching/STAT260_Spring2021/Lecture_notes/scribe_lecture1.pdf
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LASSO: A Non-asymptotic View

Let 𝛽0 ∈ ℝ𝑑, 𝑋 ∈ ℝ𝑛×𝑑, 𝜀 ∈ ℝ𝑛 and 𝑌 = 𝑋𝛽0 + 𝑤 ∈ ℝ𝑛. We
consider the case 𝑑 ≫ 𝑛 but hope that 𝛽0 is sparse in some sense
(e.g., 𝛽0 is 𝑘-sparse if 𝛽0 has 𝑘 non-zero elements). To recover 𝛽0
given 𝐴 and 𝑌 , we solve the following LASSO problem:

̂𝛽 = arg min
𝛽

1
2𝑛‖𝑌 − 𝑋𝛽‖2

2 + 𝜆
𝑛‖𝛽‖1.
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Restricted Strong Convexity
Definition: Restricted Strong Convexity(RSC)
We say a matrix 𝐴 ∈ ℝ𝑛×𝑑 satisfies the restricted strong convexity
property, if there exists universal constants 𝑐1 and 𝑐2, such that for
any 𝑣 ∈ ℝ𝑑, we have

‖𝐴𝑣‖2
2

𝑛 ≥ 𝑐1‖𝑣‖2
2 − 𝑐2

log 𝑑
𝑛 ‖𝑣‖2

1. (2)

Why this property is called restricted strong convexity? If we
define 𝑓(𝑥) = (1/2𝑛)‖𝑦 − 𝐴𝑥‖2

2, strong convexity property says
that ∇2𝑓(𝑥) ⪰ 𝑐1𝐼𝑑, so that for any direction 𝑣, we have

‖𝐴𝑣‖2
2

𝑛 ≥ 𝑐1‖𝑣‖2
2.

Restricted strong convexity simply says that 𝑓 is strongly convex in
the direction 𝑣 when ‖𝑣‖1 is small.
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Non-asymptotic Result

Theorem (Negahban et al. 2012)
For any 𝑋 ∈ ℝ𝑛×𝑑 satisfying the RSC property with constant 𝑐1
and 𝑐2, there exists universal constant 𝑐 < ∞ (depending only on
𝑐1, 𝑐2), such that as long as 𝜆 ≥ 2‖𝑋⊤𝑤‖∞, for any 𝛽0 ∈ ℝ𝑑 and
𝑆 ⊆ [𝑑] with |𝑆| ≤ 𝑛/(𝑐 log 𝑑), the LASSO estimator ̂𝛽 satisfies

‖ ̂𝛽 − 𝛽0‖2
2 ≤ 𝑐𝜆2|𝑆|

𝑛2 + 𝑐 𝜆
𝑛‖𝛽0,𝑆𝑐‖1 + 𝑐 log 𝑑

𝑛 ‖𝛽0,𝑆𝑐‖2
1.
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Asymptotic Result

Theorem (Bayati and Montanari 2015)
We consider the asymptotic limit when 𝑛/𝑑 → 𝛿 ∈ (0, ∞) as
𝑑 → ∞. Let 𝑋 ∈ ℝ𝑛×𝑑 with 𝑋𝑖𝑗 ∼ 𝒩(0, 1/𝑛). Let 𝛽0 ∈ ℝ𝑑 with
𝛽0,𝑖 ∼iid ℙ0. Let � ∼ 𝒩(0, 𝜎2𝐼𝑛). Let ̂𝛽 be the LASSO estimator.
Then we have

lim
𝑑,𝑛→∞

1
𝑑‖ ̂𝛽 −𝛽0‖2

2 = 𝔼(X0,𝑍)∼ℙ0×𝒩(0,1) [(𝜂(X0 + 𝜏∗𝑍; 𝜃∗) − X0)2] .
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Asymptotic Result

Remark
The asymptotic error for high-dimensional LASSO estimator is
equivalent to

𝔼𝑋̂,𝑋0
[(𝑋̂ − 𝑋0)2] ,

where (𝑋̂, 𝑋0) following the distribution of

(𝑋0, 𝑍) ∼ ℙ0 × 𝒩(0, 1), 𝑌 = 𝑋0 + 𝜏∗𝑍,

𝑋̂ = arg min
𝑣

{(𝑌 − 𝑣)2 + 𝜏∗𝛼∗|𝑣|} = 𝜂(𝑌 , 𝜏∗𝛼∗).

This can be interpreted as an one dimensional LASSO problem.
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Simulations
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Simulations
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Mean-field Theory Introduction

In physics and probability theory, mean-field theory studies the
behavior of high-dimensional random (stochastic) models by
studying a simpler model that approximates the original by
averaging over degrees of freedom.
In our example, the LASSO problem is a high dimensional random
model, while the one dimensional model in the previous remark is
the simpler model that approximates the original one.
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Tools developed in statistical physics
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