Soboley embelalinjs for complete manifaldls

* the existence 0f Sobolev embeddings for complete  manifolols
We restrict ourselves to the study of the embeddings Hiz L7, I §<a.
First we will sec that, contrary 4o the case of wmpoct manifalds. there exisi complete manifolds for which
the Svbolev cmbeddinjs are folse. The existence Df such monifolds s based on lemma 3a.

Lemma 3.2 Leb (m4) be o Wn?lefe Riemannian  n- manifold . Suﬁaose that the embeddinj Hi e Ll 15 vadid
For some i€gen and F=5-% . Then for any vo0 there exists o positive Constant V=viM..7) Such that far any
xXEM, Vv'a (Br) 2 v
On the other hand, we will see that +he question of the txisteace of Sobolev embeddifgs for wmplete mauifold,s
with Rici curvoture bounded from bebow 13 completely  setled. For such monifolds the Sobolev embeddings are valid
if ond only if there is o wniform bower bound with vespeot to the center poict x for the Vwlume of balls Bn . vs0 arbitrary.

prop*  For any imeser N33, there exist complete n- manifolds (m.4) for which the whole scale of the Sobolev
embeddings Hic L' is false, namely fow which for any i<g<n and Jp=/o-ju . HYw ¢ Lisnl.

Theorem  Let (M.g) be o Complete Riemamian n-manifold. Suppose that the Riwi curvature of (Mg is
boundled from below and thet ;nj“ Vol (Bx() >0 , Then the Sobolev embedolings are valid for m.

Remork: Before we starb with the proef of theorem. ote thet by Cromavs resubt the wssumption  inf Volg ( Bxn)70

AEM

implies that for any ¥70 there exists & positive Constant ¥, Such phat fov any xem Vol,ataxw)au, ,
We just have to prove that Him) e L™
The firss step of the provf of theorem we present iy the following Lemma of Coulhon and Saloff - Coste.
Lemma  Let (m,9) be o complete  Riemarnian n-maaifoid such that Ric 7kg for some keR, and let R-0. There exists o
positive vonstant C= Cin.k-R). sSuch that for any re w.R). and any ue Diw .
_fmly-iyldv¢,> ser fmlvuldv(j) 3lobal result .
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proof. Let (M.3) be a complete Riemamnian n-manifald such that Ric zkg For some ker,
and let R>0. By the work of Buser . ther exists a positive constant  C= C(n k. R, swh that
for any xem, ony re(0.20). ond any wue ("o
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Recall the “Padunj lemma . Let (M. 9) be a tomplete  Riemamnian r-manifoldb with Ricu curvature
bowndl2df fmn below by some k&R, and Let p-o be 3{wm. There exists a myuezu () of Point s of» M
such that  for any 17 p:

() the -F-m.jy (Bgtr) 15 uwnifnmly Luu“y 'F?nh‘e conn'nj of M, and there is an Upper bowno -Fur N
in ferms of n, p.¥ anol k. Moreover, Card {i.st %t Bgnl ¢ (-%!)n AR .
W for ony i+), Bulfhyn B (FA) =

toke p=r.
Let ve(d.r) be given and let (xiiy be o Sequence of poists of M swh that Simultaneously M= U B
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where k= Kin k. p) =" el " i S{nu xe Byiv) imPhes that By is a Subwt oj, Btav)
we geb that
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This ends the proof of the lemma.
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fet W now prove the -F:mefnj.
Lemma Let (m.g) be o complete Riemannian n- mamifold . Swppose that sts Ricd ownvaiure satisfies
Ricn kg for some kel and suppose thot there exists ¥20 Suth that Ublg(8un) 2v Jor any xe M . There
exist two posisive Constants €= Corkv) and gz pun-k.v), Such thos fov any open Subset 2 of M with
e
smooth bowndary and compact Closwe . if lelglmic . then Ublg ()™ = C- Amj(.;m.
1T NHRZvXBY i VEPRIE_9%%.
proof. By Gromovs resuls for amy xcm and any ocre R, =%
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Fix R=i, Then we get thot -Fw ony xeM and any ve (0., (Volg(Buiv) 2 € vt
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Furthermore. every $20 , Volj(r») =Vols ({xem . st ugw 211), and -Fw any £20 and any rv,
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Lemma. ket (m.9) be a womplete Riemamnian n- manifold. Svypase that its Ricu curvature satisfies  Ric kg for

Sime keR ond suppose that there exishi V-0 Swh that  Volg (Ban) 2V for any X€M . There txist fwo positive

Donstants §= Sinkv) and A= Atn k), such that for any XeM and any ue DBlS)
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proof . Let 9= e k.v) be as in chowe lemma. By Gomov’s result theve exists §=3in.k.v Such that for any
xeM . Volg(Beis)) <. Let AcM ond we DUBx3). For oo, let
Rty = {Aem: s (wn)>t ] ond Vier = V.Ij(n.ws)
Uearly. Vs fov any t20. Then the coarea formula
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this ends the prof of the lemma .
proof of thw ¥ Let (M9 be a complete Riemannian n-monifold, suh that Rie % kg for some ker and suck vhat there exists V>0 with
Wa(sxu))au -F,, any XxeM . We want + prove that  Hj e L™ ).
Let §: 8tnky) be as in Lomma 3] and (%) be o sequence of  puints of M suh that
@ M= UBH) ond Bu(Yan BijSar = ¢, if i3
G there exists NV=MAKV Swh that each poins of M has o heighbovhwel which Trersecks ot most 4 of the Bx(9)% .
Let p: [o.0o) = Lo be oefinesl by  puwr=t if oet< % b /L\

pr= 3- %t i} SL o<1e 33,

Py =0 if tu 35,
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and let ohom= p(Aa(x,ocu), Clmvl/, o 15 Li’rsokh‘z with wm‘rwf suﬂ,wb. Henee, o bel‘,,.j, 4 Hlm) .
Futhermore. Since Supp % = Bx:(%), we je‘# withowt ony o{.‘ﬁfmhn that ¢ [:j:(Bx,-Ls)), Let
§i= X . Then . sine I0etil s% ae. we geb that or oy i, O eHi8ais), (7:) is & parsivion of nity
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subovdinate to the covering (Bxi(s) . V7i existy almost evu/wkm.. oand there ecxists a posibive constant M= Hinkv)

Such that 17i|<H ae .
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Thw . Lot (M.9) be o complete Riemannian A—manifvlot with Rici cwrvature bounded From  below .
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In particnlar . Hwe iy,
i i i i ind Volg (Ban) 7.
@ The Sobolev embeddings are valid for M if and oy if ::-SM olg (Bn) 7
Cor. The Sobolev embuldings are valid for complete manifolds with Riwi wwatare brunded Fom  below anel positive

injevﬁviry rodius.
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Thw. Let (M.9) be a complete  Riemannian man f-/.t with Rici cuwature bounded 'chm ehow an hao W;L Voly (Bxud >0,

For any 1£9¢n ond any p such that 9<p = ,:; . ) e Py,

PROOF: Setg* = nq/(n—gq),and let p € [q, q"]. As a simple application of
Holder’s inequality, one gets that for any u € D(M),

1/p alq . (1-a)/q*
( / |u|"dv(g>) s( f |u|"dv(g>) ( / ul® dv(g))
M M M

where a € [0, 1] is given by

_Vr-1/q
1/9-1/q*

By Theorem 3.2, there exists A = A(n, g, k, v) such that for any u € D(M),

) 1/g* /g \/a
( f ul® dv(g)) sA( f |Vur'dv<g)) +A( [ |u|"dv<g))
M M M

Since for any x and y nonnegative, and any « € [0, 1], x*y'~® < x + y, one gets
that for any p € [q, ¢*], and any u € D(M),

1/p
( f |u|"dv<g>)
= 1/q . 1/q*
< ( / |u|'fdv<g)) +( / uf? dv(g))
. 1/q " 1/q
= A(/ |Vul| dv(g)) +(A+ l)(/ lul? dv(g))
M M

Clearly, this proves the proposition.



