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Abstract

In this paper, we give an estimate of sub-Laplacian of Riemannian distance functions
in pseudo-Hermitian geometry which plays a similar role as Laplacian comparison
theorem in Riemannian geometry, and deduce a prior horizontal gradient estimate
of pseudo-harmonic maps from pseudo-Hermitian manifolds to regular balls of Rie-
mannian manifolds. As an application, Liouville theorem is established under the
conditions of nonnegative pseudo-Hermitian Ricci curvature and vanishing pseudo-
Hermitian torsion. Moreover, we obtain the existence of pseudo-harmonic maps from
complete noncompact pseudo-Hermitian manifolds to regular balls of Riemannian
manifolds.
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1 Introduction

Inspired by Eells—Sampson’s theorem, one natural problem is to consider the existence
of harmonic maps from complete noncompact Riemannian manifolds. Usually some
convexity conditions on the images will lead this existence (cf. [10,17,18]). Based on
elliptic theory, some existence theorems have been studied for generalized harmonic
maps (cf. [7,20]).

The pseudo-harmonic map is an analogue of the harmonic map in pseudo-Hermitian
geometry. Let (M, 6) be a pseudo-Hermitian manifold of real dimension 2m + 1 and
(N, h) be aRiemannian manifold. The horizontal energy of asmoothmap f : M — N
is defined by

En(f) = /M (dy £ 126 A (d6)", (L1)

where dp, f is the horizontal part of d /. The pseudo-harmonic map is a critical point
of Ey. Hence it locally satisfies the following Euler—Lagrange equation

() 2 Apf + Y Ty dp fF) = (1.2)

J.k

where F; 8 are Christoffel symbols of Levi-Civita connection in (N, i). Here Ap
denotes the sub-Laplacian which is a subelliptic operator enjoying nice regularity as
elliptic operators. By heat flow method, the Eells—Sampson’s type theorem also holds
for pseudo-harmonic maps (cf. [5,21]). The Dirichlet problem of pseudo-harmonic
maps to regular balls has also been solved by Jost—Xu (cf. [15]).

This paper studies pseudo-harmonic maps from complete noncompact pseudo-
Hermitian manifolds to regular balls. In order to establish some local estimates, we
need sub-Laplacian comparison theorem in pseudo-Hermitian manifolds. Actually
such kinds of theorems have been investigated for Sasakian manifolds in [1,3,6,16].
However, up to now, there is no satisfactory comparison theorem for a pseudo-
Hermitian manifold, which is not Sasakian. For our purpose, we will give a new
sub-Laplacian comparison theorem for a pseudo-Hermitian manifold. Note that the
Riemannian distance associated with Webster metric has better regularity than the
Carnot—Carathéodory distance, and its variational theory is well studied in Rieman-
nian geometry. By the index comparison theorem in Riemannian geometry, we can
derive the following estimate of sub-Laplacian of Riemannian distance on pseudo-
Hermitian manifolds. Let Bg (xo) be the Riemannian geodesic ball of radius R centered
atxg € M.

Theorem 1.1 Suppose (M?>"+1,0) is a complete pseudo-Hermitian manifold. If for
some k, ky >0,

Ry > —k, and |A|, |divA| < k1, on Br(xo),
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3514 T.Chong et al.

where Ry is the pseudo-Hermitian Ricci curvature and A is the pseudo-Hermitian
torsion, then there exists C1 = C1(m) such that

1
Apr = Cy (— +/ L +k+k +k12> . on Br(xo) \ Cut(xop), (1.3)
r

where r is the Riemannian distance from xo and Cut(xo) is the cut locus of xo.

The proof will be given in Sect. 3. Based on this sub-Laplacian comparison theorem,
we will establish the following local prior horizontal gradient estimate of pseudo-
harmonic maps by maximum principle.

Theorem 1.2 Suppose that (M*"*1, 0) is a noncompact complete pseudo-Hermitian
manifold and (N, h) is a Riemannian manifold with sectional curvature KN < « for
some k > 0. On Bor(xg) C M with R > 1,

R. > —k and |Al, |divA| < ki, (1.4)

for some k,k; > 0. Assume that f : Bop(xg) C M — Bp(po) C N is pseudo-
harmonic where Bp(po) is a regular ball in N. Then the horizontal energy density
|dp, £ 12 on Bg(xo) is uniformly bounded. More precisely,

Cy 1
dpfP<Ci|Cr+ —— + —|, 1.5
Brggcﬁ)lbfl = 3[ z+C2+R_1+R] (1.5)

where Cy is given in Lemma 2.3 which depends on k, k1 and C3 depends onk, k1, k, D.
In particular, if k = 0 and k1 = 0, then Cy = 0.

The proof will be given in Sect. 4. A direct application is the following Liouville
theorem for pseudo-harmonic maps which is a generalization of the one for harmonic
maps by Choi [9].

Theorem 1.3 Suppose that (M, 0) is a noncompact complete Sasakian manifold with
nonnegative pseudo-Hermitian Ricci curvature and (N, h) is a Riemannian manifold
with sectional curvature bounded above. Then there is no nontrivial pseudo-Hermitian
map from M to any regular ball of N.

Another application of Theorem 1.2 is the global existence of pseudo-harmonic maps
from complete noncompact pseudo-Hermitian manifolds to regular balls which is due
to an exhaustion process combined with the Dirichlet existence of pseudo-harmonic
maps.

Theorem 1.4 Suppose that (M, 0) is a complete noncompact pseudo-Hermitian man-
ifold and (N, h) is a Riemannian manifold with sectional curvature bounded from
above. Then there is a pseudo-harmonic map from M to any regular ball Bp(po) of
N.

The proof will be given in Sect. 5. One may doubt whether the pseudo-harmonic map
given by Theorem 1.4 is trivial. We will show an example whose domain is Sasakian
with negative pseudo-Hermitian Ricci curvature.
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2 Basic Notions

In this section, we present some basic notions of pseudo-Hermitian geometry and
pseudo-harmonic maps. For details, readers may refer to [12,25,26]. Recall that a
smooth manifold M of real dimension 2m + 1 is said to be a CR manifold if there
exists a smooth rank n complex subbundle 77 oM C TM ® C such that

Ti.oMNToaM = {0} 2.1
[C(TyoM), T'(T1,0M)] C IU'(T1,0M), (2.2)

where To, 1M = Tj oM is the complex conjugate of 77 oM. Equivalently, the CR
structure may also be described by the real subbundle HM = Re {T1 oM & To,1 M}
of TM which carries an almost complex structure J : HM — HM defined by
J(X + X) = (X — X) for any X € T oM. Since HM is naturally oriented by
the almost complex structure J, then M is orientable if and only if there exists a
global nowhere vanishing 1-form 6 such that HM = Ker(0). Any such section 6
is referred to as a pseudo-Hermitian structure on M. The Levi form Ly of a given
pseudo-Hermitian structure 6 is defined by

Lo(X,Y)=d0(X,JY) forany X,Y € HM.

An orientable CR manifold (M, HM, J) is called strictly pseudo-convex if Ly is
positive definite for some 6. Such a quadruple (M, HM, J, ) is called a pseudo-
Hermitian manifold. For simplicity, we denote it by (M, 0).

For a pseudo-Hermitian manifold (M, 0), there exists a unique nowhere zero vector
field &, called the Reeb vector field, transverse to H M and satisfying& .0 = 1, £ .d6 =
0. It gives a decomposition of the tangent bundle 7 M:

TM = HM ® R (2.3)

which induces the projection ryy : TM — HM. Set Gy = JT;_}LQ. Since Ly is a
metric on H M, it is natural to define a Riemannian metric

which makes H M and R& orthogonal. The metric gy is called Webster metric, which
is also denoted by (-, -) for simplicity. By requiring J& = 0, the almost complex
structure J can be extended to an endomorphism of 7M. Clearly, 6 A (d6)™ differs a
constant with the volume form of gg. Henceforth it is always regarded as the canonical
volume form in pseudo-Hermitian geometry.

It is remarkable that (M, HM, Gy) could also be viewed as a sub-Riemannian
manifold which satisfies the strong bracket generating hypothesis (see Appendix for
details). The completeness of a sub-Riemannian manifold is well settled under the
Carnot—Carathéorody distance (cf. [24]). Locally, the Carnot—Carathéorody distance
and the Riemannian distance associated with the Webster metric gy can be controlled
by each other (cf. [19]), which leads that the former completeness is equivalent with
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3516 T.Chong et al.

the latter. In this paper, a pseudo-Hermitian manifold (M, 0) is called complete if it
is complete about the Webster metric gg.

On a pseudo-Hermitian manifold, there exists a canonical connection V, which is
called Tanaka—Webster connection (cf. [12]), preserving the horizontal distribution,
almost complete structure and Webster metric. Moreover, its torsion Ty satisfies

To(X,Y) =2d0(X,Y)é and Tv(£,JX)+JTe(@E X)=0. (2.5

The pseudo-Hermitian torsion, denoted by t, is a symmetric and traceless tensor
defined by 7(X) = Tv (&, X) forany X € TM (cf. [12]). Set

AX,Y)=gp(t(X),Y), forany X,Y e TM.

A pseudo-Hermitian manifold is Sasakianif T = 0. Sasakian geometry plays important
roles in Kihler geometry and Einstein metrics (cf. [4]).

Suppose that (M, 0) is a pseudo-Hermitian manifold of real dimension 2m + 1. Let
R be the curvature tensor of the Tanaka—Webster connection. Set

R(X,Y,Z, W)= (R(Z,W)Y,X), foranyX,Y,Z, W e TM.

Let {na}gzl be a local unitary frame of 77 oM and Rapcp be the components of R
under the frame {no = &, ny, na}. Webster [26] derived the first Bianchi identity, i.e.,

Rapri = Rarpji-

The other components of R can be expressed by the pseudo-Hermitian torsion and its
derivative. For example,

Rapiy = 2i(Agudar — Apadap), Rapop = —Apua. Rapop = Aai.p
where Ag, &, Agj,p are the components of VA. Tanaka [25] defined the pseudo-
Hermitian Ricci tensor R, by

m
R.X = —i Z R(ny, n;)J X forany X € Ty oM. (2.6)
1=l

The pseudo-Hermitian scalar curvature is given by
1
s = EtraceGQ R,. 2.7

In this paper, we will use Einstein summation convention when there is a repeated
index. Denote Ry = Rgaq - Hence by the first Bianchi identity, Rxno, = R, 3B and
s = Ra&.

Assume that (N, /) is a Riemannian manifold. Let {o’} be an local orthonormal
frame of T*N. Denote the Levi-Civita connection and the Riemannian curvature of
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Pseudo-harmonic Maps from Complete Noncompact... 3517

(N, h) by V¥ and RV, respectively. Suppose that f : M — N is a smooth map.
The pullback connection on the pullback bundle f*(T N) and the Tanaka—Webster
connection induce a connection on TM ® f*(T N), also denoted by V.

Definition 2.1 A smooth map f : M — N is called pseudo-harmonic if the tensor
field

tu(f) 2 traceg, Vpdp f = 0,

where V,d,, f is the restriction of Vd f onto HM x HM.

Actually, pseudo-harmonic maps are the Dirichlet critical points of the horizontal
energy (cf. [2,12])

1
En(f)=3 /M |dy £ 176 A (d6)", 2.8)

where dj, f is the horizontal restriction of d f. The sub-Laplacian A,u of a smooth
function u is defined by

Apu = traceg, Vpdpu, 2.9)

which is viewed as the special case of 7y acting on functions.

Lemma 2.2 (CR Bochner Formulas, cf. [5,14,22]) For any smoothmap f : M — N,
we have

1 : . . .
5Abldbf|2 = Vody fI* + (Vota (). do ) + 4i (f2 fo — fLfoa)
+ 2Ry o by = 2im = 2)( [y fyAsg = falsAup)
+2(f5 15 FE FaR N + Fafi F3 15 RN ) (2.10)
lA 2 Vs fol? + (VY 9 fipJ gk gl pN
S A6l fol” = 1V fol” + (Veru (), fo) +2f5 fd f5 foRiju
+2(f L5 Agaa + 1 £y Apea + fo FigApe + 13 fhaAga),
(2.11)

where f j\ and fj‘ p are the components of df and Vdf, respectively, under the
orthonormal coframe {0, 0%, 0%} of T*M and an orthonormal frame {o;} of T*N,

and fy = df ().
Let 7(1,1yVsdp f be the (1, 1)-part of V,d,, f and

7y Veds f = Vs f — 7111 Vids f

which is orthogonal to (1,1, Vjd;, . The commutation relation (cf. [5,22])
i i Aipis
faﬁ_fﬁa _21f05aﬁ (2.12)
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shows that
n . .
T Veds fI* = 2 flafl
=1
_1 - i i 2 i i (2
=5 2 [oa + faal® + faa = faal’]

. s
|folt& - félwtl

W
N —
Ms

= 2m| fo|>. (2.13)

Combining with Lemma 2.2, we have the following lemma.

Lemma 2.3 Suppose that (M*"1,0) is a pseudo-Hermitian manifold with
Ry > —k, and |A|, |div A| < k (2.14)
and (N, h) is a Riemannian manifold with sectional curvature
KN <« (2.15)

fork, ki, k > 0. Then there exists Co = Ca(k, k1) such that for any pseudo-harmonic
map f : M — N, we have

Apldp f1* 22 = €)|Vody > + 2me| fol* + €lmy 1y Vody 1
— 1|V fol? = (Ca + 166, ) [dp £1> — 2icldp £1* (2.16)

and

Aol fol? = 21V fol* = 2c| fol*ldy f I = Calmi 1y Vids f1* = Cal fol* — Caldy 12,
(2.17)

where € and €| are any positive number. In particular, if k = 0 and k1 = 0, then
Cr,=0.

Proof For (2.16), due to (2.13), Cauchy inequality and the identity
i(fifoa = fafsa) = = (Vo fo.duf o J),

it suffice to prove that
Saf§ 15 faRiu + foff 15 faRi = —5x1dn f1*. (2.18)
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Set
df (ng) =ty +it,.
Hence due to sectional curvature KV < «, a direct calculation shows that
i +J rk ¢l pN i rJ ck ¢l pN
féféfgfaRijkz +fotzf,3]f/§f&Rijkl
= 2((RV (tp. ta)tp. ta) + (RV (15, 1})1p. 1))
+ (RN (15, ta)1h, o) + (RN (15, 1)1, 1))

m
> =2 Y (ltalltgl? + 11,17 ltp > + ltaPltg) + 111712517
o,B=1

m m
= 2% (Z(mz + |z(;|2)> > sl + 1
a=1 B=1

which, combining with

dp 12 =2 (df (). df (@) =2 o +ithta —it)) =2 (ltal® + |3,
a=1

a=1 a=1

yields (2.18).
Similarly, (2.17) follows from the following process:

FLLFE LSRN = (RN (1o — ity fo)(ta +i1}). fo)
= (RN (ta, fo)ta, fo) + (RN (2l,, fo)tl,, fo)

> x| fol® (Z(mz + |t;|2>)
a=1

1
= —5K|fo|2|dbf|2.

O
At the end of this Section, we briefly recall Folland—Stein space. Let (M, 6) be a
pseudo-Hermitian manifold and 2 € M. For any k € Nand p > 1, the Folland—Stein
space Sy () is given by
SP(Q) ={ue LP(Q)| Viue LP(Q),1=0,1,...,k},
where Véu is the horizontal restriction of V/u and its S ,f -norm is defined by
k
lullspiey = D IV3ullLr, (2.19)
1=0
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which is equivalent to the local Folland—Stein norm in [12] (see Appendix for details).
Under this generalized Sobolev space, the interior regularity theorem of subelliptic
equations will behave as elliptic ones.

Theorem 2.4 Suppose that (M, 0) is a pseudo-Hermitian manifold and Q € M.

Assume that u,v € L}OC(Q) and Apu = v in the distribution sense. For any x €

CSO(Q), ifv e S,f(Q) with p > land k € N, then xu € S,f+2(§2) and

lxulls, i < Cx (IullLr@) + 110l ) (2.20)

where Cy only depends on x.

The proof is based on partition of unity and the corresponding version on coordinate
neighborhoods (cf. [12, Theorem 3.17], [23, Theorem 16]). For completeness, we will
give the details in Appendix. A direct calculation shows that for any o € I'(Q¥T* M)
and X, -, Xy, X,Y €e '(HM), we have

(V2o)(X1, -, Xis X, Y) — (Vo) (X1, -+, Xi3 ¥, X)

k
=Y o(X1, R, V)Xi, - X0) + (Vrgx.o) (X1, -+, Xp).
i=1

By taking o = Vl];u and X =ny,Y = ng, we obtain that

2i5aBV5V,’ju(Xl, L X)) = (VR (X - X s ng)
(VP (X1, -, Xis 0 )
k
- Zvlgu(xl’ IR R(nﬂla nB)Xls R} Xk)
i=1

which implies that Reeb covariant derivatives can be controlled by horizontal covariant
derivatives. Hence the Folland—Stein space may be embedded into some classical
Sobolev space which is a generalization of [13, Theorem 19.1].

Theorem 2.5 Suppose that (M, 0) is a pseudo-Hermitian manifold and Q@ € M. Then
foranyk € Nand p > 1,

S{(Q) C Ly (),

where L,f /2(9) is the classical Sobolev space. Moreover, for any r € N and p >
dim M, there exists k € N such that

SP(Q) C C1(Q).
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3 Sub-Laplacian Comparison Theorem

In this section, we will deduce Theorem 1.1 which plays a similar role as Laplacian
comparison theorem in Riemannian geometry.

Suppose that (M>"+16) is a complete noncompact pseudo-Hermitian manifold.
Let r be the Riemannian distance with respect to Webster metric gy from a reference
point xg € M. We formulate all Riemannian symbols with “*” to distinguish with
ones in pseudo-Hermitian geometry, such as Levi-Civita connection V and Rieman-
nian curvature tensor R. Lemma 1.3 in [12] shows the relation of Tanaka—Webster
connection and Levi-Civita connection associated with Webster metric:

V=V (0 +A)RE+TR0+200J, (3.1

where 20 © J =0 ® J + J ® 6. Hence the sub-Laplacian of r can also be calculated
by Levi-Civita connection as follows:

Apr = trace, Hess(M)| 1y g (3.2)

where Hess is the Riemannian Hessian.
Let us recall the Index Lemma in Riemannian geometry (cf. [11, p. 212]).

Lemma 3.1 (Index Lemma) Let y : [0, a] — M be a Riemannian geodesic without

conjugate points to y (0) in (0, a] and X be a Jacobi field along y with X L y and
X(0)=0.IfV e F(TM)}y with V(0) =0, V(a) = X(a) and V L y. Then

I,(X, X) < I,(V,V), (3.3)
where

L(V, V):/ (\V VP = (R(V, )7, v>) dr.
0

Now let y : [0, a] — M be such a geodesic and {ep (a)}%"; | be an orthonormal

basis of HM|y(a)

eé?(a) =ep(a) — (eg(a), Vr)Vr € TM|y(a)

which is perpendicular to y (a) = Vr’y(a). Since I?e?s(r)(Vr, -) = 0, then

Apr| Z Hess(r)(ep(a), ep(a)) = Z Hess(r)(eg(a), ep(a)).  (3.4)

B=1

y(@ —
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3522 T.Chong et al.

Using the Riemannian exponential map, we could extend eB%(a) as a Jacobi field Up

along y with
Up(0) =0, Up(a) = eg(a), [Up, 71 = 0.
Hence we find

Hess(r)(ep(a), ef(a)) = Hess(r)(Up(a), Up(a))
= (UBa %Ugvr>|y(a)

a
~ d ~
= (UB,V;}UB>|V(H) =f0 —(Up, VyUp)dt

a

:/ (195 Us[* + W3, ¥ 9;U8) ) ar
0

= 1,(Up, Up),

where the last equation is due to the Jacobi equation. Hence

2m

Abr’ ZZIQ(UB,UB).
B=1

v(a)

(3.5)

Lemma 3.2 Let ep(t) be the parallel extension of ep(a) along y with respect to

Tanaka—Webster connection. Suppose the curvature along y satisfies

2m
> (R(ep, Vr)Vr,ep) > —k
B=1

and the pseudo-Hermitian torsion is bounded, i.e.,

|A] < k1,

for some for 12, ki1 > 0. Then there is a constant C4 = C4(m) such that

1 / -
Abr|y(a)fc4<;+ 1+k1+k%+k>

Proof Due to (3.1), we have

Vyep = —[d0(y, e) + A(y, ep)le +0(y)Jep
= —[go(Jy,ep) + Ay, ep)lE +0(y)Jep

@ Springer
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which implies that

2m 2m

3" [Sres| =2mo@2+ 3 1807 el

B=1 B=1
+280(J7, ) A7, e5) + A en)

m
<2m 42407, J9)+ Y A ep)|* < 2m + 2k + k7.
B=1

Set
K() /

si(a )

ep(t) = ep(t) — (ep(t), Vr)Vr Ly, V(1) = B0,

where

1 1 ,
Se(t) = NG sinh(vkt) and « = L (dm 4k + 2k + k).

Hence Vp(0) =0, Vg(a) = e€j3(a), Vg L y and

Za 2 A, s,
BZZI Nag :Z se@ P se@) TP
EZW: o), 322’”: s e [
2 2@ ] T A ) TR
2
< 4m 5@ + (4m + 4ky + 2K3) 5 ()
s (a s (a)

due to Cauchy inequality. By the curvature assumption, the Index lemma and (3.5),
we have

2m 2m a
A 2 A
Aprl e = 2 1a(Ve, VE) = ) /0 (195 Vil = (R(Vi, v1)Vr, Va) ) dt
B=1 B=1

a 2
:/ <4m )dt
0
= 0 [ (0P ks a
= ls@P Jo
= 4m+/x coth/ka

S4m(:—l+ﬁ>

8 (1)

e a

Se(0) 2

si(a)

+ (4m + 4ky + 243

which finishes the proof. O
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3524 T.Chong et al.

To prove Theorem 1.1, it suffices to demonstrate (3.6). It can be expressed by
pseudo-Hermitian data due to the relationship between the Riemannian curvature
tensor R and the curvature tensor R associated with Tanaka—Webster connection V
(cf. Theorem 1.6 in [12]):

R(X,Y)Z =R(X,Y)Z+ (LX ALY)Z +2d6(X,Y)JZ
—80(S(X,Y), 2)§ +0(2)S(X,Y)
—280(0 ANOX,Y), 2)E +20(2)O AO)X,Y),  (39)

where

S(X,Y)=(Vxt)Y — (Vy1)X
O=t>+2Jt—1
L=t+/J.

Here [ is the identity, that is /(X) = X. Note that the left side of (3.6) is independent
of the choice of horizontal orthonormal frame of {e 3}%’1 |- Let {e 3}%’”: | be a local

real orthonormal basis of HM with ey+,, = Jey for « = 1,...m. Denote ny =
%(ea —iJey).

Lemma3.3 For X,Y € TM, we have

2m 2m
> (R(es. X)Y.ep) = Y (R(ep. X)Y.ep) — 3(npyX. mpY)
B=1 B=1
+ (X, 1Y) + 2m — |7)O(X)H(Y)
+div T(X)0(Y). (3.10)

Proof By (3.9) and ep € HM, we have

2m
> (R(ep. X)Y, ep)
B=1
2m 2m
=Y (R(ep. X)Y.ep)+ » _((Lep ALX)Y, ep)
B=1 B=1
2m
+ Y 2d0(ep. X)(JY . ep)
B=1
2m 2m
+ Y 0(Y)(S(es. X).ep) + Y 20(Y)((0 A O)ep. X). ep).  (3.11)
B=1 B=1
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Now we see each term in the right side except the first one. Note that
2m 2m
> ((Leg ALX)Y,ep) =Y (Leg, Y)(LX,ep) — (LX,Y){Leg, ep). (3.12)
B=1 B=1
On one hand, since LX is horizontal and
(Leg,Y) = (ep,tY) — (ep, JY),
then we find
2m
> (Lep. Y)(LX. ep) = (LX.TY) = (LX,JY)
B=1
={(tX,tY)+ {UX,tY)— (X,JY)— (JX,JY)
=(tX,1Y)— (myX,myY). (3.13)
Here the last equation is due to TJ 4+ Jt = 0 by (2.5). On the other hand,
(Lep,ep) =traceg,t + traceg,J = 0. (3.14)
Substituting (3.13) and (3.14) into (3.12), the result is
2m
> ((Lep ALX)Y.ep) = (tX. 1Y) — (my X.7pY). (3.15)
B=1
For the third term in (3.11), we have
2m 2m
> 2d0(ep. X)(JY, ep) = Y 2(Jep, X)(JY, ep) = —2npu X, 7pY). (3.16)
B=1 B=1
For the fourth term in (3.11), by the formula of S, we have
2m 2m
Y (Ses. X).ep) = Y (Ve )X, ep)
B=1 B=1
2m
— Z((Vxl’)eB, eg) = div T(X) (3.17)
B=1
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since 7 is traceless. For the fifth term, by the definition of O, we have

2m 2m
D 2(0 A O)ep, X),ep) =Y —(0(X)O(ep), ep)
B=1 B=1
2m
=Y —0(X)((x? +2J1 — I)(ep). ep)
B=1
=0(X)2m — |7)?) (3.18)
due to
2m 2m
— > (Jt(ep),ep) =Y (tJep, ep)
B=1 B=1
= Z(t]ea, eq) + (T.lzea, Jey) = 0.
a=1
By substituting (3.15), (3.16), (3.17) and (3.18) to (3.11), we get (3.10). O

Tanaka [25] obtained the following version of first Bianchi identity of R:
S(R(X,Y)Z)=25W9(X,Y)t(Z)), (3.19)

where S stands for the cyclic sum with respect to X, Y, Z € HM. One can prove it
by applying Riemannian first Bianchi identity to (3.9).
Lemma3.4 Forany X,Y € TM, we have

2m
(ReX.Y) = (R(ep. my X)myY . ep) — 2(m — DAX, JY). (3.20)
B=1

Proof Since J X is horizontal, we can use the first Bianchi identity (3.19) and obtain

m m m
—i Y R, &) I X =iy R(na, JX)ng —i Yy R(JX, na)na
a=1

a=1 a=1

m
=—i) 240014, na)TI X

a=1

m m
—i ) 2d0(na, JX)Tne —i ) 2d0(J X, ne)T1la

a=1 a=1
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m
=2mtJX — 22r1<(na, X)Ne + (Na> X>na>

a=1

=2(m — DrJX. (3.21)

On the other hand, note that

m m
i R(a, JX)e +i ) RUX,na)na

a=1 a=1

m m
=—iy RUX,na)na+iy RUX, na)na

a=1 a=1

=—J (Z R(JX, na)ne + R(JX, 7)01)77&)

a=1

2m
S (Z R(JX, eB)eB> . (3.22)

B=1

Substituting (3.22) into (3.21), we obtain

2m
(R.X,Y) = Z(R(eB, JX)JY,ep)+2(m — DAWJX,Y).
B=1
By replacing X, Y by JX, JY, the proof is finished. O

For any Y € HM, using (3.9), we have

2m 2m
Y (R(ep, &)Y, ep) =Y (R(ep,£)Y, ep)
B=1 B=1
and
2m R 2m
D (R(ep, V)&, ep) =) (S(e, ¥), ep) = div T(Y).
B=1 B=1

Applying the symmetric property of Riemannian curvature, we get
2m
> (R(ep. &)Y, ep) = div T(Y). (3.23)
B=1

Combing Lemmas 3.3, 3.4 and (3.23), we obtain the following lemma.
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Lemma3.5 Forany X,Y € TM, we have

2m
Y (R(ep. X)Y.ep) = (R.X.Y)+2(m—1A(X,JY)
B=1
+(tX, 1Y) —3(nygX,7ygY)
+@m = [T)OX)0(Y)
+div T(X)O(Y) + div T (V)0 (X). (3.24)

Hence Theorem 1.1 can be obtained by Lemmas 3.2 and 3.5.

4 Horizontal Gradient Estimates

Suppose that (M?"+1 9) is a complete noncompact pseudo-Hermitian manifold. Let
r be the Riemannian distance function from xq € M associated with the Webster
metric gg and Bg be the geodesic ball of radius R centered at xo. Assume that

R, > —k, and |A]|, |divA| < ki, on Bap
for some R > 1. Choose a cut-off function ¢ € C*°([0, 00)) such that

/ 1 /
Ol =1 ?lpe =0 —Cslel? =¢' <0,

where C7 is a universal constant. By defining x (r) = (p(%) and using Theorem 1.1,
we find that

2
|V xl <
X

, A , on B Cut(xgp), 4.
R2 bX R 2R 0

where C5 = Cs(m, k, k).
Suppose that (N, k) is a Riemannian manifold with sectional curvature

KN§K

for some ¥ > 0. Denote the Riemannian distance function from py € N by p. Let
Bp = Bp(pp) be a regular ball of radius D around py, thatis D < ﬁ? and Bp lies

inside the cut locus of py where == = +o0 if kK = 0. Set

2Vk

1—cos(y/kt)
— k>0
o) = { 2 ,

S ks
and
Y(q) =¢op(q).
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Obviously, ¢ is an increasing function and v is at least C2 in the cut locus of py.
Moreover, Hessian comparison theorem shows that

Hess ¥ > cos(+/kp) - h. 4.2)

Lemma4.1 Forany0 < D < ﬁ; there exist v € [1,2), b > ¢ (D) and § > 0 only
depending on D such that

cos(y/kt)

ey 2 > 8, Vtel0,D]. 4.3)

Proof For the case k > 0, it suffices to find v € [1, 2) and b > ¢ (D) such that

(D) <b< _inf (% +(1- g) ). @.4)

which is obvious due to ¢(D) < 1.
The case k = 0 is obvious by choosing v = 1. O

Assume that f : Bog(xo) C M — Bp(po) is a pseudo-harmonic map. By (4.2),
we have the following estimate:

Lemma4.2 Letv, b, § be given in Lemma 4.1. Then

Appro f

Yoy 2SI 2 8ldp fIP. (4.5)

To estimate |dy f|?, we consider the following auxiliary function

@y = Idp f1* + x| fol,
where p will be determined later.

Lemma 4.3 Suppose w and € satisfy
Cru<e<1.
If x(x) # 0 and @, (x) # 0, then at x, we have

1 —€|Vp®,,I°
2 Py

+ (Zme — Copyx —4e Ly N Vpx? + MAbX> | fol?

Ap®,y > — 2k|dp f 7Dy

||

Co -+ Copx +16ep) ™" ] dy £ 12 4.6)
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Proof Using (2.16) and (2.17) with €; = e, we have

Ap®uy =Ap(ldp £ 17 + 1x] fol»)
>2 — &) (IVpds f1* + ux|Vs fol*)
+4u(Vox ® fo. Vo fo) — 2Py |dp £ I
+ [2me — Copx + pnApx1 | fol®

— €2+ Canx + 166107 | 1ds 1 .
By Cauchy inequality, we have the following estimate

IVo®uy 12 = Vi (ldp £ + x| folH)I?
= |Vy(dpf + VX fo ® 60, dp f + VX fo ® 0)
= 4|(dpf + VEX fo® O, Vidy f

+J_beo®0+f—®fo®9>

2

2%
<4ldpf + X fo® 6] - |Vods f + JEX Vi fo ® 6
2
\/_7®f0®0

ul bX|2

=40, (|vhdbf|2 + ux|Vp fol?> + =221 fol?

+1{V fo. Vox ® fo))
which, using Cauchy inequality again, implies that

2 = ) (IVody 17 + X |V5 fol*) +41(Vox ® fo, Vi fo)
= @—26) (1Vods 1 + nx1V5 fol?)

+ eux|Vi fol* + 4u(Vox ® fo. Vi fo)

ey P 1 emvm Ao

- 2 D,y 2

+Q2+20)(Vrx ® fo. beo ) + €enx| Vs fol*

1 —€|Vpd,uyl? 1—e+(1+e)2 Vi x|?
2 (‘DMX _< 2 )M

1 —€|Vpd,uyl?

2 @y

| fol?

1 Vex?
— 4e IMT|fO|2
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duetoe <1 and

1—¢ 1+6)? 1-—¢ 1+ ¢)?
+( ) - +( > _

2¢ M e+ 1 < de !,
2 € € €

Submitting (4.8) to (4.7), we finished the proof. O
Proof of Theorem 1.2 Set

Dy
(b—yof)Y

Fuy =

where v € [1,2) and b are determined in Lemma 4.1. The € in Lemma 4.3 is chosen
as

<1 4.9)
and u satisty

Con < €. (4.10)

Letx be a maximum point of x F,, on B which is nonzero. Assume that r is smooth
at x. Otherwise we can modify the distance function r as [8]. Hence at x, we have

\Y V,® \Y o
O:Vbln(XFuX): bX+ b “X—i—v »(Y f),

X Dy b—yof
Box _ IVoxl® | Bo®uy _ [VoPuyl®

x* Py L

Ao f)  IVe(o f)?
+ v .
b—vyof (b—vof)?

.11

0> ApIn(xFpy) =

+v (4.12)

By (4.6), (4.12) becomes

Apx IVexI® 14 €|Vp®puyl?
X x? 2 L
va(I/fof)+v|Vb(t/fof)|2

b—vyof (b-—vYof)?
\v/ 2 2
+ <2me —Copx + pnlpx —4e_lu—| ;Xl > Lfol?

Dy
\dp f12
Dy

0=

— 2|dy fI?

+

—[C2+ Conx + 160 ] 4.13)
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Using (4.11) and Cauchy inequality, we have at x

IV x|?
X2

1+€|Vpd,,? o l+e

2 2 2
1+ VoW o P
2 (b—=vof)*

(1+eh

(1 + ex)v? (4.14)

Due to the choice (4.9) of €, we can take

2 2—v

=— 1= >
v(l +¢€) 24v

€2

and then

1+e€
2

2+v
V2 —v)’

1
1+ 62)1)2 =, te

(l+eh= (4.15)

Substituting (4.14), (4.2) to (4.13), we have at x

A 2+ Sk A
bX (1+ v )I xl”  Av¥of 2kl 1

0>—— — v
X v2-v)) X2 b—yof
\v/ 2 2
+ <2m6 —Coapx + nlpx — 4€]uﬂ) ol”
X Dy
Idp f1?

- [Cz + Copx + 16(6ux)_1]
Prux

The estimates (4.1) and Lemma 4.2 yield that

c C 2
0> _X_;?+8|dbf|2+ (2me—C2,ux _H U) | fol

R ] Puy
b f1?

—~ [Cz + Coux + 16(6ux)_1]
Dy

, (4.16)

where C, = C, (v, Cs) and § is given by Lemma 4.1. By definition of ®,,,,

1fol? = (@puy — 1db f17)

which, together with (4.16), shows at x,

1 2C
0> —<2me;r1 —C) — “)
X R

| f1?

“4.17)
XPpux

+[8x Py = 2mep™" = [Co+ Cop + 16(ep) ™" | ]
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To make the first bracket of the last line in (4.17) nonnegative, we can choose suffi-
ciently small p such that

2C
—1 v
=C, + =2,

% 2+ R
which makes (4.10) right. Hence

(XD puy)(x) < Ces™", (4.18)
where

4mC, C 6402 2C,
Cs = 2m+1)C Cr+—2), (4.19
o= Cmt Dot et e rac kT T\ 2T ) ¢

which implies

) C
max xF, < —2—% _(x) < R (4.20)
Bag (x0) b—vyof) 5(b—¢(D))Y
This shows that
Ceb”
max |dp f|> < b’ max Fyy < ———————. 421
BR(xo>| b/ = Br(o) "* T 8(b — ¢(D))” 2D

Note that the constants b, v and § depend on k and D by Lemma 4.1. Hence the proof
is finished by choosing a suitable constant C3. O

5 Global Existence Theorem

Jost and Xu [15] studied the minimizing sequence of Dirichlet problem of subelliptic
harmonic maps and obtained the existence theorem under some convexity conditions.
Their results [ 15] seem to depend on the global fields which satisfy the Hormander con-
dition and the noncharacteristic assumption of the boundary. But the weak existence
of Dirichlet problem and the interior continuity of weak solutions can be generalized
to any sub-Riemannian manifolds with smooth boundaries, such as pseudo-Hermitian
manifolds. Hence Theorem 1 in [15] can be generalized to pseudo-Hermitian mani-
folds with boundary as follows.

Theorem 5.1 Suppose that (M, 0) is a pseudo-Hermitian manifold with smooth
boundary and (N, h) is a Riemannian manifold with sectional curvature K N < g
for some k > 0. Let Bp = Bp(po) C N be a regular ball. If ¢ < SIZ(M,N)

satisfies (M) C Bp(po), then there exists a weak pseudo-harmonic map f &
C(M,N)N S} (M, N) with

f—¢eSiyM,N)
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and

f(M) C Bp(po).
For completeness, the proof will be given in Appendix.

Remark 5.2 Note that Bp(po) can be covered by a geodesic normal coordinate {z'}
and thus it can be viewed as an open set of R” where n = dim N. Hence the notion

S2(M,N) = S3(M,R"),

and § 12’0 (M, N) means the completion of all smooth R”-valued functions with compact

support under S12-norm. Moreover, the weak pseudo-harmonic map f € SIZ(M ,N)
means that the following equations hold in the distribution sense

Apfl + ) T (VR f] Vi f*) =0, foralli=1,2,...n, (5.1)
J.k

where i = 7' o f and F;.k’s are Christoffel symbols of Levi-Civita connection in
(N, h).

Since the Euler-Lagrange equations of pseudo-harmonic maps are quasilinear
subelliptic systems, these weak solutions will be interior smooth by applying The-
orem 1.1 in [27] to each coordinate neighborhood.

Theorem 5.3 Suppose that (M, 0) is a pseudo-Hermitian manifold (with or without
boundary) and (N, h) is a Riemannian manifold. Let f : M — N be a weak pseudo-
harmonic map and f € S%(M, N). If f is continuous inside M, then f € C*°(M, N).

Now let us prove Theorem 1.4.

Proof of Theorem 1.4 Suppose that (M, 0) is acomplete noncompact pseudo-Hermitian
manifold and (N, &) is a Riemannian manifold with sectional curvature K" < « for
some k > 0. Let Bp(pp) C N be a geodesic ball lying in the cut locus of py and
D < ﬁ;? Assume that ¢ : M — Bp(po) with ¢(xg) = po. We can choose a smooth
exhaustion {2;} of M such that By;(x¢g) C ;. Theorem 5.1 and Theorem 5.3 guar-
antee that there is a smooth pseudo-harmonic map f; : ; — Bp(po). One can find
the constants k(i) and k(i) such that

—k(i). and [A|g, | < ki (0). (5.2)

‘ By (XO) -

Hence fixed i, for j > i, Theorem 1.2 controls the interior horizontal gradient of f;
on B;(xp):

max |dp f;]> < C7(), (5.3)
B; (x0)
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where C7(i) only depends on k(i), k1 (i), D, k, i. Arzela—Ascoli theorem yields that
by taking subsequence, f; will uniformly converge to some continuous map in B; (xo)
as j — oo. By diagonalization, some subsequence of {f;} will internally closed
uniformly converge to a continuous map f : M — Bp(pg) asi — oo. Moreover, f
is a weak solution of (5.1) and thus is smooth pseudo-harmonic by Theorem 5.3. O

It is notable that the pseudo-harmonic map given by Theorem 1.4 will depend on
the initial map. By Theorem 1.3, it is always trivial if the domain has nonnegative
pseudo-Hermitian Ricci curvature. At the end of this paper, we will give a nontrivial
example when the domain has negative pseudo-Hermitian Ricci curvature. One model
of Sasakian space form with constant negative pseudo-Hermitian sectional curvature
is the Riemannian submersion

7 Bt xR — B,
where Br. C C" is the complex ball with Bergman metric @ (cf. Example 7.3.22

in [4]). Let wp be the canonical Kihler form on C". Since the identity / of B¢ is a
holomorphic map from B¢ to C", then it is also a harmonic map from (B¢, w) to

(C"*, wp). The lift of I is denoted by [ such that

[=Tom:BLxR—C"
Then by the composition rule,

VdI = VdI(dr,dn) +d1(Vdr), (5.4)

where the Levi-Civita connections of (B}, w) and (C", wg) are both denoted by V.
Suppose that V is the Tanaka—Webster connection of Bf: x R. Their relation is given
by (cf. [12, Lemma 1.3])

V=V-d0QE&E+200J, (5.5)
where 20 © J = 0 ® J + J ® 6. Assume that {63}%”21 is a orthonormal frame in

(B}, ) with ey, = Jey for 1 < « < n and ep is the horizontal lift of eg. On one
hand, the relation (5.5) guarantees that

2n
() = (Veudl)(@p)
B=1
2n A B 2n .
=YV, (dl(ég)) — AT (Vz,¢3)
B=1 B=1
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2n 2n
= 3"V, (dT@w) - Y dl (%Be};)
B=1 B=1
2n
= Z(%Bdi)(ég). (5.6)
B=1

On the other hand, by the relation of Levi-Civita connection and metric, we have

2n

2n
Zdﬂ (VgBéB) = Z VeBeB
B=1 B=1

which implies that

2n

3 (%Bdn) (@p) = 0. (5.7)

i=1
Taking the horizontal trace of (5.4) and using (5.6), (5.7), we obtain that

2n

tu(D) =Y (Veydl) (ep) =0,

i=1

since I is harmonic. Hence / is nontrivial pseudo-harmonic. But the image of I is
exactly the unit ball in C" which is a regular ball. So this is a nontrivial pseudo-
harmonic example when the domain has negative pseudo-Hermitian Ricci curvature.

Acknowledgements The authors would like to thank the referees for their valuable comments.

Appendix

This section will deduce Theorems 2.4 and 5.1 by the theory of subelliptic analysis.
Suppose that (M, 6) is a pseudo-Hermitian manifold of real dimension 2m + 1. Let Q2
be a coordinate neighborhood in M and {e B}%”; | be an orthonormal basis of HM |,
with Je; = ej4m, fori = 1,2, ..., m. Since

—0(ei, Jei]) =dbB(e;, Je;) = Goglej,e;) =1, fori=1,2,...,m,

then each [e;, Je;] is transversal with horizontal distribution which implies that H M
satisfies the strong bracket generating hypothesis. Moreover, by identifying €2 with a
domain in R#"*! the vector fields {e1, ..., e} satisfy the Hormander’s condition.
Let e be the formal adjoint of e. For any u € C°°(£2), we have

2m

Apu = — Z epepl,
B=1
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which shows that the sub-Laplacian operator is subelliptic. One can refer to [12, Sect.
2.2] for more discussions. Since Tanaka—Webster connection preserves the horizon-
tal distribution, then the higher-order horizontal covariant derivative on €2 can be
expressed as follows:

I -1
Vyu(epy, -+, ep) = Ve [V u(ep,,-- ,631_1)}
I
-1
_ZV u(eBp""VeBleB,'a""eB[)
i=1
=epep,_, -+ -ep u + lower order terms,
forany By, -, B; € {1,2,---,2m}, which implies that the S,f—norm on 2 is equiv-

alent with the local Folland—Stein Sobolev norm (cf. [12, p. 193]). Hence local results
of subelliptic analysis always hold for the sub-Laplacian operator on a coordinate
neighborhood of pseudo-Hermitian manifolds. By partition of unity, the domain can
be generalized to a relatively compact domain in a pseudo-Hermitian manifold. Let
us use this idea to prove Theorem 2.4 by the following local version.

Theorem 6.1 ([12, Theorem 3.17] and [23, Theorem 16]) Suppose that (M, 0) is a

pseudo-Hermitian manifold and Q2 € M is a coordinate neighborhood. Assume that
u,v € L' (Q) and Apu = v in the distribution sense. For any x € Co(Q), if

loc

v e S,f(Q) with p > land k € N, then xu € S,f+2(§2) and

lxullg, @ = Cx (o) +10llsp ) ) ©.1)

where C,, only depends on x.

Proof of Theorem 2.4 Let {Q2,} be a finite open cover of supp x and {xy} be a parti-
tion of unity subordinating to {€2,}. Since Apu = v holds in each €, Theorem 1
guarantees that

xaxullg, @ = Crax (Ilellzr@n +110llgpq,))

which implies that

xullsp o) = D lxullsy g, < <Z CM> (1luller@ +10llgp ) -
o o

The proof is finished by setting Cy, = >, Cy, x- O

Next let us prove Theorem 5.1.
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Proof of Theorem 5.1 Under the exponential map at pg € N, the regular ball Bp =
Bp(po) is diffeomorphic to the ball Bp with radius D and centered at the origin
in R” where n = dim N. Let {7’ }_, be the geodesic normal coordinates at py and
f' =z’ o f be the components of a function f : M — Bp. Denote

S= {f € S} (M,R")

f—9pe Slz,o(M,R”), sup | f] < D} ,
M
where | - | is the Euclidean norm in R". Consider the minimizing problem

A= inf Eg(f) = inf fM hij (P ' Vo f7)) (6.2)

where h;; = h(‘% %). Since ¢ € S, then A is finite. Let { f;}3°, be a minimizing
sequence of (6.2) which have uniform S 12-n0rm bound. By CR compact embedding
theorem of Folland—Stein space (cf. Theorem 3.15 in [12]), there area f € S f(M , R™)

and a subsequence of { f;} (also denoted by { fi}) such that

(i) fs — f strongly in L>(M,R");
(i) f;— f weakly in S7(M,R").

By (1), fi converges to f almost everywhere on M which implies that | f| < D; by
(1), f — ¢ € S7 (M, R") which is closed in S7(M, R"). Hence f € S.
We claim that

Ey(f) =liminf Ey(fy). (6.3)

It suffices to show that for any domain 2 C M with an orthonormal basis {e A}i”; , of
HM

Q°

S [ huthreasens’ <timint [ ny(oeasiear’. 64

ij,A i.A

For any ¢ > 0, since f! € 812(52) and fv’ — f' strongly in L?(£2), there is a compact
set K C €2 such that

Zf hij(fleaf eaf! <e and fi= f1 onKk,
Q\K

ij,A
where “=" means “uniform convergence”. The positivity of (k;;) implies that

0 < > hij(fealfi = fHealf! = 1)

i,j,A
= hij(foeatieaf! =Y hij(fdeaf eaf!
i,j,A i,j,A

@ Springer



Pseudo-harmonic Maps from Complete Noncompact... 3539

—2 3" hij(feaf ealfi = £,

i.j.A
which yields that
Z/ hij(feafieafi = Z/ hij(fdeaf' eaf?
ija’K i.jak
2y [K hij(feaf’ ealfi — )

i,j,A

- Zth,-jm)eAf" erf]

i,j,A

+2 30 [ty =y eas’ eats! = £

i,j,A

#2 3 [ myheas eatr = £ 69)

i,j,A

For the first term of (6.5), since ﬁ = f% on K, then by mean value theorem, we have

) /K (i (fs) — hig(Pea ' eaf?

ij.A
ahi' . .
J k k
< E max | ——= / Ifs — f"lleaf'lleaf’| — 0,
< Bp | 0z K
i,j.k,A

as s — 00, which implies that

Jim Y [ hytreas ent’ = ¥ [ hythearear’. 66

ij,A ij,A
Similarly, since e 4 fsj and ey fj are uniformly bounded in LZ(K), then

Jim Y [ G h)—hy(Penf eatr = fH=0. @)

ij.A
For the third term of (6.5), define an operator T4 : 512 (M) — L*(K) by
Ta(u) = eAu‘K.

T4 is continuous due to the following calculation:

2 2
||TA(u>||iz(K)=/ |eAu|25/ IVoul® < 1lull5s -
K M
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Since any continuous operator between two Banach spaces preserves weak conver-
gence, then e4 f{ —es f' weakly in L?(K) for any A and i. Hence

tim Y [ hyeaseatr? = £ =o. 68)
i,j,A

Using (6.6), (6.7) and (6.8), we find that

Z/ hij(feaf eaf’ <11m1nf2/ hij(foeafieafd,

i,j,A i,j,A

which implies that

3 / B (Peafieaf’ = 3 / hij(Peaf eaf +e
i,j,A i,j,A
shmmf Z/ hij(fs)eaf! eafi +e¢
i,j,A
< liminf / hij(foeafieafi +e.
i,j,A

By taking ¢ — 0, we obtain (6.4) and thus Egy (f) < A.
Obviously, Eg(f) > X and then Ey (f) = A which shows that f has the minimal
horizontal energy in S and satisfies

Apf' + T (Ve f7, Vi Y =

in the distribution sense. By applying Theorem 2 in [15] to f on each coordinate
neighborhood 2 € M, we obtain the interior continuity of f. O
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