SUB-LAPLACIAN COMPARISON THEOREM

1. MAIN THEOREM

Theorem 1.1. Suppose (M*™+1 0) is a complete pseudo-Hermitian manifold. If for
some k,ky >0,

R, > —k, and |A|, |divA| < ky, in Br(zo) C M\ Cut(x),
then there ezists Cy = Cy(m) such that

1
AbT‘ S Cl (— + \/]_ + ]{31 + k?% + k‘) m BR(ZL‘()),
r
where r is the Riemannian distance from xy and Cut(xq) is the cut locus of xg.

2. PROOF OF MAIN THEOREM

Now we formulate all Riemannian symbols with “hat” to distinguish with ones
in pseudo-Hermitian geometry, such as Levi-Civita connection V and Riemannian
curvature tensor R. Recall the relation of Tanaka-Webster connection and Levi-Civita
connection associated with Webster metric:

. 1
V=V-Gd+ )T +700+00

Hence the sub-Laplacian of r can also be calculated by Levi-Civita connection as
follows:

Apr = traceg, Hessr | gayx (),

where Hess is the Riemannian Hessian.
Let us recall the Index Lemma in Riemannian geometry.

Lemma 2.1. Suppose v : [0,a] — M is a normal geodesic (with respect to @) with
no interior conjugate points, v(0) = xg, X is a normal Jacobi field along v, and V
is any other piecewise smooth normal vector field along v such that V(0) = X (0) and
V(a) = X(a). Then

L(V,V) > 1,(X, X).

In addition, assume that ~v(a) is not conjugate to ~(0) along . We also have
I,(V,V) = 1,(X,X) if and only if V = X.

Now let v : [0,a] — M is a normal geodesic with no conjugate points, v(0) = x
and {eg(a)}%™, be an orthonormal basis of H(M)|,«). Set

ep(a) = ep(a) — (63(61),7(a)>7(a) € TywM,
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we know ¥(a) = V7|y(. Since ITGEST(VT, -) =0, then

2m 2m
Ay |y (@) = Z Hessr(eg(a),ep(a)) = Z Hessr(eg(a), eg(a)).
B=1 B=1

By the two-point boundary problem for Jacobi Fields, there exits a normal Jacobi
field Up along v with

Up(0) = 0,Ug(a) = ex(a).

Since every Jacobi field along v is the variation field of a variation of + through
geodesics and V has zero torsion, we also have

ViUs = Vg
Hence we obtain
Hessr(ep(a), e5(a)) = Hessr(Up(a),Us(a))
(Us, Vs V) |y
= (U, V5Un) )

a q .
= /—(UB,VﬁUBMt
0

= / Vs Ug|? + (Up, V4V Up)dt
0
= I,(Ug, Up).

Hence
2m
Abrh(a) = Z Ia(UB, UB)
B=1

Lemma 2.2. Let eg(t) be the parallel transport of eg(a) along v with respect to
Tanaka- Webster connection. Suppose the curvature along v satisfies

2m

(2.1) > (R(es,A)¥ en) > —k

B=1

and the pseudo-Hermitian torsion is bounded, 1.e.
|A(X,Y)| < kigo(X,Y), for any X, Y € TM,

for some k. ky > 0. Then there is a constant Cy = Cy(m) such that

Aprlya) < Cy (1/(1 + \/1 +ky + K2+ kz)
Proof.

. 1 . i 1 .
Vien = gl ca) + Ali,en) )T+ 30) e,
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which implies that

S Vseal = m/20(5 12+Z[4ge J4,e5)” + go( T4, en) Ay, en) + A(H, en)?

2m 2m

= > 8 TV 0ol T+ AGL TR + D A en)
< m/2+ A(y,JY) + Zm A, ep)* <m/2 + ki + 2mk;.
Set : .
cB0) = enlt) — (enlt) HON(0. Va(0) = e (1)
where

1 1 .
sk(t) = ﬁ Sinh(\/gt), K= m(‘lm + 8k, + 16mk% + k).
Hence Vp(0) =0, Vg(a) = €z(a), VpL% and

2m 2m
2 IViVelt = )|
B=1 =

2

sn(t) el (t) & oL

2m

o | $u(t) | set) & 1
< Z O 5 22 SN((L)V&eB(t)
B= B=1
5u(t) [ o | 56(8) |
4 2+ ky + 2mk;
< msﬁm) 8(m/2+ ki +2m )Sm(@
By the curvature assumption and the Index Lemma, we have
Abr"y(a) < Z[ VBaVB Z/ ‘V VBl - (VBafy)fYa VB>
a /| - 2 2
< [ (| B0 |20
0 sx(a) sk(a)
1
= 4m+/kcothVka < 4m (5 + \/E>,
which finishes the proof. [l

To prove Theorem 1.1, it suffices to demonstrate (2.1). It can be expressed by
pseudo-Hermitian data due to the relationship between the Riemannian curvature
tensor R and the curvature tensor R associated with Tanaka-Webster connection V:

R(X,Y)Z =R(X,Y)Z+ (LX ANLY)Z + %dH(X, Y)JZ
(2.2) — 95(S(X,Y), 2)T +6(2)S(X,Y)
— g0 NO(X,Y), Z)T 4+ 0(Z)(6 A O)(X,Y),
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where

S(X,Y) = (Vx1)Y — (Vy1)X

(’):7'2—1—]7'—1[

4
1
L= —J.
T+ 5
Lemma 2.3. For X,Y € T M, we have
2m 2m
. 3
> (R(ep, X)Y,ep) = Y (R(ep, X)Y,ep) — (X, mY)
B=1 B=1

+ {1 X,7Y) + (m/2 — |7]))0(X)O(Y) + (divr)(X)O(Y),

where
(divr)(-) = > ((VerT)() )
Proof. By (2.2), we have
> (R(ep, X)Y,ep) = Y (R(ep, X)Y,ep) + > ((Lep A LX)Y, ep)
+3 SdBlen, X)(TY,en) + 30 0(V)(S(ep, X), en)

+) 0V ){(0 A O(ep, X), ep).

Now we see each term in the right side except the first one. Note that

> ((Leg NLX)Y,ep) = > (Lep, Y)LX,Y)(Lep, ep)

1
= <TX, TY> — Z<7THX>7THY>a

zm: d@(eB,X)(JY, €B> = ——<7THX, 7THY>,
> 0(Y)(S(ep, X), ep) = (divr)(X)0(Y),

and

DY )N(OAO(ep, X),ep) = =0(X)O(Y)(I7* — m/2).

B=1
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Tanaka obtained the following version of first Bianchi identity of R:
1

where S stands for the cyclic sum with respect to X,Y,Z € H(M).
Lemma 2.4. For X, Y € T'M, we have

2m

1
(R.X,Y) = (R(ep, muX)mnY, ep) + 5 (m = 1DAX,JY).
B=1
Proof. First, recall the definition of R,,

RX =—i) R(T.,T5)JX.

a=1

By the first Bianchi identity of R, we have

—iY R(T.,T5)JX —iy R(T5,JX)T,—iY R(JX,T,)Ts
a=1 a=1 a=1
RN RN
= —i ; Sd0(T, Ta)TJ X — i ; Sd0(Ts, JX)TT,,
- zi Yaorx, myrm = "L x
& 2 ) Lo a — 2 .
=
RX.YY=(> R(Ts,JX)T0a+i> R(JX,T)TsY)+ ——AJX,Y).
( )= ; ( ) ; ( ) ) 5 Al )
Lemma 2.5. For X,Y € TM, we have
2m 1
> (R(ep, X)Y,ep) = (RX)Y) — S(m = DA(X, JY)
B=1
3
— Z(T('HX, maY) + (X, 1Y) + (m/2 — |7*)8(X)0(Y)

+ (divr)(X)O(Y) + (divr)(Y)0(X).

Proof. 1t suffices to prove that

NE

(R(ep, T)Y,ep) = (divr)(Y).

B=1
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for Y € H(M). Indeed,

> (R(ep, T)Y.ep) = > (R(ep, T)Y,ep)
= <R(€B, Y)T 63)
= (S(ep,Y),ep) = (divr)(Y).
S (R(en ) en) = (R 3) — 50m — 1AG, 74)

4

=3 A mA) () + (my2 — [P PEE)
T (divr) ($)8(3) + (divr)()B().
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3. THE ESTIMATES OF PSEUDOHARMONIC MAPS

Suppose that (M, 0) is a pseudo-Hermtian manifold of real dimension 2m + 1. Let
{T,} be a local orthonormal frame of T3 ¢(M) and let V be the Tanaka-Webster
connection.

Suppose that (N, h) is a Riemannian manifold. Let {&} be a local orthonormal
frame of TN and o is its dual coframe. Let V and R be the Levi-Civita connection

and the Riemannian curvature of (N, h), respectively.
Assume that f: M — N is a smooth map, f*T'N is the pullback bundle, define

dof = mpdf = fL° &+ FL0°R & e T(T*M ® f*TN),
fo = fi& € f*TN.
Now, we can determine a connection V/ in T*M ® f*T'N by
Vi(w®€:=Vxw®E+we Vgxé X € TM,w e T(T*M), ¢ € T(f*TN).
We write
VIdf = figtt @ 0" @&,
set V{dbf =y V/df.

Definition 3.1. A smooth map f : M — N 1is called pseudo-harmonic if the tensor
field

7(f;0,V) = traceg,(Vidy,f) € T(f*TN),
we say that f is pseudoharmonic if T(f;6,V) = 0. We have 7(f;0,V) = (fi,+fi.)é.

A.Greenleaf obtained the commutation relations of various covariant derivatives of
smooth functions and established Bochner-type formulas of smooth functions. We
shall need the commutation relations of various covariant derivatives of smooth maps
and Bochner-type formulas of smooth maps.

Lemma 3.1.
;5 = féw
op — foa = 11000z,
féa - féo - féAcBy
and
ézﬁ'y - ffwg = Z'féAm - Z'fiAcv,B f fﬁ v jklv
;[37 g = zf;A’f(SaB —z‘f;Agéa;, — fjfﬂ 5 ]kl,
ooy~ farg = Fulags + ifaodsy — FLI5 £ Rn
féﬁo fa[),B f Aaﬁv i’A’y_fJfﬁfOR;kla
Fiso— Fiog = —Fisza — i AL — IS AR,
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Lemma 3.2. (CR Bochner-type formulas) For any smooth map f : M — N, we have
SV = [Vt 4 (VLr(F:0,9),duf)
+ 25 fuRap — i(m = 2)(fofi Apa — fafiAua)
+ 2(féféf§fé A;‘kl + féféfé“fé A;kl)
+2i(fafoo — foSos):
and
SO (T)? = 2 oy (A (D), Vr(F:0.9)) + 243 fL 12 o
+2(f5f5A80.0 T fof5A80a + fofsaApa + fof5aABa)-
For the proof of the above two lemma, you can read the paper [Liouville theorem for
pseudoharmonic maps from Sasakian manifolds.



